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Abstract: The identification of an appropriate probability model is always essential in 
environmental data analysis. This work presents the notion of the neutrosophic lognormal 
distribution (NLD) and its application to environmental data. The general structure for the density 
function of the NLD and its usefulness has been provided. Some more critical distributional 
properties such as moments, skewness and kurtosis coefficients have been derived. A 
methodology of estimating the distributional parameters under the neutrosophic environment is 
developed. The simulation study is conducted to validate the derived results for the proposed 
model. In the application part, a real dataset on Nitrogen oxides emissions has been analyzed 
using NLD to highlight the practical significance of the proposed model. 


Keywords: Neutrosophic probability model; uncertainty; Lognormal model; Estimation; 
Simulation 


1. Introduction 


In pollution studies, observing environmental levels and quantifying the concentrations of 
different contaminants entering a particular environmental region are of considerable interest 
because of the potential for adverse side effects. The selection of appropriate statistical models is 
particularly vital in environmental studies [1]. None of the probability models containing the 
traditional lognormal has been superior to others [2]. These probability models could estimate the 
parameters needed to meet up changing information desires of an environmental quality 
organization [3]. Unfortunately, data on environmental pollution is often biased to the right, with a 
long slope towards high concentrations [4]. When using the normal distribution to certain types of 
data, the validity of the appropriateness may be called into question. The modelling of this type of 
distribution consists of transforming data values to bring changed values closer to the normal 
distribution [5]. In this context, logarithmic alteration is typically applied to pollution figures. Other 
distributions may be more appropriate for representing pollution concentration data, despite the 
lognormal distribution being the most commonly used [6]. Larsen [7] modified the lognormal 
distribution by including the third parameter, called an increment to deal with air quality data. In 
the Ghent region of Belgium, Berger et al. [8] analyzed fitness based on the extreme and moderate 
values in gamma distribution at the daily concentration of sulphur dioxide. Xiang et al. [9] also 
found that gamma models reflect acid-gas quantities in an industrial zone better than the lognormal 
model. Neither of the probability models, along with the traditional lognormal, has been preferable 
to others in a general logic in published literature [10]. 
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Among these generic models, the NLD proposed in this work distribution offers a lot of 
promise for evaluating environmental contaminant data. Although the NLD is a relatively 
"unknown" distribution in environmental studies, as indicated above, its skewness and long-tail 
appear to create it suited for environmental pollutant data. Aside from that, the NLD group is 
extensive and incorporates many components that are very relatively frequent distribution when it 
comes to fitting pollutant concentration data. As a result, the NLD appears to be a potential 
candidate for environmental modeling. Smarandache's work on the idea of neutrosophy provides 
the inspiration for this generalization [11]. The analysis of false or true statements, but 
indeterminate, neutral, inconsistent, or something in between, is oriented by Neutrosophy logic [12- 
14]. In the actual world, there are numerous circumstances where the data that have any kind of 
indeterminacy [15]. The notion of neutrosophic statistics is used to cope with such data [16]. The 
term "neutosophic statistics" refers to the extension of conventional statistics [17]. As a result of its 
advantageous properties, the application of neutrosophic statistics has gained considerable 
attention in recent years, particularly because conventional statistics cannot be used when our data 
contains incomplete, vague, unclear or uncertain measurements [18-20]. The use of neutrosophic 
statistics in the applied research may be seen in literature such as [21-24]. The neutrosophic 
statistics has given rise to study areas dealing with indeterminacy effects in statistical process 
control [25-29]. 

The notion of NLD in the analysis of pollutant concentration data is proposed in the present 
paper when the moments, kurtosis, and skewness of other distributions do not correspond to log 
normality. The NLD model, which has a particular form, may offer an excellent alternative to the 
lognormal distribution and greater flexibility. 

The rest of this work is arranged as follows: The neutrosophic extension of the lognormal 
distribution is established in Section 2. Section 3 explains the mathematical approach used to find 
unknown distributional parameters. A Monte Carlo simulation is conducted in Section 4 to validate 
the theoretical results of the neutrosophic model. Section 5 describes an application of the suggested 
model. Lastly, Section 6 outlines the main research findings. 


2. Proposed Model 


If X = InZ follows a neutrosophic normal distribution, a random variable Z> 0 is said to 


follow the NLD with the density function: 
_ilnz-un ra 
al on ee ar eee (1) 


Wn(Z) = Rasa ER 
where Hy = [,,] is the neutrosophic location, 0, = [0;,0,,] is neutrosophic shape parameters on 
the log scale and Z denotes neutrosophic random variable. For the selected values of p, = [0,0.2] 
and o,, = [0.2, 0.8], the neutrosophic density (PDF) is graphically portrayed in Figure 1. 
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Figure 1. The density of NLD with neutrosophic parameters (a) 6, = [0.2, 0.8] and (b) [ty = [0, 0.2] 


In Figure 1, the area under the curve indicates the interval in which the neutrosophic lognormal 
variable will fall. The entire area of the graph in this period equals the probability of Z occurring. 
The grey zone in Figure 1 represents the neutrosophic region due to uncertainties involved in 
distributional parameters. 

Aside from specific pattern of the neutrosophic density, an analyst may be interested in seeking 
certain additional favourable distributional features of the NLD, which may be established in the 


form of some theorems below: 
Theorem 1 Show that the mode of the NLD is e#"~° 


Proof: The mode of the NLD is the point at which function w,(z) reaches its highest or maximum 


value. 


Therefore differentiating (1) with respect to z implies: 


d d 1 -1(mz—my’ 1 -1inzcitu)’ 
@n(Z) = es ol ——e 4\ 4% 
dz dz |z0,V20 ZOyV2Tt 


d( 1 -ymz=uy d( 1 -1(mz=ta)’ 
= |— e 2 oO} —j_ a 2 Ou 
S je | , dz i | 
a! Inz—py 2 _ _1f”nz-pu 2 _ 
= [rte (CH) +)h rate OR (Ce) +3)] 


To find maxima equating (2) to zero provides: 
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1/Inz-n)? 1jinz— y\? 
et eae) (et St a ee = 
| oat” ’ ; (( 0} )+a)f Gavan” ; ( Oy +4 ee (3) 
Further simplification of (3) implies 
= [eH1-71, etu- Fu], 
where [e#!I~°1, e#u~cu] = eln-°n, hence Proved. 
bit 
Theorem 2: Show that jth moment of the NLD is e#2*)"2 
Proof: By definition, the jth moment of the NLD is given by: 
F ie zi -1(inz—tin)" 
in = | ——e 2\ on / dz 
we 0 ZO,Vv2T 
oo a(Inz- n 1/Inz-pu 2 
= I 2 . o2 5] ) ’ =a5h* ge ou ) dz 
0 ZO\V2T ZOyV2Tt 
ee wo i 2(tnz—uuy? 
— o 2\ ou 
a if rowan ; dz, J caGdan dz (4) 
By substituting in (4) 
_mz— pn 
A os op 
This yielded: 


eo j 1/Inz—py\? or 
Zz neh 2euy eee 
| e >( Oo} ) = guise 
0 


ZO,V 2T 


- j 1/Inz-pWy)" : 204 
I =a ou ) = eituti 3 
0 


eS 2 
ZOyV 2T 


Thus (4) becomes 


2 2 
iu tj2ob uy jz 
‘c= jen 2, eituti'> 


Hence, 
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2 
F 20h 
Hn = etn} 2 where j = 1,2,3, ...is a general expression for the jth moment about the origin of the 


NLD. 


By using the following relations, moments about mean for NLD can be derived as: 


cy 


Hin = Hin = etme 
Hon = Hon — (Hin) = e2#ne%#(e% — 1) 

Hon = Han — 3Honttin + 2(Hin) = e%#me%A(e% — 1)’ (e% — 2) 

Han = Han ~ 4H15nHin + 6Hon (Hin) — 3(Hin) = et¥re*?(e% — 1)’ (e498 + 202K + 30208 — 3) 
Theorem 3 Show that the coefficient of skewness for the NLD is (e% + 2) (Ve# — 1) 


Proof: The coefficient of skewness for NLD is given by: 


S = H3n 
Yin = (ton) /2” (5) 


2 
where [gn = e2# 2% (e% — 1) (e% — 2) and iy, = e2#me8(e% — 1) 
Substituting in (5) provides: 


Yan = (e%% + 2) (ver — 1), 


where Yin € [Yup Yiul- 
Theorem 4 Show that the coefficient of kurtosis for NLD is e*°% + 2e3% + 3e2% — 3 


Proof: By definition, the coefficient of kurtosis is NLD given by: 


. m 

Yn =a (6) 
2 

where [yn = e##e*7A(e% — 1) (e4°H + 2e3% + 3e2% — 3) and [yn = e7#me%(e% — 1) 
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Substituting in (6) and further simplification implies: 
Yon = ef + 2637 + 3e27H — 3, 
where Yan = [Yop Yaul- 


Similarly other characteristics of the defined model may be established in a neutrosophic 


environment. 


3. Estimation Procedure 


In this part, a method for estimating the NLD parameters, known as neutrosophic maximum 
likelihood estimation, is devised. Let us take n samples of Z,,j = 1,2,..n values from the NLD. The 
question is, for an observed sample, which values of the neutrosophic parameters should be used? 
The likelihood function of the neutrosophic model may be used to calculate these values. Because 


neutrosophy is included in the distributional parameters, joint function of the NLD is given by: 
Tn, oa |Z) = THf-1 ©n(z;) (7) 
The likelihood function of (7) can be written as: 


nln(27107y) _ Tn? 4 TL, In(z;) = Yet In(z;?) 


2 2 (8) 


2 267 5 65 207%, 


TCH ia al = Yj=1In (z;) = 


The gradient involving unknown values 1, and 0”, in order to maximize T, is given by: 


tn (Hn,o* n|z) = yea In(zj) _ 20bn (9) 
On 07 207 
2 
Otn (Uno? n|z) —__n dei (in(z;)—un) 
do2y ~~ 262, + 2(62,)2 (10) 


The simultaneous solution for unknown is obtained by setting the gradians (9) and (10) to zero as: 


_ ZRiln(z;)) 
ee n 
n {] ( y — Zien ln(@) ; 
hg j=l n 2j n 


n 


where fi, = [fi fi,] and 6?,, = [6?|,67,,] are the required neutrosophic estimators of the parameters 


Un and o7,, respectively. 
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4. Simulation Study 


In this section, analytical results of the NLD for moments, skewness, and kurtosis have been 
validated using the Monte Carlo simulation. The NLD can be readily simulated in R software to 
assess the validity of theory-based results. For this, let us set the neutrosophic parameters pL, = 
[0.5,1.5] and o, = [0.25,0.5] in the NLD and 10° samples are randomly generated from U[0, 1]. 


Then according to (11), 10° pseudo neutrosophic random samples are generated from the NLD. 


mtn = F71(u,) (11) 


n 


where u;~U[0,1] for i = 1,2, .... 


As mentioned in Section 2, these simulated data are used to validate the analytical characteristics. 
Table 1 shows the exact findings for the mean, variance, mode, skewness, and kurtosis coefficients 


of the NLD beside the simulated values. 


Table 1. Comparisons of the simulated findings with the NLD analytical results 


Characteristics Expected Result | Simulated Result 
Mean [1.700, 5.075] [1.700, 5.072] 
Standard deviation [0.432, 2.707] [0.431, 2.709] 
Mode [1.548 , 3.490] [1.546, 3.488] 
Skewness Coefficient [0.778, 1.750] [0.771, 1.749] 
Kurtosis Coefficient [4.095, 8.898] [4.090, 8.891] 


Results in Table 1 indicate that the simulated findings match quite well with those obtained from 
the analytical properties of the NLD. 


5. Real Application 


To demonstrate the computational method of the proposed NLD model, an actual dataset on 
yearly Nitrogen oxides emissions for Denmark is provided. The United Nations Statistics Divisions 
(UNSD) have calculated Nitrogen oxides emissions per capita for the period 1990 to 2018, and the 
data is accessible on the site [30]. Nitrogen oxides are general names for the two most important air 
pollutants, nitric oxide and nitrogen dioxide. Smog and acid rain are caused by these substances, 
which also have an impact on tropospheric ozone. As a result of their presence in the Earth's 
atmosphere, they constitute one of the most significant pollutants. Naturally, nitric oxide is created 
during thunderstorms, but it may also be produced during agricultural fertilization. Nitrogen 
oxides emissions are often calculated using an international methodology based on country 
information on industrial, energy, waste management and agricultural production. The probability 
plot and essential CDF plot of the original data are depicted in Figure 2 and Figure 3, respectively. 
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Empirical probability 


Theoretical probability 


Figure 2. Probability plot for Nitrogen oxides emissions 


1.0 


CDF 


04 


0.0 
! 


data 
Figure 3. Empirical and theoretical CDF-plots for Nitrogen oxides emissions 
Clearly, Figure 3 and Figure 4 indicate that data are skewed to the right and how well the 
lognormal model fitted the emission measurements. Initially, data are the crisp values however, for 


the sake of demonstration, we regard data as uncertain sample values for some emission values, as 


shown in Table 2. 
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Table 2. Nitrogen oxides emissions for Denmark for the period 1990-2018 


Nitrogen oxides emissions 


[304.12, 307.82], 355.34, 310.93, 309.47, [ 309.12, 312.10], 292.80, 327.49, 
280.33, 259.99, [238.19, 242.45], 229.98, 226.77, 223.57, 233.12, 

216.37, 208.16, [206.30, 209.14], 193.44, 177.31, 157.88, 153.18, 

143.93, 132.78, 127.87, 118.28, 116.75, 116.96, 114.21, 

[106.86, 110.62] 


Table 2 indicates that Nitrogen oxides emissions such as [304.12, 307.82], [309.12, 312.10], [238.19, 
242.45], [206.30, 209.14] and [106.86, 110.62] are not accurately recorded to precise values but are 
given in intervals. Indeed, the existing lognormal model is ineffective due to ambiguity or 
uncertainties in the sample. On the other hand, the proposed model can easily be employed to 
analyze neutrosophic set of measurements. The descriptive measures using the proposed NLD are 


given in Table 3. 


Table 3. Numerical characteristics of the for Nitrogen oxides emissions 


Descriptive Measures 
Mean _ 4) [214.106, 214.671] 
Mode (m) [1 74.617, 175.282] 
Skewness ( 1,,) [1.196, 1.200] 
Kurtosis ( 2n) [5.647, 5.666] 


Results in Table 3 show that the essential descriptive statistics of the Nitrogen oxides emissions are 
in ranges because of vagueness in the observed sample. Thus the proposed model can be applied to 


analyze the uncertainties involving data, which follows the NLD. 


6. Conclusions 


In this paper, a new generalization of the lognormal model under the neutrosophic 
environment, so-called the neutrosophic lognormal distribution has been proposed. This 
generalization is rooted in the methodology of neutrosophic algebra. The statistical characteristics 
of the new suggested distribution, such as moments, mode, skewness, and kurtosis, have been 
studied in detail. A strategy for estimating the neutrosophic distributional parameters has been 
developed. To investigate the validity of the analytical results produced for the suggested model, a 
simulation analysis has been performed. Simulated findings matched quite well with those 
obtained from the analytical properties of the NLD. Due to the variety of statistical properties 
proposed under the neutrosophic calculus, NLD can effectively be employed in analyzing real- 


dataset involving uncertainties as described in the application section. 
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Abstract: Since current decision problems are becoming more and more complex, the decision 
environment is becoming more and more uncertain. The simplified neutrosophic indeterminate 
element (SNIE) was defined to adapt to the expression of the indeterminate and inconsistent 
information in the indeterminate decision-making problems. SNIE consists of the truth, 
indeterminacy, and falsity neutrosophic numbers and can express a singled value neutrosophic 
element or an interval value neutrosophic element depending on the value/range of indeterminacy. 
In this article, we first define some operational rules of SNIEs based on the Einstein T-norm and 
T-conorm. Next, SNIE Einstein weighted averaging (SNIEEWA) and SNIE Einstein weighted 
geometric (SNIEEWG) operators are proposed to aggregate SNIEs. In view of the SNIEEWA and 
SNIEEWG operators, a multi-attribute decision-making (MADM) method is proposed in the case of 
SNIEs. Finally, the proposed MADM method is applied to solve indeterminate MADM problems in 
the case of SNIEs. Furthermore, the validity and effectiveness of the proposed method are verified 


through an illustrative example and comparative analysis. 


Keywords: neutrosophic number; simplified neutrosophic indeterminate element; Einstein 
weighted averaging operator; Einstein weighted geometric operator 


1. Introduction 


The fuzzy set (FS) [1] can express a degree of truth membership, but does not express a degree 
of falsity membership. Therefore, an intuitionistic fuzzy set (IFS) was defined by Atanassov [2, 3], it 
can express the degrees of truth and falsity memberships simultaneously. Then, Atanassov and 
Gargov [4] introduced interval-valued IFSs (IvIFS) corresponding to the truth and falsity interval 
membership degrees. 

Since FS, IFS, and IvIFS cannot describe inconsistent, incomplete, and indeterminate 
information, Smarandache [5] proposed a neutrosophic set (NS), where the truth, indeterminacy, 
and falsity membership degrees were described independently. Then, the three membership 
degrees belong to the standard interval [0, 1]/nonstandard interval ]0, 1*[. Further, Wang et al. 
presented a single-valued NS (SvNS) [6] and an interval-valued NS (IvNS) [7]. Next, a simplified NS 
(SNS) implying SvNS and IvNS introduced by Ye [8] can better apply it in real life because the truth, 
indeterminacy, and falsity membership degrees in SNS are described in the real unit interval [0, 1]. 
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Since then, researches proposed various aggregation operators and decision-making (DM) methods 
in the cases of SVNSs and IvNSs. Meanwhile, SNSs can be used in multi-attribute decision-making 
(MADM) problems with SvNSs and IvNSs in the indeterminate and inconsistent situations. By 
combining SNS with a hesitant fuzzy notion, Liu and Shi [9] proposed single- and interval-valued 
neutrosophic hesitant fuzzy sets. Then, Ali et al. [10] introduced a neutrosophic cubic set by the 
combination of both SvNS and IvNS. The neutrosophic cubic information can represent the single- 
and interval-valued assessment information of decision makers, then the neutrosophic cubic 
MADM method [10] solved its DM problems with neutrosophic cubic information. 

As another branch of neutrosophic theory, NN was first proposed by Smarandache in 1998 [11] 
and defined as 6=t + pA for indeterminacy A ¢€ [A;, A*] and t, g € 8, where t and @A indicate the 
certain and uncertain terms of NN. Then, the NN dis a changeable interval number 6= [ft + oA, t + 
gA*] when A changes in the range of A € [A;, A*]. Therefore, NNs have been widely applied to many 
fields under indeterminate environment, such as optimization programming [12], mechanical fault 
diagnosis [13] and various DM problems [14]. 

With the complexity and variability of real DM problems, there may be the indeterminacy of 
truth, falsity, and indeterminacy degrees in indeterminate DM problems. Since SNS cannot express 
the indeterminacy of the three membership degrees, Du et al. [15] defined a simplified neutrosophic 
indeterminate set/element (SNIS/SNIE) by combining the concept of SNS with NNs, which consists 
of truth, indeterminacy, and falsity NNs to flexibly express the truth, falsity, and indeterminacy 
degrees. According to different values or ranges of A € [A;, A*], SNIS can express different SVNSs or 
IvNSs. In [15], Du et al. proposed two weighted aggregation operators of simplified neutrosophic 
elements (SNEs) and established a MADM method using the SNIE weighted averaging (SNIEWA) 
and SNIE weighted geometric (SNIEWG) operators. Then, the Einstein T-norm and T-conorm 
functions [16] have been widely applied to deal with various fuzzy information [17-22], but the 
Einstein T-norm and T-conorm functions are not applied in the information aggregation of SNIEs. 
In this study, therefore, we propose the Einstein T-norm and T-conorm aggregation operators and 
their MADM method. 

The main organization of this article is as the following. The concepts of SNS, NN, and SNIS 
are briefly reviewed, then the score, accuracy, and certainty functions are introduced to rank SNIEs 
in Section 2. The SNIE Einstein weighted averaging (SNIEEWA) and SNIE Einstein weighted 
geometric (SNIEEWG) operators are proposed in Section 3. Then, we put forward a MADM 
approach corresponding to the SNIEEWA and SNIEEWG operators in Section 4. In Section 5, the 
proposed MADM approach is applied to an investment selection problem of metal mines, and then 
its validity and flexibility are indicated by the illustrative example and comparative analysis. The 
last section draws conclusions and indicates future research. 


2. Concepts of SNS, NN, and SNIE 


Definition 1 [5, 8]. In a universe set Tt = {T1, 72, ..., Tn}, N = {<ts, T(ts), D(ts), F(ts)>| ts € tT} is defined 
as SNS, where T(ts), D(ts), F(ts) € [0, 1] or T(ts), D(ts), F(ts) < [0, 1] (s = 1, 2, ..., 1) are the truth, 
indeterminacy and falsity membership functions of ts to N. The component <ts, T(ts), D(ts), F(ts)> 
in N is called SNE and is simply denoted as Ns = <Ts, Ds, Fs>, which includes the SVNE Ns = <Ts, Ds, 
Fs> for Ts, Ds, Fs € [0, 1] and the IvNE Ns = <{Ts, Ts ],{ Ds, D: | [Fs, F:]> for [Ts, Ts], [Ds, D], [Dz D2] 
c [0, 1]. 

Definition 2 [11]. NN is described as 6=t + oA for indeterminacy A € [A;, A*] and t, 9 € KR, where t 
and A describe the certain term and uncertain term of NN, respectively. 

Clearly, 6=t+ gA is achangeable interval number 6= [t + gA;, t+ @A*] when A changes in range 
of A € [A;, A’]. It indicates that NN can flexibly express a single value or an indeterminate interval 
value according to the value/range of A € [A;, A*]. 

Definition 3 [15]. For a universe set tT = {T1, 7, ..., Tn}, SNIS is defined as x = {<ts, T(ts, A), D(ts, A), 
F(ts, A)>|ts € Tt}, where T(ts, A) = ts + asA  [0, 1], D(ts,A) = ds + BsA < [0, 1], and F(ts, A) =f + ysA < [0, 
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1] (s =1, 2, ..., n) for A € [A;, A*] are the truth, indeterminacy, and falsity membership functions in y. 
Then, xs = <T(ts, A), D(ts, A), F(ts, A)> = <ts + asA , ds + BsA, fs +ysA> is called SNIE and is simply 
denoted as ys =<Ts(A), Ds(A), Fs(A)> = <ts + asA, ds + BsA, fo+ ysA> for A € [A; A‘). 
In order to rank different SNIEs, Du et al. [15] defined three functions to compare two SNIEs. 
Let ys = <Ts(A), D(A), Fs(A)> = <ts + asA, ds + BsA, f+ ysA> for A € [A; A*] be any SNIE and A*= A- 
+ A*. Thus, Du et al. [15] defined its score, accuracy, and certainty functions: 
=s44 =). +\ -\_ +\_ -\_ + 
S(x.4) (4 T. (A ) T; (A ) D, (A ) D(A ) F, (A ) Fr, (4 76 S(x,,4) €[0,1]; (1) 
={4+21,-2d,-2f,+(a,-B,-7,)4 )/6 


LxA)={E(4 +E (A )-F(4)-F(4')}/2 
= {2t,-2f,+(a,-y,)a°}/2 
C(H A)={L(A)+T(A')} /2= (2t,44°)/2, C(x,,4) €[0,1. (3) 
Suppose that v1 = <Ti(A), Di(A), Fi(A)> = <ti + aid, di + Bid, fit yiA> and x2 = <T2(A), D2(A), Fo(A)> 
= <t2 + ard, do + 2A, fo + y2A> for A € [A;, A*] are two SNIEs. We can rank them by the defined three 
functions. According to their priority, the ranking method is given as follows: 
1) If S(x1, A) > S(x2, A), then x1 > x2; 
2) If (x1, S(x2, A) and L(x1, A)> L(x2, A), then 7x1 > 72; 


A), 

) A= A) 
3) If S(x1, A) = S(x2, A), LQ, A) = L(2,A) and C(x1, A) > C(x, A), then v1 > 72; 
4) If S(171, A) = S(x2, A), L(x, A) = L(x, A) and C(x1, A) = C(x, A), then v1 = x2. 


, Ly,,4)¢[-1,]); (2) 


3.The Einstein Aggregation Operations of SNIEs 


3.1. Einstein T-norm and T-conorm operations of SNIEs 


Definition 4 [16]. If 6 and ¢ are real numbers, the Einstein T-norm function T(@, ¢) and T-conorm 


T°(6, f) for (0, 6) € [0,1]x[0,1] are defined as the following formulae: 


__ 
OD aed (4) 
cp ny. Otd 
16.8) = a5 5) 


The above functions are increasing strictly and satisfy T(6, 6), T°(@, $) € [0, 1]. 
According to Eqs. (4) and (5), some operations of SNIEs are defined as follows. 
Definition 5. Suppose that x1 = <Ti(A), D(A), Fi(A)> = <ti + and, di + Bid, fi t+ yiA> and x2 = <T2(A), 
D2(A), Fo(A)> = <t2 + ard, da + B2A, f2 + y2A> are two SNIEs for fi + aid, dit pid, fit yid, t2 + ad, do + BoA, 
fet yeA c [0, lJ and A € [A;, A‘]. 
(GjtaA)+Gt+ar) (htad')+ +01’) H (d+ BA Vd, + BA) 


9 I+(,+a@,A \(t, aA)’ H(t +aA' Vt, aA’) IH-@, + BA )\-(d, 4 BAY) ; (6) 
NY Ny = 
(4,+ BA’ Vd, + B.A") | (fea) Pa (tna Mtr’) | 
IH(1-(d,+ BA \1-(d, + BA) PLM tn A Mh tnA) I-A I-G tnd) 
(4 +aA Lb +aA ) (t, +a Ab +a,A") (d+ BA )+d,+BA ) 
® I+ (1-(,+a,4 )\U-@+a,4-)) 1+(1-(, +a,4°)U-(, +@,A°)) | I+, +BA\d,+ BA)’ ; (7) 
NOX = ; 


(A t+BAY+G+*BAD || Gtnarthtna) fitnay+htna) 
1+, + BAVA, FBA) PGA TAD HG tA WA tA) 
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(+(,taA))-0-(,ta,4 yy U+(,+a,2°))-d-| a [ 2(d,+ Bay 
re (1+, ta,A))’ +(1-(t, +a,A-)) (1+(t, tad) +1-( tad) 1Q (d,4 BA)? +(d, 4 Bay’ ; (8) 

2(d,+ BAY? | Af enAy? f+r ay | 

(2-(d,+ BAY Hd, + BAY | LO- tra We tht rary Q-Ktr Aye ttn ay 

[ (t, +a,a-y? 2(t,+a,a*)’ 
L(2 = (¢, 5 a))? + (¢, + a,A°)? Gr (¢, a,A*))? aa a,A*)? 
[(l+(d,+ BA)’ -d-G,t+ BAY’? 1+G,+BA*)y’-d-G+BA yy] \. 6) 
Ld+(d,+ BA)’ +(-(d,+ BA)?’ 14+, + BAY’ +1-G,+ Bay? | 
fd+(f+na ye -d-(Kht+y ay’ d+ tr ayy’ -d-K+nay’ 
Ld+(Atna yr td-+ya ye d+(Khtna yy’ +d-h+rayy 


3.2. Einstein Weighted Arithmetic Average Operator of SNIEs 
Definition 6. Let x = {x1, xz, ..., Xn} be SNIS, we can define the SNIEEWA operator: 
SNIEEWA( 215 25-5 Xn) = ® PpLu (10) 


where pxe [0, 1] is the weight of xx for )y.pk = 1. 

Theorem 1. Let xx = <Tk(A), Di(A), Fe(A)> = <te + aA, de + Br, f+ vrA> (k= 1, 2, ..., 1) for A € [A; A*] be 
a group of SNIEs with the related weights px € [0, 1] for px = 1. Thus, the Eq. (10) can be 
calculated by the following equation: 


H+, +0,2°)” I -t,-a,2°y" (+t, +0,2°)* -T0-t,-a,2°) 


) 


M(1+1,+0,4°)" +11 0-1,-a,4°)” M44, +a,4°)* +T1(1-1, -0,4°)" 


2M1(d, + BAY 211(d, + BAY : (11) 


SNIEEWA({,, Hy 5--5X,) = 


) 


112-4, - BAY +d, + BAY” WO=d, BAY" +10, + BAY" 


2A, +74) 2 f, +74") 


N2-f,-% AY + tr AY W2-f,- 7A +R +74 


Proof: 
(1) Ifn=2, by Eqs. (6) and (8), we can get the result: 
SNIEEWA( X22) = PX ® P2X2 
ee =(1-T(A-)y A+7,A*))" --T(A*)y” || 2D,(A-y" 


(I+T(A))" +0-T AY tT A) +0 -T. AY" [2-DAY + Day’ 


2D,(A*y? 2F (Ay 2F (At) 
(2-D(A*))" +D (At)? | Q-F(A)Y +E (AY 2-F (A) +E (Ay 
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> 


(+74) -d-T4))” Oth)” -d-5a))” 2D,(A_)” 

(1+7,(0))* +(1-EA))” "4+ EA)? +0-E@')y? | L@-D,A)y? +D,0 
2D Ay ZF (Any? 2F,(A")y” 

(2-D,(A*))® +D, A")? | _O-BRA) +R)? 2-BA)t +E Ay 


P(+T (A) Uta) -U-T(A yr -L(a y+. Ay 1+ BA) Sea 
LUFT (AY tT A ye? +(1- TAY 1-1, (Ay Ut TA Yt La) +0-T A) 1- Lay? |’ 
[ 2D,(A-)"'D,(A-) 2D,(A*)"'D,(A*)” | 

| (2-D,(A-))" (2-D,(A yl + D(A Y"D(A-Y® ’ (2-D(A*)Y" (2-DAY)? + D(A*)Y"D (AY | 

L 2F (AYR (A) 2F (AYA) | 

| Q-FA))(Q-FA)" +FAV RAY?’ Q-F(a*))"(Q-FA))? th (v ye (ay 


TL(+T, (A) HLTA)" TL (147, (2°) -T-.Y? 211 Day" 


2 2 e122: io 2} 2 2 ’ 
T(4+7,(A-)y* HI-7,(A- FT, A) += 2,4)" | | 2-DAY)" FLD 


2 2 2 
211 D,(A*)* IAC AAC 


2 2 9) 2 2 > 2 2 
T1(2-D,(A°)" +11," |] MO-RA)Y + RAY TQ-F A") +R 


[ 2 2 2 2 
(+t, +@,4°)* -M-t,-a,A-y* +4, +a,4°)* - 0-4, aA" 


2 2 ee) 2 2 
(+t, +a,4-)* +11 -4,-@,4-)* Td +4, +a,4*)* +11, -@,2°)* 


2 2 
211d, + BAY 211d, + Bay 


2 2 220) 2 ’ 
(2 a d, =" BAS + M(d, + BA) N@ = d, 7. BA) + M(d, “b BAY" 


2 2 
21h, +%A-)” 21h, +% A") 


2 2 > 2 2 
NQ-f, af ee + Nh, yan NQ-f, yin) +h, py hoy 


(2) Setn=m. Then, the following formula can hold: 


M(+t, +q,4° YP -H-4-ah- Yr +4, +042") = 111, - 2°) 


H+t, +q2° +0 -a2-Y T(L+4, +0,2°) +111, - 02°)” 


2 r1(, +Bary 2M1(d, + Baye . (12) 


’ 


SNIEEWA( 1) Xy9+-9Hn) = 


TQ-d,- BA) +1U(d, + BA )* T2-d, BAY" +1 (d, + BAY” 


2M +44 2M +nA°) 


NQ-f-yA +t” MO- fn +h nay 


(3) If =m + 1, according to the formulae (6), (8) and (12), we can get 
SNIEEWA(Y, 5 X93 Lina) = SNIEEWACK » Hoss Hin) PB Pm Lnat 
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Md +4, +0,4°)* -I-4,-a,4°)* Ud+4,+0,4°)* -0-4,-@,2*)? 


nd +i, bays)” + nd =4-a,4°)"" nd +t, +a,A°)* + nd —t,-a,a°)" 
211(d, +B,A-)” 211(d, + B,A*)” 
T(2-d, BAY" +1M(d, + BAY” T1(2-d, ~ BAY +d, + BAY” 


2M +A 2M, +1." 


NQ-f, =n iy" +h, +y,a°)* NQ-f, =pn y" +h, +y,A°y 


(l (rst Bnd as = (1 = (bit Ee chy (l (baat Ca) dias = (l 7 st £ Cg) =: 
L (1 Crt Bnd ys a (1 ~ (Gast ae Bnd a (1 Gea Guay Be (1 = (ttt a ae) 
@ 2(dinvt + Bah YO" 2d nat t Pina. ie 
L (2 = (Ars oe (cite) ai hs (dist + Buh yr (2 7. (dina + ys alr) Nada + (Cie + Bayer 
1G oe + em cae Mae 2(fonst ae cb ia 
L (2 me 6 ea sh Lesh yr + CF sit iB Vege yer (2 an (Trai a; Vane ye + (Sai + Veuhe ye 


[ m+ m+l1 m+l1 m+ 
(l+4,+0,4°)* -M(-t,-a,4°)* +4, +0,4*)* -Md-4,-a,4°)* 


k= 


m+ m+1 > m+1 m+1 2 
+4, +a,4°)* +I0-4,-a,4°)* Id +4,+@,4°)* +0-4,-@,4°)* 


m+1 m+1 
211 (d, + BAY 211 (d, + BA*y* 


2 


+ m+1 2 m+1 m+1 
I (2 e d, a BAY + (dd, a BAY m2 = d, _ BAY ar Wd, + BAY 


m+1 m+1 
2m +%.A-y 2A +r,A"y 


+ m+ > mi m+ 
I (2 =i, at vA) + tee + yA) M2 ms Si ‘= yay oh Th a ae 
Thus, we have proved that the Eq. (11) can hold for any k. 
The SNIEEWA operator implies the following properties. 
(P1) Idempotency: Set x« = <Ti(A), De(A), Fi(A)> = <te + aA, dk + BrA, fe + vkA> as a group of SNIEs for 
Ae [A, At] and k= 1, 2, ..., n. If xe= x, then SNIEEWA(y1, x2, ..., Xn) =X: 
(P2) Boundedness: Set ye = <T(A), Di(A), Fi(A)> = <te + acd, de + BrA, fe + ykA> as a group of SNIEs for 
Ae [A , A*] and k= 1, 2, ..., n. Let the minimum and maximum SNIEs be 


Zon = (| min(, +4,2-),min(s, +a,2°)],| max(d, +A,A-)-max(d, + B.2°) }| max f, +7, ).max f,+7.2°) 


ee ([maxc, +a,2-),max(t, +0,2°) | min(d, + 6,A~),min(d, + B,2') | min(f, +7,4°),min(f, + 74°) 
Then, there is ymin < SNIEEWA(X1, X2, «+, Xn) S Xmax. 
(P3) Monotonicity: Set «= <Ti(A), Di(A), F(A)> and y= <T,(A), D,(A), F,(A)> as two groups of SNIEs 
for Ae [A;, A*] and k=1, 2, ..., n. If xx xj, then SNIEEWA(y1, X2, «-+, Xn) CSNIEEWA(X1, Xo, «+7 X,)- 
Next, we give proofs of the three properties. 

Proof : 
(P1) Let xx = <tk + aA, det Brd, fet prA>= x =<t+ad, d+ BA, f+ yA> for k=1, 2, ...,n be SNIE with the 
related weight px € [0, 1] for Yieipk = 1. Then, we can get the result: 
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SNIEEWA(Y,, 75-05 Xy,) 
N+, +a,A ~Hd-4 —a,a Wd+4 +0,A°)* ~Hd-4 —a,A*yr 


| Ha+4, " aay +14, —a,A°)* Hd +4, ay ain) + Nd-¢, —a,A°)? 


2 r1(d, + Bayh 2 1d, + Bary 


> 


THO—d, BAY" + IN, + BAY MO-d, HAY + 1d, + BAY 


2h +7,A°)* 2h +y 4) 


NO-f, —y,A +O ee NQ-f, -y,A" +O(f, +y,A* yr 


p Pr Der ve 
(l+t+aa- ye —(l-t-ad r Mtttaa'y9 —(1-t-@*)* 
Dre Pk yy Sa 

LG+etad” yr +(1-t- ad” a (lt+¢+@d*)@ +(1-t-al*)= 


2 2d + pay d+ pf ‘ 


> 


es > re - ve Pr K 
|(2-d-BA)" +(d+ Bar ye (2-d— pay ree 


_ ye f yy 
2(f as a 2(f a ia 


> Px > pi ye 
(2-f-y )\r +(f+ya- ya Qari ye Baya) 
=([t+aa-t+ad* |,[ d+ pr .d+ pa], f+ f+’) 
=7 


(P2) Assume that there is SNIEEWA(x1, x2, ..., Xn) = <T(A), D(A), F(A)>. According to Eq. (11), we 
know that 


T+ +a,A)r - ri(-1, ~a,A) 211d, + Bayh 
[Ojo ee Se Ee 9) 
Td +4 +a,A)" +1 be a, Ay N2- d, — B, A)” +IT(d, + BA)" 
2I1(f, +7,Ay™ 
F(A)=— xo for Ae [A-, A*] are increasing functions of A. So, we 


N-f ee +IT(h, +y,A)” 
can get the following inequations: 
Td +4, +a,A°y — -H(l-1,-@,4")’ 
min(t, +a,A°)<T(A )= x max(¢, +a,4), 
Ti +t, +a, yr +1 t,—a,A*)r 


TI(1+¢, +a,a°)r ater —a,Ar°)r 
min(t, +@,A°)ST(A')=2 f < min(t, +a,a°), 
Md +t, +a,a°)? +d —t, —a,a*) 
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2T1(d, + B,A-y” 
k=l 7% 


min(d, +B A )S D(A )=— - 
I(2-d, -B,A)" +d, + B,A 


k=1 


< max(d, +B,A), 


2T1(d, + BAT)" 
min(d, + 8,4") < D(A") => r= 


23 < max(d, + 8,4), 
NQ-d, = par)” +d, + BA’) 


. _ : 21h, +%A°)” 
min(f, +74 )< FA) = 
N2-f, a eae +O yA) 


21h, +147)" 


ast max( f;, +y,n°), 


ra eS eae ae 
N2-f, =f a +O, +y,Aa yr 


According to Eq. (1), we get the score values of SNIEEWA(X1, x2, ..., Xn), Xmin, and Xmax: 


<max(f, + yA). 


S(SNIEEWA(Y,, 151-5 Z,))=(4+T(A)+T(A’*)-D(1)- D(A")- F(X) - F(A’) /6, 


(4+min(t, +@,/°)+min(t, +@,/°)—max(d, + 8,4) 


S(Xmin) = : - ; : 
~max(d, + BA )—max(f;, +y,A )—max(f; +7,a ))/6 


(4+ max(t, +a,A°)+ max (t, +a,A*)— min(d, + BA 
SP) = . 
~min(d, a BA") _ min(f;, YA = min(f;, ae y,A°)) /6 

We can get S(Xmin) < S(SNIEEWA(X1, X2,-.-,Xn)) S S(Xmax). Thus Xmin $< SNIEEWA(X1, x2, «.., Xx) $ 

Xmax. 
(P3) If xx = <THA), D(A), Fi(A)> and x,=<T,(A), D,(A), F,(A)> for Ae [Az A‘, k= 1, 2, ..., n, and xe € Xy 
then they satisfy the following constraints: Ti(A-) < T,(A7) , THA*) < T,(A*), DXA) = D,(A), DXA*) = Dy 
(A*), F(A) = F(A), and Fi(A*) = F,(A*). We use Eq. (11) to calculate SNIEEWA(x1, x2, ..., Xn) and 
SNIEEWA(x,, X>, «++, X,): SNIEEWA (X31, X2, «+ Xn) =<[T(A), T(A], [D(AD, D(A], [F(A>) F(A*)]> and 
SNIEEWA(X;, Xo, «+7 Xn) = <[T'(A), TA], [D'(A), D’'A)], [F'(A), F(A) >. Obviously, we can get T(A>) 
< T(A), T(A*) < T(A%, D(A) = D(A), D(A*) = D(A», F(A) = F(A), and F(A*) >F(A*). Hence 
SNIEEWA(y1, X2, «++, Xn) G SNIEEWA (X31, Xx, «++) Xn) holds. 


3.3. Einstein Weighted Geometric Average Operator of SNIEs 
Definition 7. Let x = {x1, x2, ..., Xn} be SNIS, we can define the SNIEEWG Operator of SNIEs: 
SNIEEWG (21 ov» Xn )= OH (13) 


where px € [0, 1] are weights for )y_,pr= 1. 

Theorem 2. Let xi=<Ti(A), Di(A), Fi(A)> =< te + aA, di + Bed, fet yrA > for k=1,2,...,n and A € [A;, A‘] 
be SNIEs with the related weights px € [0,1] for ),0*= 1. Then according to the operational rules (7) 
and (9), Eq. (11) can be calculated by 
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2M, +a,2-)? 2TH(t, +a,2°)? 


’ 


M(2-4,-@,4° "+10 +a,0-)* T(2-1,-a,4°)* +11, +4" 
. (14) 


M(+d, +BY" Md, - Bay W(l+d, + BA°Y* TN -d, 8,2") 
SNIEEWG( J), Yose5%n) = = — = - 


M(+d, +f)” +M(-d,-BAYr (+d, +B,4°Y% +1-d,- Ba) 


= 


’ 


N+ fend y-Md-f-na yt Wtf nay Mf 


h-na yr M+ hr ay +I fn 


(+f, +42)? +1 


In view of the same proof of Theorem 1, we can proof Theorem 2, which is omitted here. 


4. MADM Method with the SNIEEWA or SNIEEWG Operator 


For a MADM problem, there are an alternative set n = {11, 12, ..., Nm} and an attribute set C = {C1, 
C2, ..., Cn} with the weight vector p = {p1, p2, ..., px}. The assessment values given by the decision 
makers are in the SNIE form. Thus, the evaluation value of the attribute Cjfor the alternative niis 
specified as xij= <Ti(A), D(A), Fi(A)> = <ti t+ aA, dit Bid, fii + ViA> for ty + agA, di + BiA, fi + VA € [0, 
lj and A é [A;, A‘], (= 1, 2, ..., mj =1, 2, ..., n). Hence, all the assessed SNIEs constitute the SNIE 
decision matrix X= (Xij)mxn. Then, the MADM method is shown as the following steps. 

Step1: Calculate the aggregation value of SNIEs xi for ni and some ranges of A by the following 


aggregation formula: 


X, = SNIEEWA( Ya Xin2-> Lin) = © Pdi 


n =p; n =} n Me n me 
T+ ty +a,4 ) ~Hd-t, 4,4 ) T+ + @yA ) ~~ 4, -4,A ) 
M+, + OrjA-)” + Md-t, -a,A-)” ri(1 tty +A)” + md =h=a,A)" 
Li ca ae i ! (15) 
; ~y/hi +)P; 
_ 21T(4, + BA ) 2114, + BA ) 
II(2-d,-B,A-)" +11(d,+B,A-y" T(2-d,-B,A*)” +1N(d, + B,a°y” 
L j=l : : j=l j=l i i jan 
21T( fi, + rh 2I1(f; + rary” 
- —\Fi -\P;j gp +\Pj is +\P; 
WQ- Fy -%A YMG +H AY NQF —1,A°Y" + +744") 
X, = SNIEEWG (Xn X99 Hin) = @ x; 
211(t; +a,4-)” 211(t, +a,A°)” 
"(9-1t.-a@ 2-7 +T Ap ee os eae ep. 
7 |T(2-t-a,A-Y" +1, +a,0-Y" 112-4, aA)" +11, +a4,A") 26 


Md +d,+B,a-y" -U(1-d,~B,A-y" +d, + B,A°y" - dd, ~ Bay” 


? 


[l+d,+B,a°)? +U(+d, +B)” Wd+d,+B,a'y” +1+d, + B,A'y” 
L j=l ; jl fl i 


d+ fy +¥yA y “HO- fy —yyAy d+ fj +y,A°y! pee? —7ay! 


T+ fj +yA- eNOS ay A T+ fj +7,A°y"' oe fy a4)” 
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Step2: Calculate the values of the score function S(yi, A) (accuracy function L(xi,A) and 
certainty function C(xi,A)) by Eq. (1) (Eqs. (2) and (3)). 
Step3: Rank the alternatives and define the best one. 


5. Illustrative Example, Sensitivity Analysis, and Comparison 


5.1. Illustrative Example 


In an illustrative example, we apply the proposed MADM method to the risk assessment of the 
investment selection of metallic mines. The mining projects have great uncertainty and a long cycle. 
Then, there are investment projects of four candidate mines, denoted as a set of four alternatives n = 
{n1, 12, 73, na}. The key evaluation factors/attributes of the four candidate mines contain the economic 
factor (C1), the safety factor (C2), and the environmental risk factor (C3) in the investment evaluation 
process. The weight vector p = (0.3, 0.36, 0.34) addresses the importance of the three attributes. 
Because of evaluation information uncertainty in the four candidate mines, the decision 
makers/experts are required to evaluate each candidate mine on the three attributes in the SNIE 
form. Their evaluation information is provided by the SNIEs xi = <Tij(A), Di(A), Fi(A)> = <ti + aia, dij 
+ BiA, fi + yiA> for j =1, 2, 3;1=1, 2, 3, 4. Thus, the decision matrix of all SNIEs is shown below: 

<0.7+0.2A, 0.2+0.1A, 0.240.22> <0.7+0.2A, 0.140.32, 0.140.12> <0.6+0.2A, 0.2+0.2A, 0.2+0.2A> 
_ | <0.7+0.2A, 0.2+0.1A, 0.3+0.1A>  <0.8+0.14, 0.140.24, 0.140.3A>  <0.7+0.1A, 0.2+0.24, 0.14+0.1A> 
~ | <0.8+0.1A, 0.2+0.1A, 0.140.2A> <0.7+0.1A, 0.2+0.1A, 0.140.2A> <0.7+0.2A, 0.3+0.12, 0.2+0.1A> |" 
<0.7+0.12, 0.140.2A, 0.2+0.1A> <0.8+0.1A, 0.140.2A, 0.24+0.1A> <0.7+0.1A, 0.2+0.1A, 0.2+0.2A> 

According to the evaluation information and the proposed MADM method, the decision steps 
are shown below. 

Step1: Aggregate SNIEs xi for ni (i = 1, 2, 3, 4; 7 = 1,2, 3) by Eq. (15) or (16). The indeterminate A 
is specified as A = [A-, A*] = [0, 0], [0, 0.5], [0, 1], [0, 1.5]. The aggregation values of Eq. (15) or (16) are 
listed in Tables 1 and 2. 


Table 1. The aggregation values corresponding to the SNIEEWA operator 
A= [A,;, A‘] Aggregation value 


x1 = <[0.6685, 0.6685],[0.1565, 0.1565],[0.1565, 0.1565]>, 
x2 = <[0.7400, 0.7400],[0.1565, 0.1565],[0.1407, 0.1407]>, 
x3= <[0.7337, 0.7337],[0.2301, 0.2301],[0.1271, 0.1271]>, 
x4 = <[0.7400, 0.7400],[0.1271, 0.1271],[0.2000, 0.2000]> 


A= [0, 0] 


X1 = <[0.6685, 0.7699], 


= 


0.1565, 0.2661], [0.1565, 0.2354>, 
0.1565, 0.2460],[ 0.1407, 0.2343}, 
0.2301, 0.2809], [ 0.1270, 0.2159]>, 
0.1271, 0.2159],[ 0.2000, 0.2661]> 


s 
Il 
AN 
pas 
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A= [0, 0.5] 
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ll ll 
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\Y @ 
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=e 
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X1 = <[0.6685, 0.8729], [0.1565, 0.3676], [ 0.1565, 0.3147]>, 
j=[o,1) X27 10-7400, 0.8729),{0.1565, 0.3315}, 0.1407, 0.3190, 
; [ 0.1270, 0.3000}>, 
[ 


= 


3 
ll 
A 
> 
ad 
N 
ies) 
Q 
N 
eA 
ioe) 
N 
ay 
fom 
oh 


0.2301, 0.3315], 


x4 = <[0.7400, 0.8435],[0.1271, 0.3000],[ 0.2000, 0.3315]> 


= 


= 


x1 = <[0.6685, 1.0000],[0.1565, 0.4673],[ 0.1565, 0.3945]>, 
A=[0, 1.5] x2 = <[0.7400, 1.0000],[0.1565, 0.4158],[ 0.1407, 0.4015]>, 
in [ 0.1270, 0.3824]>, 
[ 


% 
f 
A 
A 
2° 
Ny 
w 
ies) 
N 
= 
[=o) 
S 
j=) 
= 
a 


0.2301, 0.3819], 


x4 = <[0.7400, 0.8983],[0.1271, 0.3824],[ 0.2000, 0.3966]> 


= 
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Table 2. The aggregation values corresponding to the SNIEEWG operator 
A =[A, A‘) Aggregation value 


< 


= 


0.6651, 0.6651], 
0.7354, 0.7354], 
0.7294, 0.7294], 
0.7354, 0.7354], 


= 


0.1645, 0.1644], 
0.1645, 0.1644], 
0.2346, 0.2346], 
0.1343, 0.1343], 


= 


0.1644, 0.1644]>, 
0.1617, 0.1617}>, 
0.1343, 0.1343]>, 
0.2000, 0.2000]> 


xl 
x2 
x3 
x4 


< 


= 
= 
= 


A =[0, 0] 


< 


= 
= 
= 


< 


= 
= 
= 


< 


= 


0.6651, 0.7654], 
0.7354, 0.8006], 
0.7294, 0.7967], 
0.7354, 0.7855], 


= 


0.1645, 0.2672], 
0.1645, 0.2495], 
0.2346, 0.2847], 
0.1343, 0.2171], 


= 


0.1644, 0.2473}, 
0.1617, 0.2477}, 
0.1343, 0.2171}, 
0.2000, 0.2672]> 


xl 
x2 
x3 
x4 


< 


= 
= 
= 


A =[0, 0.5] : 


= 
= 
= 


< 


= 
= 
= 


<[0.6651, 0.8657], 
<[0.7354, 0.8657], 
<[0.7294, 0.8637], 
<[0.7354, 0.8356], 


= 


0.1645, 0.3709], [0.1644, 0.3311]>, 
0.1645, 0.3349], [0.1617, 0.3351]>, 
0.2346, 0.3349], [0.1343, 0.3000]>, 
0.1343, 0.3000}, [0.2000, 0.3349]> 


Xl 
x2 
x3 
x4 


= 


A =[0, 1] 


= 


= 


<[0.6651, 0.9659], 
<[0.7354, 0.9307], 
<[0.7294, 0.9307], 
<[0.7354, 0.8858], 


= 


0.1645, 0.4769], [0.1644, 0.4165)>, 
0.1645, 0.4210], [0.1617, 0.4259]>, 
0.2346, 0.3851], [0.1343, 0.3832]>, 
0.1343, 0.3832], [0.2000, 0.4036]> 


Xl 
x2 
x3 
x4 


= 


A =[0, 1.5] 


= 


= 


Step 2: Calculate the scores of S(xi, A) by Eq. (1) and show the results in Tables 3 and 4. 
Table 3. Scores and ranking orders corresponding to the SNIEEWA operator 


A=[A, A*] Score of S(xi, A) Ranking The best 
A =[0, 0] 0.7852, 0.8143, 0.7922, 0.8043 p> > m> m "2 

A =[0, 0.5] 0.7706, 0.7946, 0.7801, 0.7870 p> a> n> m "2 
A=[0,1] 0.7577, 0.7775, 0.7694, 0.7708 m>m>mp>m m 

A =[0, 1.5] 0.7489, 0.7709, 0.7687, 0.7554 R> p> m> m a2 


Table 4. Scores and ranking orders corresponding to the SNIEEWG operator 


A=[A, A*] Score of S(xi, A) Ranking The best 
A = [0, 0] 0.7788, 0.8031, 0.7868, 0.8004 p> M> m> m 7p 

A =[0, 0.5] 0.7645, 0.7854, 0.7759, 0.7837 R> > m> im a2 
A=[0, 1] 0.7500, 0.7675, 0.7649, 0.7670 m>m>m>m "2 

A =[0, 1.5] 0.7348, 0.7488, 0.7538, 0.7500 > a> m>m M3 


Step 3: The ranking orders are listed in Tables 3 and 4. There are exactly consistent ranking 
results between the SNIEEWA operator and the SNIEEWG operator when the indeterminate ranges 
of A are A = [0, 0], [0, 0.5], [0, 1], then 72 is the best alternative. While the indeterminate range is A= [0, 
1.5], the ranking orders are very different between two aggregation operators, then the best 
alternative is nz corresponding to the SNIEEWA operator and 73 corresponding to the SNIEEWG 
operator. 


5.2. Sensitivity Analysis 


An SNIE can represent an SvNE or an IvNE regarding the value or range of the indeterminate 
A. In the above example, we have specified several indeterminate ranges of A to make decisions. 
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The results show that the ranking orders are the same within certain ranges of A = [0, 0], [0, 0.5], [0, 
1] corresponding to two aggregation operators, while the ranking orders are very different in the 
range of A= [0, 1.5]. The above example demonstrates that more ranking orders based on the two 
aggregation operators are nearly consistent. Due to the variability of the indeterminate A, the 
proposed MADM approach is valid and flexible. To further analyze the change of decision results 
with the indeterminate variety of A, we show the relational graphs corresponding to the 
indeterminate value of A and the score of niin Figures 1 and 2. 


—— 1 3 ——n72 — 4 


Figure 1. Relationship between the score of ni and the value of A corresponding to the SNIEEWA operator 


Figure 2. Relationship between the score of ni and the value of A corresponding to the SNIEEWG operator 


SNIE is reduced to SvNE when the indeterminate A is a single value. In Figure 1, the ranking 
order is 72 > n4 > 73 > m and the best alternative is n2 when A is in the range of A é€ [0, 0.8] 
corresponding to the SNIEEWA operator. Then, the best alternative is 73 in the range of A ¢€ [0.8, 1.5]. 
In Figure 2, the ranking order is 72 > m4 > 13 > m1 when the value of A is less than 0.6 corresponding 
to the SNIEEWG operator. The ranking order is 73 > q4 > 2 > m1 when the value of A is greater than 


0.6. Although the ranking orders are not exactly identical with different aggregation operators, they 
are some sensitivities to different values/ranges of A. 
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5.3. Comparison and Discussion 


Du et al. [15] first put forward the concept of SNIE and a MADM approach based on the 
weighted aggregation operators of SNIEs. To compare the proposed MADM approach with the 
existing MADM approach [15], the ranking results of the existing MADM approach [15] in specified 
ranges of A are indicated corresponding to the SNIEWA and SNIEWG operators and shown in Table 5. 
The ranking results corresponding to the proposed SNIEEWA operator and the existing SNIEWA 
operator [15] are identical in all ranges of A. Corresponding to the proposed SNIEEG operator and 
the existing SNIEWG operator [15], the ranking results are different only in the range of A = [0, 1]. In 
terms of all the results, n2 is the best investment selection, conversely mis the worst one. 


Table 5. Decision results of different methods 


Ranking order in different ranges of A 


A A= [0, 0] A= [0, 0.5] A=[0, 1] A= [0, 1.5] 
SNIEEWA In> E> p> Im In> > p> mM n> m>Ip>m — p> m> mB> Mm 
SNIEEWG In> > p> Mm In> > p> mM n> m>p>m — B> BH> m> Mm 

SNIEWA [15] In> E> p> Im In> > p> mM n> m>p>m — p> m> mB> Mm 

SNIEWG [15] n> > p> IM n> E> p> mM m> p> p> Mm — p> m> m> Mm 


6. Conclusions 


In this article, we presented the SNIEEWA and SNIEEWG operators of SNIEs with respect to 
the Einstein t-norm and t-conorm operations. On the basis of the SNIEEWA and SNIEEWG 
operators, the MADM method was developed and applied to the selection problem of mine 
investments. In the illustrative example, the decision results were analyzed under the single- and 
interval-valued neutrosophic indeterminate situations, which indicated some sensitivities to 
different values/ranges of A. Compared the existing MADM approach [15] in the situation of 
interval-valued neutrosophic indeterminate information, the ranking results demonstrated that the 
proposed approach is valid. Since SNIS can flexibly express neutrosophic information according to 
indetermination ranges of A, the proposed MADM method reflected its efficiency and flexibility 
regarding interval indeterminate ranges. 

Since SNIS is a flexible form for describing indeterminate and inconsistent assessment 
information, it can be used in many indeterminate problems. In future research, more aggregation 
operators, similarity measures, and decision-making methods will be developed and applied to 
many fields in neutrosophic indeterminate environment. 
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Abstract: One of the highest causes of death in many countries in this modern era is cardiovascular 
diseases. There are a few symptoms that linked significantly to the cardiovascular diseases. The 
symptoms and diseases relationship can be represented by neutrosophic set values. In general, 
neutrosophic set gives remarkable contribution in denoising, clustering, segmentation, and 
classification in handling data of many real applications including in medical field. This study aims 
to analyse the cardiovascular disease risks by a new distance-based similarity measure motivated 
from intuitionistic fuzzy set theory. The proof for all the properties is presented clearly. Then, a case 
study is conducted by using the data on the severity level of the six symptoms found in two different 
patients. The neutrosophic data are analysed to determine the patients’ possibility of having any 
one or combination of the three types of cardiovascular diseases. A comparative study involving 
three common distance measures is conducted. The results show that the similarity indexes for all 
measures of both patients are less than 0.5. This situation can further conclude as both patients are 
possibly not suffering from cardiovascular diseases. 


Keywords: Cardiovascular Disease, Distance Based, Neutrosophic Set, Similarity Measure 


1. Introduction 


In human body, the cardiovascular system consisting of heart and circulatory system has its 
crucial role in protection, regulation and transport of nutrients and oxygen to all the tissues of the 
body [1]. The blood flows through a network of blood vessels in response to the heart pumps and 
produces a pressure gradient [2]. Unfortunately, diseases related to the cardiovascular system have 
been proven to be one of the main causes of death in the whole world. Few of the cardiovascular 
diseases are coronary artery disease, heart failure, congenital heart disease and heart attack [3]. The 
diseases occur due to factors such as genetic disposition, systolic blood pressure, cholesterol, diabetes, 
body mass index, depression, and unhealthy diet. Due to the severity cause of these diseases, it is 
important to make correct diagnosis and to provide appropriate treatment to the patients. 
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Invasive methods are commonly used in medical diagnosis to identify vascular health 
conditions. The diagnosis result is used as a guideline by the doctor to provide the appropriate 
treatment. Alternatively, in the past few decades, many studies used non-invasive method with the 
purpose of reducing the patients’ health risk and clinical utility cost. Mathematical model developed 
by the physical law of fluid dynamics has the capability in understanding the blood flow behaviour 
in vascular system [2, 4, 5, 6]. Another aspect in making the correct diagnosis relates to the sufficient 
patients’ information of their medical condition. There is an elegant branch of mathematics which 
gives us the ability to reduce the possibility in making inaccurate diagnosis despite of the 
incompleteness or uncertain information. The area uses fuzzy mathematics concept in defining the 
set theory where it evolves from fuzzy set to many more advance sets e.g intuitionistic fuzzy set and 
neutrosophic set. The studies on the development of more advance neutrosophic sets and its 
applications as well in medical or clinical diagnosis are found in [7-10]. 

Distance and similarity measures are important in various scientific research fields such as 
decision making, pattern identification, and market forecasting. Lots of studies have been done by 
adopting fuzzy sets [11], intuitionistic fuzzy sets (IFS) [12,13], and neutrosophic sets [8,14]. The use 
of similarity measures has significant role in data clustering process and a work of [15] had proven 
that single-valued neutrosophic set (SVNS) clustering algorithm improved the accuracy in 
representing the indeterminate or inconsistent information. The most widely used distance measures 
are Hamming distance and Euclidean distance. [16] introduced a new similarity measure in a real- 
life decision-making problem and proved its ability to handle multiple existing criteria of incomplete 
or inconsistent information. Several new similarity measures of the neutrosophic sets with 
exponential functions in the truth, indeterminacy and falsity memberships were produced by [17]. 
They concluded that the existing measures failed in some circumstances, while the proposed 
measures classify them more appropriate and precisely. 

To date, the application of neutrosophic set theory is significantly found in decision making 
studies. The major advantage of the set is its ability to handle uncertainty and incompleteness of the 
data. Neutrosophic set is an important set for denoising, clustering, segmentation, and classification 
of real data in many areas which includes medical field. For effective diagnosis systems, neutrosophic 
set have been integrated with the clustering techniques to reduce ambiguity for competent diagnosis. 
[3] proposed the neutrosophic clinical decision-making system using explainable artificial 
intelligence approaches for the proper diagnose of cardiovascular disease risk. Then, [18] extended 
the same approach to help physicians in early diagnosis, identifying the type of treatment and 
diagnosis. [7] focused on heart disease diagnosis problem as an application of neutrosophic refined 
set using distance measure while [8] analysed the medical diagnosis for rough neutrosophic set using 
Dice and Cosine similarity measures. Meanwhile, [9] created a new model based on Neutrosophic 
Cognitive Map that integrates diagnosis, treatment, and prognosis processes for supporting clinical 
decision-making for the treatment of cardiovascular diseases during pregnancy. [10] proposed a 
novel framework based on Internet of Thing (loT) and computer supported diagnosis to identify and 
control heart failure infected patients. They obtained preciseness of diagnosis with vague information 
and suggested the neutrosophic multi criteria decision making technique in guiding the physician to 
identify whether a patient is suffering from heart failure. A new distance-based similarity measure 
has been proposed by [19] for refined neutrosophic sets and they applied the findings in medical 
diagnosis of few diseases with a common set of symptoms. Further, [20] developed a new hybrid 
distance-based similarity measure for refined neutrosophic sets. Another approach introduced by 
[21] is anew parametric divergence measure for neutrosophic sets used not only in medical diagnosis 
but also in pattern recognition problem, and multi criteria decision making problem. 

Based on the related studies stated above, there are less studies focus on the neutrosophic sets 
with new distance formula modified from IFS. Thus, our present study extended [13] to present the 
new distance-based similarity measure in analysing the risk of the cardiovascular disease. This new 
measure is improvised to fulfil the gap within the indeterminate relationship. In this present study, 
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we have compared our new formula with the existing normalized Hamming distance, extended 
Hausdorff distance and normalised Euclidean distance measures. The study presents significant 
result on the medical diagnosis of three cardiovascular diseases for two patients. The description of 
the diseases together with the major factors linked to the diseases are well defined in Section 2. The 
section also provides the definitions of SVNS that contains three of membership functions (MFs) that 
are truth (7), indeterminacy (J), and falsity (F) together with several distance measures which being 
used in the subsequent section. By adopting the distance formula presented in [13] into NS domain, 
we derive the new formula to obtain the distance measure on SVNSs. Section 3 proves that the new 
formula satisfies all the four properties of distance measure. By means of the distance and similarity 
measures, Section 4 uses the clinical data in [3] regarding the symptoms shown on the two patients 
to relate them with the three cardiovascular diseases. 


2. Preliminaries 


This section introduced some preliminary notions which will be applied in the final analysis. 


2.1. Single Valued Neutrosophic Set 
A neutrosophic set which can be used in real scientific and engineering applications is known as 


Single valued neutrosophic set (SVNS). 


Definition 2.1.1 [22]. Let X be a space of points (objects) with a generic element in X denoted by x. A 
single valued neutrosophic set A in X is characterized by a truth membership function, T,(x), an 
indeterminacy membership function, I,(x), and a falsity membership function F,(x). Here 
T, (x), I, (x), F(x) are real subsets of [0,1]. 


A = {(x, Ts (x), I(x), Fa) |x € X} 


2.2. Distance-based Similarity Measure of Neutrosophic set 


Definition 2.2.1 [23]. Normalized Hamming distance measure dyé(A,B) operator between 
neutrosophic set A and B is defined as follows: 


if n 
dys (A,B) = aad, (xi) — Te (i) + Us i) — Te CD) + Fa i) — Fa DD 


Definition 2.2.2 [23]. Normalized Euclidean distance measure dj§(A,B) operator between 
neutrosophic set A and B is defined as follows: 


1 n 
dys (A,B) = ye (xi) — Tg (%i))? + Ua i) — Ip Ci)? + a @D — Fe (%))7) 
Definition 2.2.3 [23]. An extended Hausdorff Distance dx (A, B) operator between neutrosophic set 
A and B is defined as follows: 


1 n 
dws (A, B) = -) max{|T4 (xi) — Te i) |, ai) — Ia | Fa i) — Fe OB 


Definition 2.2.4 [23]. Let A,B be two neutrosophic sets in X. The similarity measure between the 
neutrosophic sets A and B can be evaluate from distance measures, as follows: 

Sw(A, B) = 1 — dys(A, B) 
where dy>(A, B) is represent the distance measure between neutrosophic set A and B for all x; € X. 
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Proposition 2.2.1: The distance measures for neutrosophic set dys(A, B)and similarity measure for 
neutrosophic set Sy (A, B) satisfies the following properties: 

(C1) 0 < dys(A,B) < 1;0 < Sy(A,B) <1; 

(C2) dys(A, B) = 0 if and only if A = B; Sy(A, B) = 1 if and only if for A = B; 

(C3) dys(A, B) = dys(B, A); Sy(A, B) = Sy(B, A); 

(C4) dys(A,C) < dys(A,B) and dys(A,C) < dys(B,C) if C is neutrosophic set in X and 
ASBSC; Sy(A,C) < Sy(A,B) and Sy(A,C) < Sy(B,C) if C is neutrosophic set in X and 
AGCBCC. 

All the proof of the proposition are shown in [20-21]. 


2.3. Distance Measure on Intuitionistic Fuzzy set 


Definition 2.3.1 [13]. Let X = {x,,%2,....,x,} be the universe of discourse. Let 
A = {x,Ta(%j), Fa (%j)): 4 € X} and B = {x;,Tpz (xj), Fp (xj): x; € X} be two intuitionistic fuzzy sets. 
Then, the distance measure between A and B can be defined as: 
_ (1 _ (1 
n — sin{ FIT (x) — Te aI} + sin {Ely (i) — Fe Ce)I} 
dirs(A,.B) ==) \6— \6— 
ima + sin {E Ty (x) — Ta (x)|} + sin {FE 1Ey Oxi) — Fe |} 


Proposition 2.3.1: The distance measures for intuitionistic fuzzy set d);5(A, B) satisfies the following 
properties: 

(C1) 0 S djps(A,B) < 1; 

(C2) djzs(A, B) = 0 if and only if A = B; 

(C3) dirs (A, B) = dizs(B, A); 

(C4) dips(A, C) < dips(A, B) and dj;z5(A,C) < d)z5(B,C) if C is intuitionistic fuzzy set in X and 

AGBEC, 

All the proof of the proposition are shown in [13]. 


2.4. Major factors of cardiovascular diseases 


There is several factors for cardiovascular diseases found in [25]-[27] but this present study only 
focuses on the six highly significant factors which are: 

i. Cholesterol - a fatty substance found in all cells in the human body and the bloodstream. 
The human body needs cholesterol to make hormones, vitamin D, and substances that 
help you digest food. Cholesterol is usually produced in the liver, but it can be found in 
a variety of animal -based foods. It can affect your health if you have too high cholesterol 
levels. 

ii. Depression - a emotional disorder that can affect a person's daily life. It may be 
described as prolonged sadness, fatigue, irritability, and loss of interest in daily 
activities. 

iii. | Diabetes - a disease that occurs when too high blood glucose (blood sugar) in human 
body caused by the body not being able to produce enough insulin. Insulin is a hormone 
made by the pancreas that controls the balance of glucose in the body by helping the 
movement of glucose from the blood into the cells to be used for energy. 

iv. Blood pressure - the pressure exerted by the blood on the arteries when blood is 
pumped by the heart throughout the human body. High blood pressure is a silent 
disease that can lead to complications and even death if left untreated. 

v. Body mass index - a measure to access person's weight versus height. A high BMI can 
be an indicator of high body fatness. Being overweight exposes a person to diseases 
such as heart disease, stroke, diabetes, and high blood pressure. 
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vi. Unhealthy diet — fail to deliver human body with the proper quantities and varieties of 
nutrients for optimum health, especially when the diet contains high calories and less 
fruits and vegetables. 


2.5. Cardiovascular diseases (CVDs) 


Many types of cardiovascular diseases (CVDs) as stated in [24]-[26] that cause the death. This 
study considers only three types of CVDs, as follows: 

i. Heart attack - when a blood clot blocks the flow of blood through the blood vessels that 
feed the heart, perhaps harming or ruining part of the heart muscle. A heart attack can 
be caused by atherosclerosis 

ii. Heart failure - heart disease’s most frequent complications. When your heart blood 
pumping ability is not enough to supply blood to comply your body’s needs, hence heart 
failure occurs. Heart failure can be caused by various forms of heart disease, including 
high blood pressure, heart defects, cardiovascular disease, diabetes, vascular heart 
disease, heart infections or heart muscle disease. 

iii. | Congenital heart disease - malformations of heart structure existing at birth. 


3. A Novel Distance Measure on Neutrosophic Sets 


3.1. Distance-based Similarity Measure 


Definition 3.1.1: Let X = {x1,%2,...,X,} be the universe of discourse. Let 
A = {xj,T, (Xi), lai), Fai): E X} and B = {x;, Tp (%1), 1p (%i), Fp %i)): x1 € X} be two neutrosophic 
sets. Then, by Definition 2.3.1, a new distance measure can be defined as: 


dew (A, B) = 


a sin {gla Ge) ~ Ts @dI} + sin (Ty Ma Gd) ~ Ie GeodI} + sin (Fy Fa ) — Fo CI} 
m Linn 1 + sin {re ITs (i) — Te Cxidl} + sin (F5 Ila ed) — Ie (RAI} + sin [75 Fa Oi) — Fe (RDI} 
(1) 


where = is replaced by the factor — to fulfil the proof of Proposition 3.1.1. 
6 10 


Proposition 3.1.1: The distance measures djj,,,(A,B) for neutrosophic sets A and B comply with the 
following properties: 
(C1) 0 < diey,(A,B) < 1; 
(C2) diew (A, B) = 0 if and only if A = B; 
(C3) divew (A, B) = dew (B, A); 
(C4) dNew(A,C) S dNew(A, B) and diew(A, C) < diew(B,C) if C is neutrosophic set in X and 
AGCBCC. 


The new distance measure satisfies all the properties, and the proofs are given below. The degree of 
truth, indeterminacy, and falsity membership for neutrosophic set maybe in decreasing or increasing 
order. 


Proof: 

(C1) 0 < dh, (4, B) <1. 
As we know the degree of truth, indeterminacy, and falsity membership for neutrosophic set is 
0<T7,(x),L,(4),Fi@) <1 . This implies for A= {x;,T,(%)), 404), Fa(%i)):%; € X} and 
B= {xj Ts (Xi), Ip (%i), Fe (%i)): 1 € X}. 


Norzieha Mustapha, Suriana Alias, Roliza Md Yasin, Ilyani Abdullah and Said Broumi, Cardiovascular Diseases Risk 
Analysis using Distance-Based Similarity Measure of Neutrosophic Sets 


Neutrosophic Sets and Systems, Vol. 47, 2021 31 


0S IT (x) —Te Oi) S 1,0 $ In @) — Ip DI S Land 0 < [Fy (i) — Fa DIS 1 
= 0.< sin IMG) — Te I} < 5.0 sin {My (%) ~ e CDI} $5 
and 
0 <sin{= [Fy (Xi) — Fe I} <3 

= 0s sin{2 IT, (&) - Tp DI} + sin {Ella &) — Ie DI} + sin {2 [Fa Ge) — Fp DI} S 1 
(2) 

= 0<14sin{= IT (%) — Te Ced|} + sin {= Mla (a) = Ip ODI} + sin {= 1F, (&)) — Fa OI} $2 
) 


Therefore, from equation (2) and equation (3) 
sin {gla Gv) ~ Te CadI} + sin (Ty Ma G0) = Le GDI} + sin (7 |Fa i) — Fo I} 


1+ sin (7g ITa i) — To Cail} + sin (Fy la a) — ta CDI} + sin [Fy IFa xD) — Fo CI} 
<1 


=>0<2 


2 yf sin {75 |Ta i) — Te G)I} + sin {75 Ua Cea) — In ead + sin [5 Fa Ged) — Fe idl 
© MLai=1 1 + sin {FIT Os) — Te (xf + sin (55 la Ge) — In Ced)|} + sin [5 IF i) — Fe CI} 
<1 
>0< dN. (4,B) <1. 
(C2) dNew (A, B) = 0 if and only if A= B. 
If A=B, then T, (x) = Tp (xj), ly i) = Ip (4%), and Fy, (x;) = Fp (x;) which states that 
[7 (i) — Tp C%i)| =, Ug (i) — Ip Ge) = 0, and [Fy (x) — Fy (%;)| = 0. Hence, 
sin{ |T, (i) — Ts GI} = 0, sin {= |, (4) — Ip I} = 0, and sin {™ [Fy (x) — Fe (If = 0. 
Thus, d,,,(A, B) = 0. 
Conversely, 
dNew(A,B) = 0 
2 ¥ sin (5 ITa Ci) — Te Cea)|} + sin [FG Mla id) — Ia OI} + sin {75 Fa Ce) — Fa GD} 


nLaiery + sin Fh [Ty (x) — Te (XI) + sin [5 Ula Od) — te Cdl} + sin FF IF xd) — Fo Cx} 


sin {75 (Ta (xi) — Te (idl + sin [75 Ila (i) — Ie Cal} + sin [75 IFa Ce) — Fe Gi) I} 
1+ sin {Fp |Ta (xi) ~ Ts @i)|} + sin (7p Ma Oi) ~ Le CeI} + sin (Ty lFa ed) — Fa DI} 
sin {= [Tq (x1) — Te (i)I} + sin {= Uy (0) — Ie (xi) |} + sin {= 1Fy (oi) — Fe Gi)I} = 0, 


For this reason 
sin {“ [Ty (x) — Tp (xdI} = 0, sin {[~ [y i) — Ie (&i)I} = 0,and sin {~ [Fy (x) — Fp (x) I} = 0 
10 A u B u , 10 A u B i , 10 A i B u 


IT, (%j) — Tz (i) = 0, [4 (i) — Tp Ci) | = 0, and | Fy (%;) — Fe (X)| = 0 
Ty (x) = Tp (%4), Ia (i) = Ip (%), and Fy (%;) = Fe (i) 

=A=B8B 

Hence divew (A, B) = 0 if and only if A= B. 


(C3) d%,,,(A, B) = da, (B, A). 
It is obvious that T, (x) — Tp (4%) # Tg (4) —T, (i), I, (i) — Ip (%) # Ip (%) — I, (4%), and 
Fy (x) — Fy (x) # Fe (xj) — Fy (%))- 
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But, 1%) (%i) — Te @DI= ITs OD) —-Ta D> Wa OD) — Ie DI = Ve OD) —L DIL, and 
IF, (i) — Fe Gi) = Fe i) — Fa Gi. 

Hence, 

dNew (A, B) 


2 > sin {75 |Ta i) — Te (Xi)I} + sin {5 Ila Ct) — In Cid I} + sin [75 Fa Oi) — Fe Gad} 
i=11 + sin {75 |Ta (x1) — Te CAI} + sin [75 a ad — Ia Ged} + sin (5 IF DD — Fa Gal 
sin {ag |To 1) — Ta Cdl} + sin (Ty a Ge) = ta OI} + sin Fo Ged) — Fa CI} 


i=11 + sin {75 ITs (i) — Ta CAI} + sin {75 Me Gd) — a ead} + sin (75 IF Or) — Fa al 
= ANew(B, A). 


(C4) dNew(A,C) < dNew(A, B) and diew(A,C) < dNew(B,C) if C is a neutrosophic set in X and 
ACBCC. 


Consider C = {x;, Te (xi), Ic (xi), Fe(xi)): x; € X} is a neutrosophic set in X andletA S BEC. 
This implies that T,(x) < Tg(x) S$ Te (x), (x) S Ip(x) S Ic (X), F(x) S F(x) S Fe(x) for every 
x; € X. Then, we will have the following relations: 
a)lTy (x) — Te (x) SITs 0) — Te (DL and [Tq (X:) — Te I S [Tp (1) — Te Ce) 
Bla i) — Ie DI S Ua i) — Io ODL and Uy CH) = Le DI S Up Od) = Ie Ce) 
c)IFa (2) — Fe Ge S |Fa Gi) — Fe Ce: Land [Fa (6:) — Fe | S [Fe (4) — Fe | 
Then, 
sin {= |T (x1) — Te (x:)I} < sin {= Ta (es) — Te (If and 
1 1 
sin {55 \Ta (i) — Te Cad} < sin {55 ITs (xi) — Te ODI} 
Similarly, 
sin {= Uy (x1) — Ie I} S sin [2 Up (1) — Te Ged)I} and 
. T . T 
sin {55 Ula (i) — Ie Cad} < sin {5 Mn Gi) — fe ODI} 
in {= [Fy (x) — Fe (xi)I} < sin {= [Fy (X:) — Fp (xf and 
1 1 
sin {55 |Fa (xi) — Fe (ai)I} < sin [5 [Fe (xi) — Fo (ai)} 


é las 
in| 


nH 


10 

1a el . ft 
sin {5 \Ta (i) — Te Cdl} + sin {Ua ed) — Le CDI} + sin [5 Fa ed) — Fe I} < 
= Tq (x:) — Te (id lt + sir {= [a Cer) — Ie CDI} + sin [= Fa (er) — Fe (aI. 


1 


sin 


sin {55 |Ta (i) — Te Cdl} + sin {Fe Ua Gd) — Le CDI} + sin {55 Fa i) — Fe xI} < 
sin {= [Tp (%:) — Te I} + sin {= Up (1) — Te DI} + sin {= [Fp (242) — Fe Oxf 


2 s sin {75 IT, (<;) —Te (x,)I} +sin {a5 In (4) — Ic (x,)I} + sin {5 [Fa (x;) — Fe (x) I} 
i=11+ sin {75 IT, (xj) — Te (x,)|} + sin {75 4 (x) — Ie (xi I} + sin {75 [Fy (%j) — Fe (x,)|} 
“a a sin {75 [Ta (Xi) — Te (ei)I} + sin {75 Ua Cri) — Fe Cd} + sin (75 Fa Cd — Fe xd} 
i=11+ sin {i5 IT, (x;) — Tp (xf + sin {75 [4 (x) — Ip (x I} + sin {75 [Fy (%;) — Fa (lh 


and 
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2 sin {5 (Ta i) — Te Ci)I} + sin {75 Ua (i) — Fe ADI} + sin {7G 1Fa (Hi) — Fe Cid} 
m Linn 1 + sin {Fy ITs (i) — Te Cel + sin [75 Ua (0) — Ic Oxi) |} + sin {75 Fa Gri) — Fe Grad 
‘ TT A 1 : 1 
2 a sin {75 (Ts (xi) — Te (xi) + sin {75 Me (xi) — Fe DI} + sin {75 IF (x) — Fe Gal} 
~ NL 1 + sin {75 ITs (i) — Te I} + sin {7 Me (Hd) — Ic Cea)I} + sin [75 Fe (XA) — Fe (xdI} 


The proof is completed. m 


Example 3.1.1: Let A= {x,,(0.7,0.6,0.2):x,E€X} , B= {x,,(0.8,0.2,0.9):x,€X} , and 
C = {x,, (0.4, 0.5, 0.6): x, € X} be a three neutrosophic sets in X Then, by using a new distance- 
similarity measure as equation (1), the Proposition 3.1.1 is satisfied. 


(C1) 0 < dh, (A, B) < 1; 


sin{=|0.7-0.8|}+sin{=|0.6-0.2|}+sin{=|0.2-0.9]} 


dNew(A, B) = 2( ) = 0.5452 € [0,1]. 


1+sin{=|0.7-0.8|}+sin{=|0.6 0.2|}+sin{= 0.2 0.9] 


(C2) dNew (A, B) = 0 if and only if A = B; 


If A=B, dN,,(A, A) = 2( 


sin{= 10.7 0.7|}+sin{=10.6 0.6|}+sin{= 10.2 0.2} _ 
1+sin{=|0.7 0.7|}+sin{=10.6 0.6|}+sin{=|0.2-0.21} = 


(C3) dNew (A, B) = dNew(B, A); 
It is obviously that: 
|0.7 — 0.8] = |0.8 — 0.7], |0.6 — 0.2| = |0.2 — 0.6| and |0.2 — 0.9| = |0.9 — 0.2]. 
Then, dd (A,B) = di, (B, A) = 0.5452. 


(C4) dNew(A,C) S dNew(A,B) and diey(A,C) < dNey(B,C) if C is a neutrosophic set in X and 
ACBCC. 

sin {75 10.7 — 0.4|} +sin {7510.6 = 0.5|} + sin {5 0.2 — 0.6|} 
dN ay (A,C) = 2{ ——40 —____*§ A NED) — 9.4005 
1+sin {75 0.7 — 0.41} + sin {5 [0.6 — 0.51} + sin {75 |0.2 — 0.61} 

sin {75 10.8 — 0.4|} +sin {75 10.2 — 0.5|} + sin {7510.9 = 0.6|} 

dN w(B, C) = 2{ ——SO 2 NO > | = 0.4770 
1+sin {75 [0.8 — 0.41} + sin {7510.2 2 0.51} +sin {75 10.9 — 0.61} 


As aresult, 0.4005 < 0.5452 and 0.4005 < 0.4770. 
Therefore, dNew(A, C) S dew (A,B) and diey(A,C) < dew (B, C) if C is a neutrosophic set in X and 
AGCBCC, 


4. Methodology 


There are three steps to complete the cardiovascular disease risk analysis using distance-based 
similarity measure of neutrosophic set. This study uses the Normalized Hamming distance, extended 
Hausdorff distance, Normalized Euclidean distance, and new distance measure of NS as defined in 
Section 3 for comparative analysis. The steps to complete the analysis are as follows: 
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Step 1: The extraction of data. 

The data on the symptoms experienced by the patients are given in the form of neutrosophic 
sets values [3]. Further, the relationships between the symptoms and diseases are displayed in binary 
form and can easily being used as a reference in determining which cardiovascular diseases that put 
the patients at a high risk. 


Step 2: Distance-based similarity measure 

Determine the similarity measure of neutrosophic set for each patient by using four different 
distance measures. Neutrosophic set is used to determine the similarity measure of the relationship 
between symptoms and diseases, patients, and symptoms by using Definitions 2.2.1 — 2.2.4 and 
Definition 3.3.1. 


Step 3: Discussion of a complete data analysis 

Finally, based on the results in step 2, the whole data analysis can be discussed whether the 
patients’ symptoms are close to the diseases. The conclusion can be made depend on the value of the 
similarity measures. The patient possibly suffers from the disease when the value of similarity 
measure is bigger than 0.5. Meanwhile, the patient may not possibly suffer from the disease when the 
value of similarity measure is less than 0.5. 


5. Case Study: Implementation in Cardiovascular Disease Risks Analysis 


This section discusses on the case study of two patients having five similar symptoms but 
different in body mass index. The patients’ data on the severity degree of the symptoms together with 
the experts’ consensus on the symptoms-cardiovascular diseases relationship are represented in 
SVNS. The data considers the degree of truth membership, indeterminacy membership and falsity 
membership for each element set. Let P = {p,,p2} is a set of patients, S = {51,52,53, S4, 55,56} is a set 
of symptoms. Table 1 shows data relationship between patients and symptoms as discussed in [3]. 
Besides, the relationship between cardiovascular diseases with symptoms is presented in Table 2. 


Table 1. The relationship between patients and symptoms [3] 


Symptom Patient 1, p; Patient 1, pz 
Cholesterol, s, High (0.21, 0.81, 0.8) High (0.21, 0.81, 0.8) 
Depression, s2 High (0.8, 0.33, 0.25) High (0.8, 0.33, 0.25) 

Diabetes, s3 High (0.5, 0.58, 0.53) High (0.5, 0.58, 0.53) 

Blood Pressure, s4 High (0.8, 0.4, 0.29) High (0.8, 0.4, 0.29) 

Body Mass Index, ss Med (0, 0.75, 1) High (0.86, 0.57, 0.2) 
Unhealthy Diet, s¢ Frequently (0.5,0.83,0.625) Frequently (0.5,0.83,0.625) 


Table 2. The relationship between cardiovascular disease with symptoms [3] 


Symptom Heart Attack (D1) | Heart Failure(D2) | Congenital Heart Disease (D3) 
Cholesterol, s, (1,0,0) (0,0,1) (0,0,1) 
Depression, sz (1,0,0) (0,0,1) (0,0,1) 
Diabetes, s3 (1,0,0) (1,0,0) (1,0,0) 
Blood Pressure, s, (1,0,0) (1,0,0) (0,0,1) 
Body Mass Index, s; (1,0,0) (1,0,0) (0,0,1) 
Unhealthy Diet, s¢ (1,0,0) (0,0,1) (0,0,1) 


According to data collected in Table 1, the truth membership degree for cholesterol for both 
patients are 0.21, the indeterminacy membership degree for cholesterol for both patients is 0.81 
and the falsity membership degree for cholesterol for both patients are 0.8. The same description 
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is indicated for each data. It is obvious that the SVNS value of body mass index (BMI) for the 
two patients is different. The BMI of patient 2 is categorized as high with the value of the truth 
membership degree is 0.86. As for patient 1, his BMI falls into the category of medium with 0.75 
and 1 indicating the indeterminacy and falsity membership degrees respectively. 
Table 3. The distance measure for neutrosophic set 
Distance Normalized Hamming Extended Hausdorff Normalized Euclidean 
P1 P2 P1 P2 P1 P2 
Heart Attack, D1 0.576944 0.474722 = 0.658333 =: 0.586667 = 0.631358 +=: 0.526889 
Heart Failure, D2 0.558611 0.456389 =: 0.736667 ~=—- 0.6650 0.616668 0.509195 
Congenital heart disease, D3 0.504167 (0.586389 (0.761667 —_0..7800 0.570819 0.623922 
Table 4. The new distance measure for neutrosophic set 
New distance measure P1 P2 
Heart Attack, D1 0.6718168  0.5924242 
Heart Failure, D2 0.6683397  0.5889471 
Congenital heart disease, D3 0.6297732 _0.7032119 
By using the data in Table 1 and Table 2, the three distance-based similarity measures 
discussed in Section 2 are calculated and the values are displayed in Table 3. Further, the new 
distance values obtained by the new formula in Section 3 are presented in Table 4. Then, the 
associated values of similarity for all the four distance measures are calculated and tabulated in 
Table 5 and 6 respectively. 
Table 5. Similarity measure values of the three-distance measure of neutrosophic set 
Similarity Normalized Hamming Extended Hausdorff Normalized Euclidean 
P1 P2 P1 P2 P1 P2 
Heart Attack, D1 0.423056 0.525278 0.341667 0.413333 0.368642 0.473111 
Heart Failure, D2 0.441389 = 0.543611 = «0.263333 =: 0.335000 = 0.383332 =: 0.490805 
Congenital heart disease, D3 _ 0.495833 (0.413611 (0.238333 0.220000 ~——- 0.429181 ~—_—0.376078 


Table 6. The new similarity measure for neutrosophic set 


New similarity measure P1 P2 
Heart Attack, D1 0.3281832 0.4075758 
Heart Failure, D2 0.3316603 0.4110529 


Congenital heart disease, D3 _0.3702268 —_(0.2967881 


A lower distance or higher similarity measure value implies higher possibility of one patient 
having a particular disease. The slight difference of symptoms shown in both patients results to 
distinct conclusion on the type of cardiovascular diseases that they experience. Patient 1 has the 
highest severity degree of symptoms for congenital heart disease. Meanwhile, Patient 2 is more likely 
to be diagnosed of having heart attack and heart failure. Concurrently, it is apparent that most of the 
similarity measure values in Table 5 and 6 are less than 0.5. Hence, it is probable to conclude that 


both patients are possibly not suffering from any of the three cardiovascular diseases. 
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6. Conclusions 


This research proposes a novel distance measure for single value neutrosophic set which results 
to the use of similarity measure. The effectiveness of the new developed measure formula is 
demonstrated by adopted it in the process of medical diagnosis. Its similarity values are found to be 
consistent with similarity measures of the three existing distance measures i.e Normalized Hamming 
distance, extended Hausdorff distance and Normalized Euclidean distance. The analyses show that 
the new distance-based similarity measure is well executed in the case of truth membership, 
indeterminacy membership and falsity membership functions. In the future study, it is recommended 
that one might consider additional significant symptoms and other distance or similarity measure to 
increase the accuracy level in diagnosing a patient with any cardiovascular diseases. Besides, it is also 
recommended to utilize new entropy-based similarity measures of SVNS [28] to overcome the 
restriction of the distance similarity measures. The neutrosophic set also can be extend to 
pythagorean neutrosophic multi set as this can provide many applications to multi attribute group 
decision making problems in medical diagnosis and many other real-life problems [29]. 
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Abstract: This article proposes an interval-valued fuzzy linear fractional programming (LFP) 
problem, where the coefficients in the objective functions are assumed to be single-valued 
trapezoidal fuzzy neutrosophic numbers. In addition to this, the coefficients in the constraints are 
represented by interval-valued fuzzy numbers. Auxiliary models according to different criteria are 
developed. Fuzzy mathematical programming approach is applied for solving each model by 
defining membership function. In this work, a linear membership function is used to determine the 
optimal compromise solutions of the auxiliary models. A numerical example is solved for the 
illustration and clear explanation of the proposed approach. 


Keywords: Interval-type; Fractional programming; Fuzzy numbers; Neutrosophic numbers; 
Interval- valued fuzzy numbers; Trapezoidal fuzzy numbers; Auxiliary models. 


1. Introduction: 


Linear fractional programming (LFP) model was initially developed to determine the 
two-objective linear programming problem (LPP). In many applications as cutting stock problem, 
shipping schedules problem, blending problem, etc., the optimization of ratios provides more 
insight into the situation than the optimization of numerator and denominator individually. 
Therefore, maximizing a ratio is seen as the simultaneous maximization of numerator and 
minimization of denominator, its solution considering one solution among several pareto optimal 
solutions of two-objective model. In daily life situations related problems, policy maker sometimes 
might face to examine the ratio between actual cost and standard cost, output and employee, 
inventory and sales, etc., with both denominator and nominator are linear. A LFP problem is only 
one ratio under linear constraints. For the benchmark trade-off among the simplicity and accuracy of 
a real-life model, the fractional programming provides more accuracy, and simultaneously wins to 
avoid the overload of model under considerations. On the other side, the fractional objective 
incorporated in standard membership function for fuzzy goal, makes them non-linear. 

Charnes and Cooper (1962) solved LFP problem as two LP optimization models. They also 
suggested several applications to a ship routing problem. The fractional programming problem may 
also be nonlinear type in nature. Dinkelbach (1967) studied nonlinear fractional programming 
problems, and their methodology. Bitran and Novaes (1973) presented a LPP including the fractional 
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objective function. Many researchers have studied LFP problems (Schaible, 1976; Charnes et al. 1987, 
and Craven, 1988). Moore (1979) investigated some methods with applications related to interval 
programming problem. Later on, Gupta and Chakraborty (1998) have applied fuzzy programming 
approach for obtaining optimal compromise solution for LFP problem under fuzziness. Ammar and 
Khalifa (2004) presented a parametric solution methodology to solve the multiple criteria LFP 
problem. Jain and Saksena (2012) have proposed a method for solving fractional programming in the 
case of there is no completely functional relationship between the decision variables and the 
objective function. Guzel (2013) developed a proposal to the solution of multiple objective function 
LFP problems. 

Fuzzy set theory firstly introduced by Zadeh (1965). Fuzzy numerical data can be represented 
by means of fuzzy subsets of the real line known as fuzzy numbers. Decision making in a fuzzy 
environment has been an improvement and a great help in the management decision problems 
(Bellman and Zadeh, 1970). Zimmermann (1974) is one of the pioneer researchers in the fuzzy linear 
programming (FLP). Once of the difficulties occur in the application of mathematical programming 
is that the parameters in the formulation are not constants but uncertain. The fuzzy nature in a goal 
programming problem firstly has been discussed by Zimmermann (1978), and lots of others authors 
working in that field. The decision maker cannot always articulate the goal precisely in a spite of 
having his/ her decision making experience. Luhandjula (1984) introduced some fuzzy mathematical 
approaches for solving the multi objective LFP. Dutta et al. (1993) studied the effect of tolerance in 
fuzzy LFP problem. Sadjadi et al. (2005) presented a new methodology based on fuzzy concept for 
solving the multiple objective LFP model developed for inventory control problem. Ammar and 
Khalifa (2009) described the LFP problem considering the fuzzy parameter. Kumar and Dutta (2015) 
developed LFP with multiple objective functions as an inventory model of multiple items with 
price-sensitive demand in fuzzy environment. Veeramani and Sumathi (2017) proposed a solution 
procedure to solve LFP with triangular fuzzy numbers in the objective function cost, the resources, 
and the technological coefficients. Stanojevic et al. (2020) have introduced two crisp models for 
solving fuzzy multiple objective LFP problems. 

Several researchers presented their work in stochastic LFP programming in fuzzy environment. 
Over the years, this area has become popular in fractional programming community by means of 
fuzzy and probabilistic parameters and variables. Chen (2005) presented the fractional 
programming approach with its application to two inventory models in stochastic environment. 
Iskander (2003) presented a case of fuzzy weighted objective function. They used various kinds of 
dominance criteria to linear multiple objective optimization in stochastic fuzzy environment. 

Intuitionistic fuzzy sets were first proposed by Atanassov (1986), which have become a very 
interested topic of research in the area of fuzzy set. Wu and Liu (2013) presented a methodology to 
solve the multiple attribute group decision making models involving the interval-valued 
intuitionistic fuzzy numbers. Singh and Yadav (2016) proposed the fuzzy mathematical 
programming approach for solving LFP problem in intuitionistic fuzzy environment. Ali et al. (2018) 
studied the LFP with multiple objective functions in intuitionistic fuzzy environment with an 
application to inventory management. Dutta and Kumar (2015) presented the fuzzy goal 
programming approach with an application to solve the multiple objective LFP for inventory 
problem consisted of deteriorating items. Several authors further extended this problem to uncertain 
environment. Garai and Garg (2019) further extended introduced multi objective LFP problem to 
possibility and necessity constraints and generalized intuitionistic fuzzy parameters. Nasseri and 
Bavandi (2019) studied the stochastic LFP model. They further used the fuzzy based method to 
determine the single objective LFP problem. 

Neutrosophic sets were first introduced by Smarandache (2005) as a new theory dealing with 
the origin, nature and scope of neutralities, as well as their interactions. Neutrosophic sets are the 
generalizations of the intuitionistic fuzzy sets. Dubois et al. (2005) presented the terminological type 
difficulties in the theory of fuzzy sets, which caused the case of intuitionistic fuzzy sets. Tian et al. 
(2016) presented the simplified neutrosophic linguistic normalized weighted bonferroni mean 
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operator. They also presented some applications of neutrosophic set theory to multi-criteria 
decision-making problems. Thamaraiselvi and Santhi (2016) introduced a mathematical approach to 
real transportation model in neutrosophic environment. Rizk-Allah et al. (2018) developed a 
multiple objective transportation model in neutrosophic set environment. Ahmad et al. (2018) 
presented an algorithm for the computation of multi objective nonlinear optimization problem with 
single valued neutrosophic hesitant fuzzy criteria. Chakraborty et al. (2019) studied the various 
kinds of trapezoidal neutrosophic numbers along with the process of de-neutrosophication 
techniques. They also presented an application based on time and cost optimization method, in 
sequencing problem. Khalifa et al. (2020) presented a study on optimizing neutrosophic complex 
programming with the help of lexicographic order. In the application sometimes, determining the 
membership functions of fuzzy sets is not easy, but the degree of interval membership is easy to 
determine. 

In this paper, linear programming problem with objective function coefficients represented as 
neutrosophic numbers and interval- valued fuzzy coefficients in the constraints is presented. In the 
meaning of different criteria, auxiliary models are obtained. Outlay of this article is as described 
under: 

Section 2 presents the related preliminaries. Section 3 formulates neutrosophic linear 
programming with interval- valued coefficients. In Section 4, the procedure for the solution of the 
problem is described. In Section 5, we provide a numerical illustration for the efficiency of the 
solution approach. In the last, we conclude in Section 6. 


2. Preliminaries: 
In order to discuss the problem under consideration, let us introduce some results related to 
interval- valued fuzzy set and neutrosophic numbers. 


Moore (1979) introduced the concept of closed interval number. Let 


I(R) = {Ja’, a*]:a, a* EC R= (—c0,0<=0),a < a} 

represent the closed intervals on the real line KK. Wu and Liu (2013) defined the closed interval of 
[0,1] as 1=[0,1], [1] = {[a,b]:a < b,a,b € I}. 

Definition 2.1. (Gorzafczang, 1983). Let X be a non-empty crisp set. A mapping P:X — [I] is 
said to be an interval- valued fuzzy set (IVFS). AILIVFSs on X denoted as IF(X) . 


Definition 2.2. (Wu and Liu, 2013). Assume that Q €IF(X), and Q(x) = [Q-(x),Q*(x)]. 


Ordinary fuzzy set 


Q (x):X Lx» Q(x), Q* (x):x — Lx Q* (x) are called lower and upper fuzzy sets on 
Q respectively. 
Definition 2.3. (Wu and Liu, 2013). Assume that Q € IF(X)and [E,, &3] € [I]. The set 


QUE, 2] = KE XE, < Q (x), & = VG) is called a [Ey, €] —level set of Q 
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Let IFN(IR) denotes all interval- valued fuzzy numbers on the real number fields R. 
Lemma 2.1. (Wu and Liu, 2013). @ © IFN(IR), then for any [E,, €2] € [I], the level set of 
QlE,, EA is an empty set or closed interval. 


Lemma 2.2. (Wu and Liu, 2013). Q € IFN(IR) if and only if 


R*(x),x > A; 
Q* (x) = i” (x).x < BM; 
\1, xE[p,A] + @, 


R (x),x > wy; 


v= - (x), x< up. 


where, L(x) (O< L(x) <1) and L*(x)(O< L*(x) < 1) are increasing right continuous 


functions, and lim L7 (x)= lim L*(x)=0. In addition, R (x) (Q<R (x) <1) and 
x00 x 


R*(x) (O< R(x) <1) are decreasing left continuous functions, 
and lm R°(x)= lim R*(x)=0. 

x—7+0 x—+0 
Definition 2.4. (Score and Accuracy functions of single valued trapezoidal neutrosophic number, 
Thamaraiselvi, 2016). Suppose “= ((a,,a, Ag, az); We Oy, ) is a single- valued 


trapezoidal fuzzy number. Therefore, 


gt + (1 = 18) 


= 1 v 
i.Score function S(¢™) = —[a, + az + +a,]x i 
a see | + (1-pe) 
ii. Accuracy function 


A(e™) = = [a, + a, + a,+a,] x fv+ (1—nw)+ (1+pyz)]. 
3. Problem formulation & solution concepts: 


Consider the following interval- valued fuzzy LFP problem in neutrosophic environment as 


follows: 
> a Ta 
Max Z" (x) = ——— 
= (x) a" nt BY 
Subject to (1) 


xe€f={x:dAx< b,x > 0}, 


where, A = (a, a) b= (6, b,, =r € IVN(R); <“ = (e,", é” awe y, 


t) 
WT 
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= a» ~~ W r = ~ 
a® = (a, on a ) ,@", and B™ are single valued trapezoidal fuzzy neutrosophic numbers. 


In accordance with Definition 4, problem (1) converted to problem (2) as follows: 


T 
maxZ(x) = er 


Subject to 


xef= {x: Ax <b,x> o}. 
Definition 3.1. If a;; = [a;;— (x).«; Yu (x)],and b, = [b; (x), b;* (x)], then the mappings 


f,;:IFN(R) — R,a;,; +> f,;(a;;) = a2, 


g,;:IFN(R) — RB, b, + g;(b; )= b? , are called fuzzy- crisp transformations, and 


hence problem becomes 


= oe axte Mix) 
MaxZ™(x) = @xtp a) 


Subject to (3) 


x €T = {x:g(x) = A°x — b° <0,x > OF. 
Here, problem (3) is the corresponding auxiliary model of problem (2). 


seo 0 ; bo 
There are numerous criterion for the values of ai, and b; depending on the decision maker's 


objective: 
e The first criterion "choosing big from small". 


Suppose that QE IFN(R), and Q(x) a [Q- (x), qt (x) ]. Then, we have 


Max{Min(Q” (x),Q* (x))} = Max Q(&) = @(Q’). (4) 


e The second criterion "choosing big from big". Then 
M M = g + 1 — nt — n(n : 
Max{Max(Q- (x),Q*(x))} = Max Q* (x) = Q*(Q") 


In the case that the first criterion is conservative and the second is risky, the compromise 


(5) 


criterion is considered. 
e The third criterion "Compromise criterion” 


Q(x) =k Q* (x) + (4—k)Q-(&). 
Here, K is called the optimistic coefficient. 


Lemma 3. Let Q € IFN(JR). Hence 
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i. If Q is taken according to the first criterion, then Q°€ QIE,, E], where 


= Max Q-{x),and & any value of the interval [0,1]. 
x 


ii. If Q is taken referring to the second criterion, then Q°€ QIE, Es], where 


= Max Q-(x),and & any value of the interval (0, &], and 
x 
iii. If Q is taken referring to the third criterion, then Q°€ QIE,, E], where 


—& = Q (s*), and 


Q* (x) = Max Q*(s), 2 = Q*("), O&") = Max T) 


Therefore, with the help of the variable transformation (Charnes and Cooper, 1962; Schaible, 1976), 


we have 


y =tx (tis scalar) 
It is shown that if for x ET,M(x) > 0, problem (3) with WV (x) > 0 isan equivalent to 


¥ 
Maxt M(-) 
Subject to (7) 
¥ ¥ 
te(2)<o0;tn(2)<1:y>0,t20. 
In addition, for some x €T,M(x) <0, problem (3) is equivalent to 
Maxt N(*) 
Subject to (8) 


te(2)<0;-tm(2) <1;y>0,t>0. 


If for x € T,M(axc) = O, then the membership function of the objective function is expressed as 


follows: 


1, iftM(x)=Z 
fo <tM(x) <Z, (9) 


0, iftM(x)>Z 


p(t MGx)) = 


If for all x € I, M(x) < O then the membership function is expressed as follows: 
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1, iftM(x) <z, 


tMi{x)-Z .,. a 
Fz FZ < tM) <Z, (10) 


0, iftM(x)=Z 


u(t MGx)) = 


44 


In Equation (10), Z, and Z are aspiration levels for the minimization and maximization of tM(x), 


respectively. Using the relations (9) and (10), problem (7) reduced into the following linear 


programming problem using Zadeh's min operator as 
Maxv 
Subject to (11) 


u(t M(y/t)) > v,tN(Z)<1,a(2)—b <0,y,t>0. 
Proposition (Chakraborty and Gupta, 2002). If d™ > O and B> QO, thenwehave 


T. 
Z = F< ,x 2 0, has Z=Max{ 


bat § = i= 

a,’B"- i oe 
— j Gi = i= 

and Z= Min {2,54 7 on 


where, Z, and Zz are the maximum and minimum values, respectively. 


4. Solution procedure: 


The steps of the solution method for solving interval- valued fuzzy LFP problem in neutrosophic 


environment are as follow: 
Step 1: Consider problem (1), 
Step 2: Convert problem (1) into problem (2), and hence (3), 


Step 3: According to different criteria, obtaining problems (4), (5), and (6), 


Step 4: Applying variable transformation method with membership functions as given in Equations 


(9) and (10) to problem (7) as in problem (8). 


Step 5: Applying Zadah's min operator, problem (8) is converted into problem (11) which may be 


solved using any software (like LINGO 18.0 or MATLAB 2020a) for obtaining the optimal 


compromise solution. 


5. Numerical example: 


Consider a fractional programming problem as follows: 
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<N . <N 
S ig Xy +E, 
Max Z™ = ay eg te 
d 4 x, +d, x, +p" 
Subject to (12) 


@gyXy + Ay2Xz = by, 


Xy, X,20. 
In Equation (12), let us consider the coefficients as follows: 


as, = [az G@). at, (&)] € IFNQR) a,,* = G,1,5), a. = G,2.5,5.5), 


b, = (15.; 13,16), ayy = (1,0, 2), ay = (4, 1, a); b, = (1,0, 3) are L—R fuzzy 
numbers, 


é% = ((—14,—10,—8, —5);0.3,0.6,0.6), 2! = (1,3, 4, 6);0.6, 0.3 0.5), 


d¥ = ((0,1,3, 6);0.7, 0.5, 0.3) = d¥, and BY = ((5,9 14,19);0.3,0.7,0.6) are _single- 
valued trapezoidal neutrosophic numbers. 


<*,1<x<2; 


In accordance with the Definition 4, with the criterion in Equation (4), we formulate the model as 
presented in Equation (13): 

—3x,t2x, 

X,—X, +3 


MaxZ = 
Subject to (13) 
az, + 3x, < 15, 
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Then, problem (13) is transformed to problem (14) as follows 


Maxv 
Subject to (14) 
3y, — 2yz + 3v <3, 
¥u = ¥2 _ 3t <= 1, 
2¥, + 3y2 = 15t <= 0, 
¥1—Yz2—t20, 
Yp¥pt.v = 0. 
The solution of problem (14) is given by 
y, = 5.8887 xe ™, y, =13614xe™, 
t=18565xe “, v= 0.999999, 
x, = 3.1719, x, = 0.7333, 
and Z=—0.00299586 
gu — ¢(—2* —16 -3 w). 
2% = (=, =,*);03,07,06). (15) 


Problem (11) according to the third criterion can be presented as follows 


Max v 
Subject to (16) 


3y, — 2y, t3v <3, 
¥i—Y2 +3t<1, 


2.5y, + 3y, —15t <0, 


¥1—Yz2—t2=0, 
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and Yp¥ztv = 0. 


The solution of problem (16) is given by 


y, = 3.19387 xe”, yz = 8.54807 xe", 
t=950564 xe 8,  w=0,999999, 
x, — 1.0849, x, = 0.8993, snq Z=—0.45709, 


gu (24-8 -3 20). 
2% = ((=,—=,=,*);03,07,06). 


6. Conclusions: 


In this paper, LFP problem with single- valued trapezoidal fuzzy neutrosophic numbers in the 
objective functions coefficients and interval- valued fuzzy numbers coefficients in the constraints has 
studied. Auxiliary models according to different criteria have introduced. The solution of the 
corresponding auxiliary model under its criterion has considered the solution of the original 
problem according to the subjective and objective factors combination. For further research scope, 
we can extend the proposed work by introducing the generalized trapezoidal neutrosophic fuzzy 
number to deal with LFP problems in Neutrosophic fuzzy environment. Second, to extend the 
proposed work for nonlinear case would be an interesting area of research. 
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Abstract: In the present study, we present a multi-attribute-decision-making (MADM) strategy in 
Single Valued Pentapartitioned Neutrosophic Set (SVPNS) environment based on Grey Relational 
Analysis (GRA) which we call SVPNS- MADM strategy. We define Hamming distance between two 
single valued pentapartitioned neutrosophic sets and prove its basic properties. The notion of 
pentapartitioned neutrosophic set is a powerful mathematical tool to deal with incomplete, 
indeterminate, ignorance, and inconsistent information. In this paper, we extend the neutrosophic 
GRA strategy to pentapartitioned neutrosophic GRA strategy. Then we employ it to am MADM 
strategy. Further, we demonstrate the developed MADM strategy by solving an illustrative 


numerical example that reflects the efficiency and applicability of the proposed strategy. 


Keywords: Neutrosophic set, Single valued neutrosophic set, Pentapartitioned neutrosophic set; 


Multi attribute decision making, Grey relational analysis. 


1. Introduction 


The idea of neutrosophic set (NS) was presented by Smarandache [38], which was a powerful 
mathematical tool to deal with incomplete, indeterminate, and inconsistent information. The notion 
of NS and its various extensions have been successfully applied in the many fields such as decision 
making [1-13, 16-19, 21, 25-31, 36-38, 43, 45], medical diagnosis [32-33, 44], data mining [20], conflict 
resolution [35], etc. In the recent past, the NSs [6, 22, 23-24, 39-42] have drawn a great attention during 
the last two decades. Different models of Multi-Attribute Decision Making (MADM) for crisp set, 
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fuzzy set, intuitionistic fuzzy set and NS environments have been already proposed by so many 
researchers. Biswas et al. [5] proposed an entropy based grey relational analysis strategy for MADM 
model under The Single Valued Neutrosophic Set (SVNS) environment. Mondal and Pramanik [16] 
also proposed a neutrosophic decision making model for clay-brick selection in construction field 
based on Grey Relational Analysis GRA) in SVNS environment. The notion of Pentapartitioned 
Neutrosophic Set (PNS) was grounded by Mallick and Pramanik [15] by in the year 2020, which was 
also very powerful mathematical tool to deal with the data includes incomplete, indeterminate, 
ignorance, and unknown information. Since PNS has been restricted in the [0,1], we call it Single 
Valued PNS (SVPNS). 

There is no study in the literature relating to MADM in SVPNS environment. To explore the 
unexplored MADM in SVPNS environment, we present an MADM strategy under in SVPNS 


environment based on GRA. 


The rest of the paper is organized in the following way: 

Section 2 recalls some relevant results on SVPNSs. Section 3 presents some new definitions relating 
to SVPNS that are useful to develop the present paper. Section 4 devotes to develop the GRA based 
SVPNS-MADM strategy. In section 5, we present a numerical example to demonstrate the proposed 
SVPNS-MADM strategy. In section 6, we present the concluding remarks and future scope of 


research. 


2. Some Relevant Results: 


In this section, we give some existing definitions, properties of PNS. We also provide some illustrative 
examples on PNS. 

Definition 2.1.[15] Suppose that be a non-empty set. Then a PNS V over is defined by: 

V= {(s,Tv(s),Cv(s),Gv(s), Uv(s),Fv(s)): se}, where Tv(s), Cv(s), Gv(s), Uv(s), Fv(s) € [0,1] arethe degree 
of truth, contradiction, ignorance, unknown, and falsity membership of se'¥. Therefore 0 
< Tv(s)+Cv(s)+ Gv(s)+Uv(s)+Fv(s) < 5. 

Example 2.1. Let Y = {r, s}. Then W={(r,0.8,0.3,0.4,0.8,0.9), (s,0.9,0.9,0.2,0.4,0.5)} is a PNS over ¥. 
Definition 2.2.[15] Suppose that V= {(s, Tv(s), Cv(s), Gv(s), Uv(s), Fv(s)): se¥} and Y = {(s, Ty(s), Cr(s), 
Gy(s), Uy(s), Fr(s)): se} be two PNSs over ¥. Then 

()VUY = {(s, max {Tv(s), Ty(s)}, max {Cv(s), Cy(s)}, min {Gv(s), Gr(s)}, min {Uv(s), Ur(s)}, min {Fv(s), 
Fy(s)}): se}; 

(i) VAY = {(s, min {Tv(s), Ty(s)}, min {Cv(s), Cr(s)}, max {Gv(s), Gy(s)}, max {Uv(s), Uy(s)}, max {Fv(s), 
Fy(s)}): se'P}; 

(iii) Ve = {(s, Fv(s), Uv(s), 1-Gv(s), Cv(s), Tv(s)): se'P}; 

(iv) VEY iff TW(s)STy(s), Cv(s)SCy(s), Gv(s)2Gr(s), Uv(s)2Ur(s), Fv(s)2Fy(s), for all se. 

Example 2.2. Suppose that W={s, r}. Let V={(s,0.3,0.8,0.8,0.5,0.2), (1,0.5,0.9,0.5,0.2,0.3)} and 
Y={(s,0.9,0.6,0.6,0.7,0.2), (7,0.8,0.6,0.3,0.1,0.9)} be two PNSs over ‘¥. Then 
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(i) VUY={(s,0.9,0.8,0.6,0.5,0.2), (r,0.8,0.9,0.3,0.1,0.3)}; 

(ii) VOY={(s,0.3,0.6,0.8,0.7,0.2), (7,0.5,0.6,0.5,0.2,0.9)}; 

(iii) V={(s,0.2,0.5,0.2,0.8,0.3), (7,0.3,0.2,0.5,0.9,0.5)}, Y={(s,0.2,0.7,0.4,0.6,0.9), (r,0.9,0.1,0.7,0.6,0.8)} 
Example 2.3. Suppose that W={s, r}. Let V={(s,0.3,0.3,0.8,0.7,0.2), (1,0.8,0.9,0.5,0.2,0.3)} and 
Y={(s,0.9,0.9,0.6,0.7,0.2), (7,0.8,1.0,0.3,0.1,0.1)} be two PNSs over ¥. Then VcY. 


3. Single Valued Pentapartitioned Neutrosophic Set (SVPNS): 
Definition 3.1. An SVPNS [15] Y over a fixed set Y are characterized by a truth-membership function 
(Ty), a contradiction-membership function (Cy), an ignorance-membership function (Gy), an 
unknown-membership function (Uy), a falsity-membership function (Fy). Here Ty(s), Cy(s), Gy(s), 
Ur(s), Fy(s)e[0,1], Vse. The SVPNS Y is denoted as follows: 
Y= {(s, Ty(s), Cy(s), Gr(s), Uy(s), Fy(s)): se}. 
Definition 3.2. Assume that B= {(s, Tx(s), Ca(s), Ga(s), Ua(s), Fa(s)): se} and D= {(s, Tp(s), Cr(s), Go(s), 
Up(s), Fo(s)): se} be two SVPNSs [15] over ¥. Then, 
(i) BcD iff Ta(s) < To(s), Ca(s) < Co(s), Ga(s) = Go(s), Ua(s) = Un(s), Fa(s) = Fo(s), Vse¥; 
(ii) B=D iff DcB and BcD. 
Definition 3.3. Assume that B = {(s, Tx(s), Ca(s), Ga(s), Ua(s), Fa(s)): se} and D= {(s, Tn(s), Cr(s), Go(s), 
Up(s), Fo(s)): se'¥} be two SVPNSs over . Let the cardinality of Y be n. The Hamming distance (Ha) 
between B and D is defined by 
Ha(B, D)= 
Ysew(|Tg(s) — Ty(s)| + |Cz(s) — Cp(s)| + |Ga(s) — Gp(s)| + [Ug (s) — Up(s)| + |Fa(s) — Fo(s)|) (1) 
where 0 < Ha(B, D) < 5n. 
Example 3.1. Suppose that V= {(s, 0.3, 0.3, 0.8, 0.7, 0.2), (r, 0.8, 0.9, 0.5, 0.2, 0.3)} and Y={(s, 0.9, 0.9, 0.6, 
0.7, 0.2), (r, 0.8, 1.0, 0.3, 0.1, 0.1)} be two SVPN sets over ‘P={s, r}. Then, the Hamming distance between 
Vand Y is Ha(V, Y) =2. 
Theorem 3.1. The Hamming distance between two SVPNSs is bounded. 
Proof. Suppose that B = {(s, Ta(s), Ca(s), Ga(s), Ua(s), Fa(s)): se} and D= {(s, Tp(s), Cp(s), Go(s), Un(s), 
Fo(s)): se'¥} be two SVPNSs over Y, where cardinality of ¥ is n. Therefore, 0<Ta(s)<1, 0SCa(s)<1, 
0<Ga(s)<1, 0<Us(s)<1, OSFa(s)<1, OSTr(s)<1, 0<Cr(s)<1, 0SGn(s)<1, O<Un(s)<1, and O<Fp(s)<1, for each 
se¥. This implies Os |Tg(s) — Tp(s)| <1, OS |Cg(s) — Cp(s)| $1, 0S |Gg(s) — Gp(s)| <1, OS |[Ug(s) - 
Up(s)|S1, OS|F p(s) — Fp (s) $1, for each se. 
Therefore we have, 

Os|Tg(s) — Tp(s)|+ |Ce(s) — Cp(s)|+ |Ga(s) — Gp(s)|+ |Up(s) — Up(s)|+ |Fa(s) — Fp(s)|<5 
=0 < Ysew (ITe(s) — To(s)| + |Ca(s) — Cy(s)| + |Ga(s) — Gp(s)| + [Up (s) — Un(s)| + |Fa(s) — Fo(s)1) 
<5n 
=>0<Hu(B, D)<5n 
=> Ha(B, D) € [0, 5n]. 


Therefore, the Hamming distance between two SVPNSs is bounded. 
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Theorem 3.2. Suppose that D = {(s, Tp(s), Cp(s), Go(s), Un(s), Fo(s)): se'P}, B = {(s, Ta(s), Ca(s), Ga(s), 
Un(s), Fa(s)): se'¥} and A= {(s, Ta(s), Ca(s), Ga(s), Ua(s), Fa(s)): se'¥} be three SVPNSs over ¥, where 
cardinality of ¥ isn. If Dc BCA, then 
(i) Ha(D, B) < Ha(D, A); 
(ii) Ha(B, A) < Ha(D, A). 
Proof. Let D = {(s, To(s), Cp(s), Gn(s), Un(s), Fo(s)): seV}, B = {(s, Ta(s), Ca(s), Ga(s), Un(s), Fa(s)): se¥} 
and A= {(s, Ta(s), Ca(s), Ga(s), Ua(s), Fa(s)): se'P} be three SVPNSs over ', where cardinality of ‘¥ is n. 
(i) Suppose that D c Bc A. So |Tp(s) — Tg(s)| < |Tp(s) — Ta(S) I, Cp (5) — Ca(s)| < ICp(s) — a(S), 
IGp(s) — G(s)| < |Gp(s) — Ga(s)|, |Up(s) — Up(s)| < |Up(s) — Ua(s)|, |Fo(s) — Fa(s)| < |Fp(s) — 
F,(s)|, for each se. 
Therefore, 
Ysew(IT(s) — Ta(s)| + |Cp(s) — Ce(s)| + |Go(s) — Ga(s)| + [Up (s) — Up(s)| + |Fo(s) — Fa(s)]) 
< Ysew(|Tp (s) — Ts(8)| + [Cp (s) — Ca(s)| + 1Gp(s) — Ga(s)| + [Up (s) — Ua(s)1 + IF (3) — Fa) 
Now, we have 
Ha(D, B) 
= Ysew(ITn(s) — Ta (s)| + |Cp(s) — Ce(s)| + |Gp(s) — Ga(s)| + [Un(s) — Ua(s)| + |Fo(S) — Fa) D 
< Ysew(lTp (s) — Ts(8)| + [Cp (s) — Ca(s)| + 1Gp(s) — Ga(s)| + [Up(s) — Ua(S)1 + IF (3) — Fa) 

= Ha(D, A). 
Hence, Ha(D, B) < Ha(D, A). 
(ii) Assume that D c B CA. So |Tg(s) — T,(s)| $ |Tp(s) — Ta(S)|, 1€a(s) — Ca()| < ICp(s) — Ca(S)L, 
IGp(s) — G4(s)| < |Gp(s) — Ga(s)|, |Up(s) — Ug(s)| S$ [Up(s) — Ug(s)I, |Fe(s) — Fa(s)| S$ |Fo(s) — 
F,(s)|, for each se. 
Therefore, 
Ysev(ITe(s) — Ta(s)| + [Ce (s) — Cy(s)| + 1Gp(s) — Ga(s)| + [Up (Ss) — Ua(s)| + [Fe (Ss) — Fa) D 
< Ysew(!Tn (s) — Ts(8)| + [Cp (s) — Ca(s)| + 1Gp(s) — Ga(s)| + [Up(s) — Ua(s)| + IF (3) — Fa) 
Now, we have 
Ha(B, A) 
= Ysew(ITp(s) — Ty(S)| + |Ce(s) — Ca(8)| + 1Ga(S) — G,(5)| + [Up (s) — Ua(S)| + |Fa(S) — Fas) 
< Ysew(!Tp (Ss) — T(8)| + [Cp (s) — Ca(s)| + 1Gp(s) — Ga(s)| + [Up(s) — Ua(S) + IF (3) — Fas) 

= Hu(D, A). 
Hence, Ha(B, A) < Ha(D, A). 
Definition 3.4. Assume that B= {(s, T(s), Ca(s), Ga(s), Ua(s), Fa(s)): se} and D= {(s, Tp(s), Cr(s), Go(s), 
Up(s), Fo(s)): se'¥} be two SVPN sets over V. Let the cardinality of ‘Y be n. The normalized Hamming 
distance (N-Ha) between B and D is defined by 


N-H«(B, D)= 
= Yisev(ITa(s) — Tp(s)| + |Ca(s) — Cp(s)| + |Gp(s) — Gp(s)| + |Up(s) — Up(s)| + |Fa(s) — Fo(s)|) (2) 


where 0 < N-H(B, D) <1. 

Example 3.2. Suppose that V and Y are two SVPNSs over ‘P={s, r} as shown in Example 3.1. Then N- 
Ha(V, Y) = 0.2. 

Theorem 3.3. The Normalized Hamming distance between two SVPNSs is bounded. 
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Proof. Suppose that B = {(s, Ta(s), Ca(s), Ga(s), Ua(s), Fa(s)): se} and D= {(s, Tp(s), Cn(s), Go(s), Un(s), 
Fo(s)): se'¥} be two SVPNSs over , where cardinality of ¥ is n. Therefore, 0<Ta(s)<1, 0SCa(s)<1, 0 < 
Ga(s) < 1, 0 < Us(s) <1, 0 < Fa(s) < 1, 0 < Tn(s) <1, 0 < Co(s) < 1, 0 < Gn(s) < 1, 0 < Un(s) <1, and 0 < Fr(s) 
< 1. This implies 0 < |Ts(s) — Tp(s)|< 1, 0 <|Cg(s) — Cp(s)|[< 1, 0 <|Gg(s) — Gp(s)|S 1, 0 <[Ug(s) - 
Up(s)|< 1, 0 <|Fp(s) — Fp(s)|< 1. 

Therefore we have, 

0 <|Tg(s) — Tp(s)I+ ICa(s) — Cp(s)I+ IGa(s) — Gp(s)|+ |Up(s) — Up(s)I+ |Fa(s) — Fo(s)|S5 

=> 0 < Ysew(Te(s) — Tp(s)| + 1Ca(s) — Co(s)| + 1Ga(s) — Gp(s)| + |Ug(s) — Up (s)| + Fa (s) — Fo(s)D 
<5n 


(IT (s) — Tp(s)| + |Ce(s) — Cp(s)| + 1Ge(S) — Gp(s)| + 
|Uz(s) — Up(s)| + |Fe(s) — Fo(S) 1D 


1 


Sy Use <1 


>0< 


=>0<N-Hi(B, D)<1 

=> N-Ha(B, D) ¢€ [0, 1]. 

Theorem 3.4. Suppose that D = {(s, Tp(s), Cp(s), Go(s), Un(s), Fo(s)): seP}, B = {(s, Ta(s), Ca(s), Ga(s), 
Us(s), Fa(s)): se'¥} and A= {(s, Ta(s), Ca(s), Ga(s), Ua(s), Fa(s)): se'¥} be three SVPNSs over ¥, where 
cardinality of ¥ isn. If BC DCA, then 

(i) N-Ha(B, D) < N-Ha(B, A); 

(ii) N-Ha(D, A) < N-Ha(B, A). 

Proof. Let D = {(s, Tp(s), Cp(s), Gn(s), Un(s), Fo(s)): se¥}, B = {(s, Ta(s), Ca(s), Ga(s), Us(s), Fa(s)): seP} 
and A= {(s, Ta(s), Ca(s), Ga(s), Ua(s), Fa(s)): se'P} be three SVPNSs over , where cardinality of ‘¥ is n. 
(i) Suppose that Bc Dc A. So |Tg(s) — Tp(s)| < |Ta(s) — Ta(S)|, ICa(s) — Cos) ¥< Ig (s) — CAS), 
|Gg(s) — Gp(s)| < |Gg(s) — Ga(s)|, |Ug(s) — Up(s)| < |Up(s) — Us(s)|, |Fe(s) — Fo(s)| < Fes) — 
F,(s)|, for each se. 


Therefore, 


= Yisev(ITa(s) — Tp(s)| + |Ce(s) — Cp(s)| + [Ga (s) — Gp(s)| + |Uz(s) — Un(s)| + |Fa(s) — Fo(s)) 


< LY sew(ITa(s) — Ta(s)| + 1a (s) — Cr(s)] + 1G5(s) — Ga(s)| + Ua (s) — Ua(s)| + [Fa (s) — Fa(s)1) 


Now, we have 
N-Ha(B, D) 


= — Ysew(ITa(s) — Tp(s)| + |Cg(s) — Cp(s)| + |Gg (Ss) — Gp(s)| + [Ug(s) — Up(s)| + |Fe(S) — Fo (s))) 


< —Yisew(ITa(s) — Ta(s)| + 1Ca(s) — Ca(s)1 + 1Ge(s) — Gas) + [Up (s) — Ua(s)| + Fas) — Fa(s)1) 

= N-Ha(B, A). 
Hence, N-Ha(B, D) < N-Ha(B, A). 
(ii) Assume that Bc DCA. So |Tp(s) — Ta(s)| < |Ta(s) — Ta(s)L, 1Cr(s) — CAS) < CaS) — GG), 
IGp(s) — Ga(s)| < |Gp(s) — G,(S)|, |Up(s) — Un(s)| < [Ue(s) — Ua(S)I, |Fo(s) — Fa(s)| < [Fe (s) - 
F,(s)|, for each se. 


Therefore, 


—Yisev(ITp(s) — Ty(s)| + [Cp(s) — C4(s)| + |G@p(s) — Ga(s)| + |Up(s) — Ug(s)| + |Fo(s) — Fa(s)) 
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< LY scw(ITa(s) — Ta(s)| + 1x (s) — Cr(s)] + 1Ga(s) — Ga(s)| + Ua (s) — Ua(s)| + [Fa (s) — Fa(s)1) 


Now, we have 
N-Ha(D, A) 


= —Ysev(ITp(s) — T,(s)| + |Cp(s) — C4(s)| + |G@p(s) — Ga(s)| + [Up (s) — Ug(s)| + |Fo(s) — Fal) D 


< = Vsew(ITa(s) — T,(s)| + 1€p(s) — Cy(s)] + 1Ge(s) — Ga(s)| + [Up (Ss) — Yas) + IFe (3) — Fas) 


= N-Hi(B, A). 
Hence, N-H:(D, A) < N-Hi(B, A). 


4. SVPNS-MADM strategy based on GRA: 

Choosing an alternative from a set of possible alternatives based on some attributes is a challenging 
task for a Decision Maker (DM). For that the DM should have to plan an MADM strategy to take the 
decision. Assume that L= {L1, Lz, ..., Lp} is the collection of some possible alternatives and S={S1, S2, ..., 
Sq} is the family of attributes. The DM provides their evaluation information for every alternative Li 
(i=1, 2,..., p) based on the attribute 5; (j=1, 2, ..., q) in terms of Single Valued Pentapartitioned 
Neutrosophic Numbers (SVPNNs). So the whole evaluation information of all alternatives can be 


expressed by a decision matrix. 


The steps of the proposed SVPNS-MADM strategy are presented as follows: 
Step-1: Construct the decision matrix using SVPNS 
The whole evaluation assessment of every alternative Li (i = 1, 2,..., p) over the attributes Sj (j = 1, 2, ..., 
q) is presented in terms of SVPNNs E,,= {(Si,T;j(Li, $)),Cij(Li, Si),Gij(Li, Si),Uij(Li, $)),Fij (Li, $i): Sie S}, 
where (T;;(Li, Sj),Cij(Li, Si),Gij (Li, $)),U;j (Li, $)),Fij(Li, $))) = (Tij,Cij, Giz Uij,Fij) (in short) is the evaluation 
assessment of alternative Li (i= 1, 2,..., n) over the attribute 5; (j = 1, 2, ..., m). 


Then the decision matrix (D) is given by: 


D |S So Sim 

Li | < Ty (Li, $1),Cy4(Li, $1), | < Typ(La, $2),Cy2(L1, 52), ST Lis Sa), Casta Sa, 
G44 (L1, $1),U,4(L1, $1), G4(L1, S2),U,2(L1, $2), Gili; Sa Calton 
F,4(Li, $1) > F,>(Li, $2) > Fym(L1, Sm) > 

Lz | < Tp4(L2, $1),Co3(L2, $1), | < Ty2(L2, S2),Coo(L2, $2), LTS (ToS n) Cop, (a Se), 
G4 (L2, $1),Uy,(L2, $1), Go5(L2, $2),Uy9(L2, $2), Ga, Se) US Si); 
F54(L2, $1) > F9(L2, S2) > Fem (L2, Sm) > 
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Ln < Ty (Ln, $1),Cy4 (Ln, S1), < Tz (Ln, $2),Cy2(Ln, S2), see see < Tm (Ln, Sm), Cm (Ln, Sm), 
Gry (Ln, $1),Un 4 (Ln, S1), Gyo(Ln, $2),Uy2(Ln, S2), see see Gam (Ln, Sin), Unm (Ln, Sm), 
Fy4 (Ln, S1) > Fy2(Ln, S2) > see ee Fm (Ln, Sm) > 


Step-2: Determine the weights for the attributes. 

In every MADM strategy, the weights of the attributes play an important role in making decision. If 
the weights of the information of all attributes are completely unknown to the decision makers, then 
by using the following compromise function, the decision maker can find the weights of the 
attributes. 


Compromise Function: The compromise function of L is defined as follows: 


6 ja duia1 (3 +7; ;(Li, Sj) +C;;(Li, Sj) -G;;(Li, Sj) -Uj;(Li, Sj) -F,(L, Sj))/5 (3) 
Then the weights of the jth attribute is defined by wj= ze 2 (4) 
JH1>j 


Here )j=1wj=1. 
Step-3: Construct the Ideal Pentapartitioned Neutrosophic Estimates Reliability Solution (IPNERS) 
and Ideal Pentapartitioned Neutrosophic Estimates Un-Reliability Solution (IPNEURS) for the 
decision matrix: 

The IPNERS for the decision matrix is presented as: 
Rt =[<T}, Ct, Gt, Ut, Fit >, <T, Ct, GT, UF,FS>, 0... , <Tf, Ch, Gp, Un, Ee>, (5) 
where T;*= max {T;;(Li, Sj): i=1, 2, 3, ....., n}, C'= max {C,;(Li, $)): =1, 2, 3, ....., n}, G= min {G,;(Li, Si): 
i=1, 2,3, ....,n}, Uj?= min {U;;(Li, $)): =1, 2, 3, ....., n},and Uj= min {U;;(Li, $)): i=1, 2, 3, ....., nj. 

The IPNEURS for the decision matrix is presented as: 


RST Gr GP Ui Poe 21s os Gs Us Pa ese (EO GU PS (6) 


where T;-= min {T,;(Li, 5)): =1, 2, 3, ....., mh, C= min {€;;(Li, $j): i=1, 2, 3, ....., nh, G;= max {G;;(Li, Sj): 


i=1, 2,3, ....., nh, Uj = max {U;;(Li, Sj): i=1, 2, 3, ....., n}, and Uj = max {U;;(Li, Sj): i=1, 2, 3, ....., nj. 


Step-4: Determination of Pentapartitioned Neutrosophic Grey Relational Coefficient (PNGRC) of 
each alternative from IPNERS & IPNEURS. 
The PNGRC of each alternative from IPNERS is presented as: 


minmin At + k.max max Adj 
U J U J 


+ + + rt et pt pt re 
Gi = aj +kmaxmaxdj; a where Ajj= Ha (< Tj Cj 1G; ,U; Fj >< Tij, Cij, Giz, Vij, Fij >), 1=1,2,...,n 


and j=1,2,...,m, and k €[0,1]. 
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The PNGRC of each alternative from IPNEURS is given below: 


min min Aij +k.max maxA 
U J U J 


ey aj + kmaxmax dj; =, where Aj= Ha (< Ty, Cip, Gepp Uys Fy >< TG G7 Uy Fy >), 1, 2 
n, and j=1, 2, ...,m,and k €[0,1]. 

Here G;; and Gj are the identification coefficient used to adjust the range of the comparison 
environment, and to control level of differences of the relation coefficients. The comparison 
environment remains unchanged when k =1 and the comparison environment disappears when k = 
0. If the identification coefficient is smaller, then the range of grey relational coefficient will become 


so large. Generally, k = 0.5 is considered for decision making situation. 


Step-5: Determine the PNGRC 

The PNGRC of each alternative from IPNERS and IPNEURS are defined as follows: 

Gt= D1, wiGk (7) 
where j= 1, 2, ...., n, 

and Gj = Yi. wjGij (8) 


where i =1, 2, ..., m. 


Step-6: Determine the pentapartitioned neutrosophic relative relational degree. 


The pentapartitioned neutrosophic relative relational degree of each alternatives is can be defined as 


follows: 
Ge 
w= GT+G> (9) 


where i= 1, 2, ..., n. 

Step-7: Rank the alternatives. 

The ranking order of all alternatives can be determined according to the ascending order of the 
pentapartitioned relative relational degree. The alternative with highest value of Ri indicates the best 


alternative. 


Step-8: End. 
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Construct the decision matrix using 


SVPNNs 


Determine the pentapartitioned 


neutrosophic grey relation 


coefficient. 


Figure 1: Flow chart of the proposed SVPNS-MADM strategy. 
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5. Validation of Proposed Model: 
In this section, we present a numerical example namely “Selection of supplier to buy electronic goods 


for an institution” to validate the proposed strategy. 


5.1. Selection of supplier to buy electronic goods for an institution: 

In every government/private institutions, lots of electronic goods namely Computer, Printer, 
Scanner, Projector, AC, etc. are required for the purpose of official uses. To buy a particular or all 
electronic goods, the institutions must select a suitable private company for giving the tender against 
some attributes. So, the selection of best private company by the institution for purchasing the 
necessary electronic goods can be considered as an MADM problem. For the selection of suitable 
private company, the decision maker selects four major attributes namely S,: Cost of the products; 


S2: Quality of the products; S3: Service of the Company; $4: Reliability. 


Then, the developed MADM strategy is presented using the following steps. 
Step-1: Determine the decision matrix in single valued pentapartitioned neutrosophic environment. 
The decision maker provides the evaluation information for all the alternatives over the attributes as 


shown in Table-1 


Table-1: 
Sy So S3 Sy 
L, | (0.9,0.3,0.1,0.5,0.2) | (0.8,0.2,0.2,0.1,0.4) | (0.9,0.1,0.3,0.1,0.3) | (0.9,0.1,0.2,0.3,0.4) 
Ly | (0.8,0.1,0.3,0.3,0.2) | (0.9,0.2,0.3,0.4,0.2) | (0.6,0.1,0.2,0.3,0.2) | (0.9,0.2,0.1,0.2,0.2) 
Lz | (0.9,0.4,0.2,0.3,0.1) | (0.8,0.3,0.4,0.1,0.1) | (0.5,0.1,0.1,0.2,0.1) | (0.8,0.3,0.1,0.3,0.1) 


Step-2: Determine the weights of attributes 


By using the eq. (3) and (4), we get the weight vector as follows: 
(wi, W2, ws, wW4) = (0.261728, 0.249383, 0.234568, 0.254321). 


Step-3: Determine the IPNERS & IPNEURS 
The IPNERS (R*) and IPNEURS (R) for the decision matrix are presented in the Table-3. 


Table-3: 
S o S: Si 
L, | (0.9,0.3,0.1,0.5,0.2) | (0.8,0.2,0.2,0.1,0.4) | (0.9,0.1,0.3,0.1,0.3) | (0.9,0.1,0.2,0.3,0.4) 
L, | (0.8,0.1,0.3,0.3,0.2) | (0.9,0.2,0.3,0.4,0.2) | (0.6,0.1,0.2,0.3,0.2) | (0.9,0.2,0.1,0.2,0.2) 
Lz | (0.9,0.4,0.2,0.3,0.1) | (0.8,0.3,0.4,0.1,0.1) | (0.5,0.1,0.1,0.2,0.1) | (0.8,0.3,0.1,0.3,0.1) 
R* | (0.9,0.4,0.1,0.3,0.1) | (0.9,0.3,0.2,0.1,0.1) | (0.9,0.1,0.1,0.1,0.1) | (0.9,0.3,0.1,0.2,0.1) 
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R~ | (0.8,0.1,0.3,0.5,0.2) | (0.8,0.2,0.4,0.4,0.4) | (0.5,0.1,0.3,0.3,0.3) | (0.8,0.1,0.2,0.3,0.4) 


Step-4: Determine the PNGRCfor each of the alternative from IPNERS & IPNEURS. 
The PNGRC of each alternative from IPNERS and IPNEURS is presented in the Table-4 ,Table- 
5, Table-6, and Table-7, respectively. 


Table-4: 
Sy So S3 Sy min; Aj; max; Ajj 
At; 0.4 0.5 0.4 0.7 0.4 0.7 
AS; 0.7 0.6 0.7 0.2 0.2 0.7 
AS; 0.1 0.3 0.5 0.2 0.1 0.5 
min, min; Ajj 0.1 
max, max; Aj; 0.7 
Table-5: 
Sy S> S3 S4 min; Aj; max; Ajj 
Ai; 0.5 0.5 0.6 0.1 0.1 0.6 
Aj 0.2 0.4 0.3 0.6 0.2 0.6 
A3j 0.8 0.7 0.5 0.6 0.5 0.8 
min; min; Ajj 0.2 
max;max; Aj; 0.8 
Table-6: 
Gi Si S; S LS 
Ly 0.6 0.5294 0.6 0.4286 
Ly 0.4286 0.4737 0.4286 0.8182 
L3 1 0.6923 0.5294 0.8182 
Table-7: 
ij Sy So S3 S4 
Ly 0.5556 0.5556 0.5 1 
Ly 0.8333 0.625 0.7143 0.5 
L3 0.4167 0.4546 0.5556 0.5 


Step-5: Determine the PNGRC. 
The PNGRCs G;* and G; of each alternative (Si, i= 1, 2, 3, 4) from IPNERS and IPNEURS are 


presented in Table-8. 


Table-8: 


Gi Gr 
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Ly 0.538803 | 0.655578 
Lo 0.538931 | 0.668675 
Lz 0.766642 | 0.479918 


Step-6: Determine the pentapartitioned neutrosophic relative relational degree. 
The pentapartitioned neutrosophic relative relational degree (Ri) of each alternative (Ai, i = 1, 


2, 3, 4) is presented in the following Table 9. 
Table-9: 


ag 


Ri = 


— 
- = 
G+ G; 


Ly | 0.4511148 
Le | 0.4462805 
L3 | 0.6150061 


Step-7: Rank the alternatives. 


From Table-9, it is clear that 2 < 1< Rs. Therefore, L; is the best suitable alternative to choose. 


5. Conclusions 

In the study, we have proposed Hamming distance and proves its basic properties for PNSs. We have 
further developed a GRA based SVPNS-MADM strategy in PNS environment. We also validate the 
proposed SVPNS-MADM strategy by solving an illustrative decision-making problem. 

The proposed SVPNS-MADM strategy can also be used to deal with the other decision-making 
problems such as brick selection [19], stock trending analysis [14], logistic center location selection 
[29], teacher selection [34], etc. 

We further hope that the proposed MADM strategy will open up a new avenue of research in 


pentapartitioned neutrosophic set environments. 
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Abstract: Selecting an appropriate alternative among the feasible selection options is a difficult 
activity for decision makers. Because of the imprecise information and the complexity of decision 
problem, it is not easy to evaluate the attributes in terms of crisp numbers. To deal with the 
problem, neutrosophic numbers can be used during the decision process. Neutrosophic numbers 
can easily describe cognitive information. In this paper, we use neutrosophic numbers to state 
evaluation information. We define unit neutrosophic number as an effective tool to express 
cognitive information. We propose novel NN-TOPSIS strategy in neutrosophic number 
environment. Moreover, we define Euclidean distance in neutrosophic numbers environment, and 
propose a tangent function to determine unknown attribute weights. We propose linguistic 
variables in neutrosophic number environment. We present a numerical example dealing with a 
decision-making problem based on the proposed NN-TOPSIS strategy We present a sensitivity 
analysis for reflecting the influence of indeterminacy values. We then conduct a comparison 


analysis between the proposed NN-TOPSIS and other existing decision- making strategies. 


Keywords: Neutrosophic number; Unit neutrosophic number; TOPSIS, NN-TOPSIS; MADM 


1. Introduction 


Decision-making, in general, refers to a cognitive process that is continuously performed by a 
human being or a group of human beings. Generally, cognitive process is done consciously or 
unconsciously [1-3]. Some studies have been appeared in the literature dealing with the utilization 
of cognitive information for decision making process [4-8]. Zhang et al. [9] opined that specific 
numerical rating values provided by the decision makers do not always accurately present the 


behaviors and opinions of the decision makers, especially in the fields of decision-making [10-40] in 
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general, linear programming problems [41], cloud computing [42, 43], supplier chain management 
[4446] image processing [47-48], medical diagnosis [49-52], etc. 

Basset et al. [53] proposed an included neutrosophic and SWOT and AHP process for strategic 
setting up methodology choice. Basset et al. [54] presented a group MADM algorithm based on 
triangular neutrosophic sets. Chang et al. [55] developed a recycle strategic decision outline 
framework from theories to practical. Basset et al. [56] proposed a group decision structure based on 
VIKOR (neutrosophic field) method for e-governance website evaluation. Basset and Mohamed 
[57] proposed the role of rough sets and SVNS in smart city under defective and incomplete data. 
Mondal et al. [58] developed similarity measure (with tangent function) based model for interval 
neutrosophic sets. Pramanik et al. [59] developed NC-VIKOR technique for neutrosophic cubic sets. 
Mondal et al. [60] proposed hybrid similarity measure (based on logarithm function) under SVNSs 
assessments. Dalapati et al. [61] developed IN-cross entropy technique for INSs. Mondal et al. [62] 
introduced sine similarity measures based on hyperbolic function for MADM in SVNS 
According to Zeleny [63], human decision making involves multi-attributes. So, MADM problems 
are common in human life. The attribute values in the MADM problems often involve 
indeterminacy. Therefore, it is difficult to describe the attribute values by the crisp numbers. 

Smarandache [64, 65] introduced the neutrosophic number (NN) to deal with partial and 
indeterminate information. An NN comprises of two components namely, determinate component 
and indeterminate component. An NN is presented in the form: N = r + sI, where r stands for the 
determinate part and sI stands for the indeterminate part. If N = sl, we obtain the worst situation. 
If N =r, we obtain the best situation. Thus, it seems that NNs are capable to deal with the imprecise 
information in realistic decision-making situation. 

Ye [66] initiated to study of linear programming for neutrosophic numbers. Ye et al. [67] 
developed a nonlinear programming in NN environment and provided general solution. Banerjee 
and Pramanik [68] proposed a linear goal programming with a single-objective in NN environment. 
Pramanik and Banerjee [69] developed a goal programming for multiple objective linear 
programming in neutrosophic number setting. Pramanik and Dey [70] developed a Bi-Level 
Linear Programming (BLP) model in NN environment. Maiti et al. [[71] extended BLP to Bi-Level 
Decentralized Programming (BLDP)in NN environment. Pramanik and Dey [72] extended BLP to 
Multi-Level Programming (MLP) in NN environment. Maiti et al. [73] extended MLP To 
Multi-Level Multi-Objective Linear Programming (MLMOLP) in NN environment. 

Ye [74] studied possibility degree based ranking method and proposed an MADM technique in 
NN environment. Ye [75] proposed an MAGDM approach based on bidirectional measure in NN 
environment. Kong et al. [76] defined a cosine similarity for NNs to solve the misfire error finding 
gasoline engines. Ye [77] defined exponential similarity measure for NNs and used it to the fault 
analysis of vapor turbine. Ye et al. [78] proposed a joint roughness coefficient using NN functions. 
Liu and Liu [79] defined weighted power averaging operator and proposed an MAGDM technique 
in NN environment. Zheng et al. [80] developed an MAGDM policy based on NN fusion weighted 
averaging operator. Employing aggregation operators of NN-Harmonic mean, Mondal et al. [81] 
proposed an MAGDM technique in NN environment. Pramanik et al. [82] presented a teacher 


selection strategy in NN environment. Shi and Ye [83] presented a linguistic NN and presented an 
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MAGDM technique in NN environment based on cosine measures. Ye [84] defined the hesitant 
neutrosophic linguistic number and developed an MADM technique based on the probable value 
and similarity measure in an HNLN environment. The study for MAGDM in NN environment is its 
infancy. New research is necessary to handle the MAGDM problems in NN environment. 

TOPSIS is a well-liked technique to deal with MAGDM. TOPSIS [85] selects the best option, 
which is the nearest to the solution (ideal) and the farthest from the solution (negative ideal). The 
TOPSIS technique is based on information of attributes from decision maker/makers. In SVNS 
setting, Biswas et al. [86] proposed TOPSIS strategy for MAGDM in Single Valued Neutrosophic Set 
(SVNS) environment. Ye [87] extended TOPSIS approach for MAGDM based on SVNS linguistic 
numbers. Pramanik et al. [88] presented a TOPSIS technique for neutrosophic cubic set 
environment. Mondal et al. [89] developed TOPSIS for MAGDM in rough neutrosophic setting. 
Pramanik et al. [90] presented a TOPSIS technique for MADM in single valued neutrosophic soft 
expert set. Biswas et al. [91] studied a TOPSIS approach for MADM with trapezoidal neutrosophic 
numbers. Garcia-Cascales and Lamata [92] proposed an improved version of TOPSIS based on rank 
reversal technique. 

TOPSIS is yet to come into view NN environment. For the research gap, we develop an 
MAGDM technique based on TOPSIS in NN environment namely, NN-TOPSIS method for solving 
MAGDM problems. 


Contribution of the paper: 


e We develop an NN-TOPSIS technique to solve MAGDM problem in NN environment. 

e We define an UNN and establish its basic properties. 

e We define NN weighted arithmetic aggregation operator (NNWANO) to aggregate NN 

decision matrices. 

e We propose a tangent function to decide unknown weights of attributes in NN 

environment. 

e We propose a linguistic variable to present NN. 

e We present sensitivity analysis for different values of I to reflect the influence of J on 

ranking order of selection options. 

e The proposed NN-TOPSIS is comprehensive because when I = 0, NN-TOPSIS reduces to 

classical TOPSIS. 

The paper is structured as follows. Section 2 presents several basic ideas of NNs, operations on 
NNs, unit neutrosophic number (UNN), Euclidean distance between two NNs, tangent function for 
NNs, NN relative ideal solution (positive) and NN relative ideal solution (negative). Section 3 
defines ‘NN weighted arithmetic aggregation operator (NNWANO) to aggregate NN decision 
matrix and develops a novel NN-TOPSIS technique for solving MAGDM problem in NN 
environment. Section 4 provides an example based on proposed NN-TOPSIS technique. Section 5 
conducts sensitivity study to show the impact of ranking for different indeterminacy values. Section 
6 presents a comparison analysis with other existing strategies. Section 7 presents conclusion and 


future scope of research. 


2. Preliminaries 
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In this section, the idea of NN, operations on NNs, unit neutrosophic numbers and Euclidean 
distance between two NNs, tangent function for NNs, NN relative ideal solution (positive) and NN 


relative ideal solution (negative) are outlined. 
2.1. Neutrosophic numbers (NNs) 


An NN [64, 65] is expressed as z =p+ ql for p, qe R, where I denotes indeterminacy and R denotes the 
set of real numbers. An NN z is expressed as a interval number in the form: z = [p+ qI4,p+ qI¥] for 
zeZand Ie [I!, [4]. The interval I € [I4, [4] is regarded as an indeterminate interval. 


Here, Z = set of all neutrosophic numbers. 


e If gl =0, then z = pi.e., real number or crisp number. 
e §=Ifp=0, then z = ql i.e., indeterminate number 


e = If J/= 4, then z is a crisp number. 


Assume that zi= pit gil and z= p2t gel for z1, zzeZ and Je [I-, [4] are two NNs. Some basic 


operational laws [66] for z1and z2 are presented as follows: 


(1) P=! 


(2) 1.0=0 


(3) I/I= Undefined 


(4) zrtz2= prt pot (qi + qo) = [pit prt (qt qa)lt, prt pot (git qo)l"] 


(5) zi-Z2= pir pat (qi — qo) = [pi p2t (qi qe)It, pr- pot (qi- q2)l"] 


(6) 21x Z2= prp2t (pig2+ p2qr)l + qugal? = pip2t (piqe+ pagi + qiq2)l 


tq tl = 
i Pa SOE gp Pag Ne? Ts p> 


#0,P,#-> 
z2 PotGol Py P2(P2 +42) 


(8) f= pi +@pig tq) 
(9) Azy= Ap tag 
2.2. Unit neutrosophic numbers (UNNs) 
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In this subsection, we define unit neutrosophic number (UNN). 
Definition 1 Let A={(a, +b1),(a5 +bol),-+,(a, +b,1)}(i = 1,2,...,n) be a set of neutrosophic 


numbers. Then 4° = 


2: 2 
2 ant bi, 


a, +b an+bol \ | a,t+b,1 
2yap+57 | \2ya3+63/ 


,(i=1,2,...,n) is the set of UNNs. 


>» | 3+47 4-37 
Example 1 Let A = {3+4I, 4-3} be a set of NNs. Then, we obtain 4 = | 10 As 
Theorem 1 Each element of the set of UNNs lies in the interval [-1, 1]. 


Proof Let ai, bie R (set of real numbers), and J € [0, 1]. 


Oe ee ee 
a? +B? fa?+B? 
sy Si OL ip EY Be ons ae 


7 2a? +b? 


2.3. Euclidean distance of two Sets of NNs and UNNs 


Definition 2 Let 4={(a, +b,1),(a7 +byI),--,(a,+b,1)} and X={(x,+yL).(x2+)al)-(%n+Inl)} @= 1, 2, -- 


. 0.) be any two sets of NNs and J [0, 1]. Then the Euclidean distance of A and X is defined as: 


Deuet (A, X) — [Ele =x) +@-y") : 


i=l 


Here, J = 017+(1-A)I” , and 0 <A <1. Let, 


Le a,t+bl d,+bI a a, +6,1 Ye xy + yl Xp+yol \ | XntVrl 
artery] \2aetb? 2a2+b2 afx2+y? | \2fa2+y? Ql? 


be the sets of UNNs. Then the Euclidean distance of A° and X° is defined as: 


2 n +b +yJ : 
Deuci(A ,X*)= 2 (4; ; ) Cs af D 


2 
tel Qa? +b? afx2+y? 


Definition 3 The normalized Euclidean distance of two sets of UNNs_ A° and_X °is defined as: 
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i (a;+b,T') (x,+y,T') 


Dis (4°, X°) = 
i 2a? +8? afxe+y? 


Note 1 In decision making situation we use expectation value (mean value) of > ie., A=0.5. 
2.4. Tangent function for NNs 


Definition 4 The tangent function of a neutrosophic number P= xi+ yal = [xijt yal’, xg+ yal], where xij 


and yijare not simultaneously zeroes, (i = 1, 2, ...,m;j=1, 2, ..., n) is defined as: 


dij 


Le T 
P(e > tan (4) 
a Vat 5 
The weight structure is defined as: 
;(P 
j= Ea ) j=L2,.,0 (6) 
Lars) 


n 
Here, Lw;=!. 
j=l 
Theorem 2 The function 7 ;(P) is bounded. 


Proof Since xi, ye Rand xi, yj are not both zero, we have. 


y, 
(ea eae re 


2, 2, 
ior 


J ij 


2 2 
ity} 


Yij 


2 2 
Vri+y5 


<1l1>0<1 tan = 


<150<7,(P)<1. 


Hence, the function 7 ;(P) is bounded. 


Theorem 3 The function 7 ;(P) is monotone decreasing. 


Proof Here, ! 3 tan = A 


Niz 4 2,,,2 
se Vrityi 
y ij 


2 2 
Viti 


is monotone increasing in the 


interval [0, 2/4] and 0< <1. 
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n ¥) 
sae | > tan ui xi is a monotone decreasing function in the interval [0,7/4]. 


mit AN biti 


=> T ;(P)is monotone decreasing in the interval [0,7/4]. 


Example 2 Assume that Pi=3 + 21, and P2=3 +5]. Then, we obtain T(P ;) = 0.5345, T(P 2) = 0.2020. 
Example 3 Assume that Pi=3 +I, and P2=7 +I. Then, we obtain T(P 1) = 0.7464, T(P >) = 0.8883 


Example 4 Assume that P:=10+ 2J, and P2=2+ 101. Then, we 


obtain T(P ,) = 0.8447, T(P 5) = 0.0299. 


2.5. NN relative positive ideal solution and NN relative negative ideal solution 


72 


Definition 5 Assume that C* and C- denote respectively two the type modifiers, namely, the benefit 


attribute and cost attribute. Assume that Gj, denotes the NN relative positive ideal solution 


(NNRPIS) and Gy denotes the NN relative negative ideal solution (NNRNIS). 
Then Gy, is defined as: 
Gy=(de.dSt,-.d%*) 
Here d?* =(x9t + 9") forj=1,2,...,n. 
xP ={(max{xp/}/ J eC"), (min(xg/)/ j eC Y} 
yy ={(min{yii}/ J eC’), (max(yij/)/ j EC )} 
Then Gy, is defined as follows: 
Gya(d?.d3.-.d9") 
Here dg =( w+ yo) forj=1,2,...,n. 
xp {min {xg /}/ J eC”), (max(xj/)/j eC )} 


v9" =f{(maxty9/}/ j eC"), (min(y9/)/jeC)} 
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3. NN-TOPSIS technique for MADM 

Assume that an MADM problem is characterized by m selection options and n attributes. Also let D 
= (D1, Dz, ...,Dr) be the set of decision makers, K = (K1, Kz,..., Km) be the set of selection options, and C 
= (C1, C,, ..., Cn) be the set of attributes. The ratings offered by the decision maker describe the 


performance of the selection option Ki against the attribute C. Let {@,,@,°-,@,}be the weight 


vector assigned for the attributes Ci, C2, ...,Cn. The rating values associated with the selection 
options with respect to the attributes is presented in the following NN based decision matrix (for r” 


decision maker). 


Cy Cy ve C, 
Ky (x114+y112), (12+!) gen (X1n+Vint), 
D,[K IC, C 2,5 Cy] = Ky (x9,+¥ol), (X99+V 71), ite (XontVonl) > (8) 
Kn (% mi t+Viatl pr (XmatY mal), ven (XnntVmnl dr 


Here, (i+ yl he is the rating value (in terms of NN) for ij" element of the decision matrix of r-th 


decision maker. 


Now the steps (Figure 1) of NN-TOPSIS technique in NN environment are described below: 


Step 1: Determine the weights of the decision makers. 

Assume that D = {D1, D2, ..., Dr} be a group of decision makers. In decision making situation, the 
decision maker’s weight may be different as their importance is not identical. The importance of 
each decision maker is expressed in terms of linguistic variables. The linguistic variables are then 


transformed into NNs (see Table 1). 


Table 1 Transformation of linguistic variable into NN 


Linguistic terms (LTs) NNs 
Very Important (VI) 5 
Important (I) 4+] 
Medium (M) 3421 
Unimportant (UI) 243] 
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Very unimportant (VUI) 1+4] 


Assume that ar+ b;I presents the rating of r* decision maker. Then, the weight (€,.) of the r decision 
maker is presented as: 


_ [2a,+b,0741")] 


&-=— (9) 
Y[2a,+b,U41")] 
t=l 
and Se, =1. 
t=1 


Step 2: Calculate the aggregated NN decision matrix based on decision makers’ assessments. 


Assume that D!=(a,+b,J)mx, denotes the NN decision matrix of the rt decision maker 


and oe (aie ee oe be the weight format of decision makers such that each § <(0,1). The 


aggregated matrix is obtained using NN weighted arithmetic mean aggregation operator 


(NNWAMAO) as: 
Dagger = (dij) men= NNWAMAO (t3,a2,--.af =, dj BE, dj O--OE, df = (Ejay t+ TLE yy ) (10) 


Now the aggregated NN decision matrix is defined as: 


C; C, rei (om 
Ky (11412) coor (194+ V12! ) aor oe (int Vint) ager 
Dagar ® eas Oo eres Orr | = Ky (x21+-Yorl ager (X09+V 22!) ager ae (XontVon! ager (11) 
Kin (Xmit¥mi! pager (%m2+¥ m2!) ager a (Cie Waal nese 


Here, (xij+ vil ) is the rating value for ijt element of aggregated decision 


ager 
matrix Dapeclk [Gy CosGi) 
(i=1,2,...m;j=1,2,...n). 


Step 3: Calculate the attribute weights. 
When weights of attributes are completely unknown to decision makers, the entropy measure [93] 


is used to calculate attribute weights. Entropy method [94] is used to find out completely unknown 
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attribute weights of single valued neutrosophic sets. Method to determine unidentified attribute 
weights in NN environment is yet to come into view in literature. We define a function for 


measuring unknown attribute weights (see definition 4). 


Step 4: Aggregate the weighted NN decision matrix. 

The calculated weights of the attributes and aggregated NN decision matrix are fused to construct 
the aggregated weighted NN decision matrix. The aggregated weighted NN decision matrix is 
defined by utilizing the multiplication rules between attribute weights and corresponding rating 


values of attributes as: 


CG CG it om 
K, uty), (M2tVil)o,; at (nt Vint boo; 

D®o= (4° \ en (a4, + BL = K, (x21 )o, (X22+V 22! )o; il (X2ntV2nl Jo; (12) 
Kn (mtVmt)o; (Xm2t¥ mat); 7 Cnt Drala 


Here, d </ = (r a I a F 4 denotes the rating value for (ij)'" element of the aggregated weighted 


NN decision matrix D@o(i=1,2,...,mandj=1,2,...,n). 
Step 5: Determine the NNRPIS and the NNRNIS. 


Assume that (a ee = (xgtyyl ) is an NN decision matrix, where, xij and yijl are respectively the 


mxn 


determinant part and indeterminate part of the evaluation for the attribute Cj with respect to the 


selection option Ki. 


Step 6: Determine the distance measures of each selection option from the NNRPIS and the 


NNRNIS. 


The normalized Euclidean distance measure of all selection option (x9 + yi" I “ from the NNRPIS 


(dP ae cd?) fori=1,2,...,mandj=1, 2, ..., nis written as: 


ni=l\ (agi t+bZ/) (aft +b9") 


* € 2 
i j a CI + boil O+ 4 por] 
A Fue (dij! »d 9") = i s(eh a OP ; (13) 
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The normalized Euclidean distance measure of all selection option (xpi + Vi! I ) from the NNRNIS 


(Chae Gane d*-) fori=1,2,...,mandj=1, 2, ...,n is presented as: 


nizi\ (agi +bPJ) (az +b9) 


cs * 2 
i- . = n CF +bOIT O- 4 BO] 
Neuet (dif od3 )= i g(t J ) (aij bj , ia 
Step 7: compute the relative closeness co-efficient (RCC) to the NN ideal solution. 
RCC of each selection option Ki with respect to the NN positive ideal solution Gj is defined as: 


(Agua (di .d9”)) 


RCC(K §) = x ee 
(Aina (d9/ d 90+ ues (dG! od 9*) 


(15) 


Here, 0 < RCC(K;)<1. 


Step 8: Rank the priority 
All the RCC values are arranged in descending order. A set of alternatives is then preference ranked 


order. We select the alternative corresponding to the highest value of RCC(K;) as the best choice Ki 


fori=1,2,...,m. 


Construct the decision matrices 


Determine relative closeness 


Figure 1: Steps of NN-TOPSIS technique 


Step 9: End. 
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4. Illustrative example 
Let a multi-national company wants to recruit managing director for their company. An interview 
board with three members D1, D2, D3 is formed to select the managing director. The selection options 
(candidates) are Ki, K2, Ks, and Ka. Decision makers must take their decisions based on the following 
attributes (C1): academic qualification, (C2): interview performance (C3): management experience and 
(C4): risk factor. Assume that @,, ©, @, and @, be the weights assigned to the attributes C1, C2, C:, 
and Cs respectively. The rating values of the selection options for the MAGDM problem with respect 
to the attribute are presented in NN based decision matrices (Eqs. (16), (17), and (18)). 
Each decision maker uses five-point scale (see Table 1) to express his/her rating values. Each decision 
maker forms an NN based decision matrix to express rating values. The decision matrices 
corresponding to decision makers D1, Dz, and Dsare shown in (16), (17), and (18) respectively. 
C, Cy C; C4 
K,J14+27 5 44+I 2+] 
DIRIC SOHC Ta Ks| 288 THE. 240r 1407 (16) 


Ky)14+32 2+272 54+] 21 
K4\ 34/2 2437 44+] I 


Kloet OA. Bar of 

PolK (CEC Cs) = Kl Del, Deo Da oF (17) 
Kal BF -240P- 3. -. Pet 
Kee 2a, ae 


CG) ° 86s. wee ey 
K,|3+22 3 447 JI 
D3[K |C,,C2,C3]= K,)/14+32 24+7 3 I (18) 
K,| 22 1+% 4 2 
K,\2+l 2+7 34+] 141 


The problem is solved using the following steps of the proposed NN-TOPSIS technique. 


Step 1: Determine the weights of decision makers. 
Linguistic variables are employed to represent the weights of decision makers and _ their 


corresponding neutrosophic numbers are shown in Table 2. 
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Table 2 Transformation of linguistic variable into NN 


Di D2 Ds 
LTs Important Medium Important 
NNs 4+] 342] 4+] 


Using Eq. (9), we obtain the weights of the decision makers as: 
§, = 0.346, &, = 0.308, €; = 0.346. 
Step 2: Construct the aggregated NN decision matrix based on the decision makers’ assessments. 
Using Eq. (10), we calculate aggregated NN decision matrix as: 
C, C, C3 C4 
K, | 1.997 + 2.3371 4.026 3.683 +] 0.696 + 1 
DagerlK | C]= K3} 1.683+1.673/ 1.667+1.3372 2.343+1.0397 0.356+1.683/ (19) 


K3} 0.343437 1.683+1.6807 4.680+0.356/ 0.337+1.683/ 
K4\ 2.026+] 2+1.7127 3.683 + 0.6831 0.3304] 


Step 3: Determine the weights of the attributes. 
Using Eqs. (4) and (5), we calculate the weights of the attributes as follows: 
@,= 0.1875, @)= 0.3180 , @3= 0.4535, @,= 0.0410. 


Step 4: Aggregate the weighted NN decision matrices 


Using Eq. (12), we calculate the aggregated weighted NN decision matrix as follows: 


K,| 0.374 +0.438/ 1.276 1.663+0.4533 0.028+0.041/ 
(a" + BHT Nasa = K,| 0.315+0.3137 0.527+0.4227 1.0544+0.4647 0.014+0.0687} (20) 


K,| 0.066+0.5647 0.5314+0.53U 2.115+0.1532 0.0134 0.0697 
K4\0.379+0.1875/ 0.636+0.5417 1.662+0.3027 0.014+0.0417 


Step 5: Determine the NNRPIS and the NNRNIS. 


Here, C1, C2 and C3 are benefit attributes and C: is the cost attribute. Then we obtain NNRPIS and 


NNRNIS as follows: 


NNRPIS = {(0.379 + 0.1875J), (1.276 + 0.4221), (1.054 + 0.464/), (0.013 + 0.069/) 
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NNRNIS = {(0.066 + 0.5647), (0.527 + 0.541), (2.115 + 0.153/), (0.028 + 0.0417) 


Step 6: Determine the distance measures of each selection option from the NNRPIS and the 
NNRNIS. 

Using Eq. (13), the normalized Euclidean distance measures of all selection options from the 
NNRPIS are calculated and shown in Table 3. Using Eq. (14), the normalized Euclidean distance 


measures of all selection options from the NNRNIS are calculated and shown in Table 3. 


Step 7: Determine the RCC to the NN ideal solution. 

The RCC of each selection option Ki with respect to the NN positive ideal solution is calculated as 
follows: 

RCC(K,)=0.3791, RCC(K y)=0.3159 , RCC(K 3) =0.0723 , RCC(K 4)=0.4788 . 

Step 8: Ranking the priority. 

According to the RCC values, we have, 

RCC(K 4) +RCC(K,)+ RCC(K)> RCC(K3) . 


Hence, the candidate Ks is the best selection option. 


Table 3 Distance measures and RCC values of selection options 


Selection options — jis Ae RCC(K;) 
Ki 0.5562 0.3397 0.3791 
K2 0.5271 0.2434 0.3159 
K3 0.3582 0.0279 0.0723 
Ka 0.9395 0.8629 0.4788 


Step 9: End. 


5. Sensivity study 
In this section, we present sensitivity analysis to demonstrate the impact of different values of J on 


ranking order of selection options (see Figure 2). The ranking order for different intervals of I, is 
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shown in Table 4. Table 4 reflects that the ranking order of selection options are same for selected 


values of I. 
I 
I=0 RCC(K 
Te[0,0.1] RCC(K 
Te[0,0.2] RCC(K 
Te[0,0.3] RCC(K 
Te[0,0.4] RCC(K 
Te[0,0.5] RCC(K 
I €[0,0.6] RCC(K 
Te[0,0.7] RCC(K 
Te[0,0.8] RCC(K 
Te[0,0.9] RCC(K 
Te [0, 1] RCC(K 


I=0 


Figure 2: Ranking order of the alternatives with different values of I 


Table 4 Ranking order of the selection options for different I 
RCC(Ki) 

) = 0.3889, RCC(K2) = 0.3291, RCC(Ks) = 0.1179, RCC(Kas) = 0.4899 
) = 0.3876, RCC(K2) = 0.3274, RCC(Ks) = 0.1077, RCC(Ka) = 0.4881 
) = 0.3865, RCC(K2) = 0.3264, RCC(Ks) = 0.1075, RCC(Kas) = 0.4866 
) = 0.3857, RCC(K2) = 0.3251, RCC(Ks) = 0.1031, RCC(Kas) = 0.4850 
) = 0.3842, RCC(K2) = 0.3241, RCC(Ks) = 0.0992, RCC(Ka) = 0.4838 
) = 0.3831, RCC(K2) = 0.3225, RCC(Ks) = 0.0945, RCC(Ka) = 0.4823 
) = 0.3821, RCC(K2) = 0.3212, RCC(Ks) = 0.0899, RCC(Ks) = 0.4815 
) = 0.3812, RCC(K2) = 0.3196, RCC(Ks) = 0.0952, RCC(Ks) = 0.4807 
) = 0.3805, RCC(K2) = 0.3183, RCC(Ks) = 0.0807, RCC(Ks) = 0.4797 
) = 0.3798, RCC(K2) = 0.3170, RCC(Ks) = 0.0765, RCC(Ka) = 0.4776 


) = 0.3791, RCC(K2) = 0.3159, RCC(K3) = 0.0723, RCC(Ka) = 0.4758 


Ranking order 
Ka>Ki>K2>Ks 
Ka>Ki>K2>Ks 
Ka>Ki>K2>Ks 
Ka>Ki>K2>Ks 
Ka>Ki>K2>Ks 
Ka>Ki>K2>Ks 
Ka>Ki>K2>Ks 
Ka>Ki>K2>Ks 
Ka>Ki>K2>Ks 
Ka>Ki>K2>Ks 


Ka>Ki> Ko> Ks 


=m RCC(K1) 


™ RCC(K2) 


™ RCC(K3) 


™RCC(K4) 


I=[0,0.2] I= [0,0.4] I= [0,0.6] I= [0,0.8] I= [0,1] 
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6. Comparison analysis 

In this section, a comparison analysis is presented between the proposed NN-TOPSIS technique 
and other existing decision-making strategies in NN environment. The ranking results obtained 
from the existing strategies [71, 76, 77] are furnished in Table 5. From the second column (Ye [71]) of 
Table 5, we see that Ks is the best selection option for I= 0, I€[0, 0.2], and I €[0, 0.4]. Ki is the best 
selection option for other selected indeterminacy intervals. From the third column (Liu and Liu 
[76]) of Table 5, we observe that K: is the best selection option for I = 0, Ie [0, 0.2], [fe [0, 0.4], and I 
e[0, 0.6]. Ki is the best selection option for I< [0, 0.8], and I €[0, 1]. From the fourth column (Zheng 
et al. [77]) of Table 5, we state that, Ks is the best selection option for every selected indeterminacy 
interval. In the proposed technique, ranking order of selection option is unaltered for every selected 
indeterminacy interval. The comparison of ranking order of selection options between the proposed 


NN-TOPSIS technique and existing MADM strategies is shown in Table 5. 


Table 5 The ranking order of existing strategies with different values of 'I' 


I Ye [71] Liu and Liu [76] Zheng et al. [77] NN-TOPSIS 

I=0 Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>kK2>Ks 
Te[0, 0.1] Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>K2>Ks 
Te[0, 0.2] Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>K2>Ks 
Te[0, 0.3] Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>K2>Ks 
I €[0, 0.4] Ka>Ki>K2>Ks Ka>Ki>K3>k2 Ka>Ki>K2>Ks Ka>Ki>K2>Ks 
Te[0, 0.5] Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>K2>Ks Ka>Ki>K2>Ks 
I €[0, 0.6] Ki>Ka>K2>Ks Ka>Ki>K3> ko Ka>Ki>K2>Ks Ka>Ki>K2>Ks 
Te[0, 0.7] Ki>Ka>K2>Ks Ki>Ka>K3> ko Ka>Ki>K2>Ks Ka>Ki>kK2>Ks 
Te[0, 0.8] Ki>Ka>K2>Ks Ki>Ka>K3> Ko Ka>Ki>K3>k2 Ka>Ki>K2>Ks 
Te[0, 0.9] Ki>Ka>K2>Ks Ki>Ka>Ks3> Ko Ka>Ki>K3>ke Ka>Ki>K2>Ks 
I €[0, 1] Ki>Ka>K2>Ks Ki>Ka>K3> ko Ka>Ki>K3>k2 Ka>Ki>K2>Ks 
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7. Conclusion 

In real decision making, indeterminacy plays a very important role. In this article, the selection 
process is studied based on proposed NN-TOPSIS technique. To develop the NN-TOPSIS 
technique, we have defined an UNN and proved the basic properties. The defined UNN is an 
effective mathematical tool to express cognitive information considering the reliability of the 
information. We have defined Euclidean distance between two sets of NNs. We have defined NN 
weighted arithmetic aggregation operator (NNWANO) to aggregate NN decision matrices. We 
have also proposed a tangent function to determine unknown weights of attributes in NN 
environment. We have proposed a linguistic variable to present NN. We have performed sensitivity 
analysis for different values of I to show the influence of I on ranking order of selection options. The 
proposed technique simply and reliably represents human cognition by considering the 
interactivity of attribute and the cognition towards indeterminacy involved in the problem. The 
developed NN-TOPSIS technique combines the advantages of NN and TOPSIS. NN-TOPSIS is 
more comprehensive because when I = 0, NN-TOPSIS reduces to classical TOPSIS. Finally, we have 
addressed a problem of selecting the managing director of a multi-national company based on the 
proposed NN-TOPSIS technique. Future studies may consider the following problems: (i) the case 
when I varies for different NNs, (ii) more than 5 point-scale can be employed for rating purpose, 


(iii) Rank reversal in TOPSIS technique in NN environment, etc. 
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Abstract: 

In this paper, we introduce the ultra neutrosophic set, and define some operations and establish a 
few properties of the ultra neutrosophic sets. Using the notion of topology on ultra neutrosophic 
sets, we introduce the concept of ultra neutrosophic topology. Further, we define the notion of ultra 


neutrosophic interior and ultra neutrosophic closure via ultra neutrosophic topological space. 


Keywords: Neutrosophic Set; Ultra Neutrosophic Crisp Set; Ultra Neutrosophic Set. 
1. Introduction: 

The fundamental concept of Neutrosophic Set (NS) was introduced by Smarandache [1], which is 
the generalization of the Fuzzy Set (FS) [2] and the Intuitionistic Fuzzy Set (IFS) [3]. The concept of 
Neutrosophic Crisp Set (NCS) was grounded by Alblowi et al. [4] in 2014. Afterwards, Neutrosophic 
Crisp Topological Space (NCTS) was studied by Salama et al. [5]. In 2015, Salama et al. [6] further 
studied NCS theory. Later on, the Ultra Neutrosophic Crisp Set (UNCS) was presented by El 
Ghawably and Salama [7] in 2015. 


Research Gap: The Ultra Neutrosophic Set (UNS) and the Ultra Neutrosophic Topology (UNT) 


on UNSs have not yet been introduced in the literature. 
Motivation: To address the research gap, we introduce the Ultra Neutrosophic Set (UNS) and 


present a few basic properties of UNSs. Also, we present the Ultra Neutrosophic Topology 
(UNT) on UNSs. 


Suman Das, Rakhal Das, Surapati Pramanik, Topology on Ultra Neutrosophic Set. 


Neutrosophic Sets and Systems, Vol. 47, 2021 94 


The rest of the paper has been divided into the following sections. Section 2 presents the 
preliminaries and definitions on NS, NCS, UNCS. In section 3, we introduce the concept of ultra 
neutrosophic set and ultra neutrosophic topology. Besides, we formulate several results on them. 


Finally, in section 4, we conclude the paper by stating some future direction of research. 


2. Preliminaries & Definitions: 
In this section, we present some definitions on neutrosophic crisp set, neutrosophic set and ultra 
neutrosophic crisp set those are relevant for developing the main results of this article. 
Definition 2.1. Suppose that Z be a non-empty fixed set. Then Bn, an NCS [4] is a triplet defined by 
Bn=(B1, Bz, Bs), where Bi (i= 1, 2, 3) be any subset of Z. 
Definition 2.2. Assume that Bn=(B1, Bz, Bs) is an NCS. Then, the complement [4] of Bn=(B:, Bz, Bs) is 
defined by By‘°=(B,°, B2°, B3°). 
Definition 2.3. Suppose that Bn=(B1, Bz, Bs) and An=(A1, Az, A3) are any two NCSs [4]. Then, 
(i) Bnc An iff Bic Aj, Bec Az, B3D A3; 
(ii) BNUAN = (B1UA1, B2VA2, Ba Asa); 
(iii) BNA AN = (Bin Az, Bo A2, B3VAs3). 


Definition 2.4. Assume that Z is a fixed set. Then, an UNCS [7] By is defined as follows: 

By=(B1, Bz, Bs, Ms), where Ms=(U3_, B,)°. 

Definition 2.5. Suppose that By=(B1, Bz, Bs, Ms) be an UNCS. Then, the complement [7] of By=(B1, Bo, 
Bs, Mp) is defined by By°=(B,°, B2°, B3°, Mg°). 
Definition 2.6. Suppose that By=(B1, Bz, Bs, Ms) and An=(A1, Az, Az, Ma) are two UNCSs. Then [7], 
(i) By c An iff Bic Ai, B2c Az, B3D> As, Ms> Ma; 

(ii) By U Ay =(BiU At, BU Az, Bs As, MBO Ma); 

(iii) By © Ay = (B19 At, Bo Az, BsU As, MBU Ma). 


Definition 2.7. Assume that Z is a fixed set. Then, an NS [1] U over Z is defined as follows: 
U = {(8, Tu(8), Iu(S), Fu(8)) : de Z, and Tu(8), Tu(S), Fu(8) € ] -0, 1*[}, where O<Tu(S) + Iu(d) + Fu(5)<3*. 
Definition 2.8. Suppose that U = {(6, Tu(8), Iu(6), Fu(6)) : 6€Z, and Tu(6), [u(d), Fu(s) € [0, 1]} be an NS 
over a fixed set Z. Then, complement [1] of U is U= {(6, 1-Tu(8), 1-Iu(6), 1-Fu(8)) : d€Z}. 
Definition 2.9. Suppose that U = {(6, Tu(S), Iu(3), Fu(5)) : 5€Z, and Tu(), Iu(d), Fu(d) € [0, 1]} and Y = 
{(6, Ty(8), Iv(8), Fy(5)) : eZ, and Ty(8), Iv(5), Fy(5) € [0, 1]} be two NSs [1] over Z. Then, 
i. USyY iff Tu(6)<Ty(8), Iu(6)=Iy(8), Fu(d)=Fy(8), for each de¢Z. 

ii  UUY={(6, Ty(S)VTy(5), Iy(S)Aly(5), Fy(6)AFy(8)) : 8€Z}; 

iii,  UNY={(5, Ty(S)ATy(5), Iy(S)VIy(8), Fy(6)VFy(8)) : SZ}. 
Definition 2.11. The null NS (On) [1] and the whole NS (1n) [1] over a fixed set Z are defined as 
follows: 


(i) ON = {(6, 0, 0, 1) : deZ}; 
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(ii) In= {(6, 1, 0, 0) : 8eZ}. 
Clearly, On © U ©1n, for any NS U over a fixed set Z. 


3. Ultra Neutrosophic Set and Ultra Neutrosophic Topology: 
In this section, we procure the notion of ultra neutrosophic set and ultra neutrosophic topology. 
Besides, we establish several results on them. 
Definition 3.1. An ultra neutrosophic set R over a non-empty set Z is defined by 
R={(5, Tr(5), Ir(5), Fr(5), Mr(5)) : 6€Z}, where Mr(d) = Tr(S)AIR(S)AFR(S), VSEZ or Mr(S) = Tr(d)vIR(S)v 
Fr(5), VdeZ. 
Example 3.1. Consider a fixed set Z = {p, q, r}. Then, R = {(p, 0.3, 0.2, 0.5, 0.2), (q, 0.5, 0.7, 0.6, 0.5), (x, 
0.6, 0.4, 0.2, 0.2)} is an UNS over Z. 
Remark 3.1. The notion of ultra neutrosophic set is fully different from the notion of ultra 
neutrosophic crisp set. In an Ultra Neutrosophic Crisp Set By=(B1, Bz, Bs, Ms), the crisp set Mis 
defined by Ms =(U}, B;)°. But in the case of Ultra Neutrosophic Set R={(8, Tr(5), In(5), Fr(5), Mr(8)) : 
deZ} over Z, where Tr(5), Ir(5), and Fr(5) denote respectively the truth, indeterminacy and false 
membership values of each 5<€Z, another membership function Mr : Z->[0, 1] is defined by Mr(8) = 
Tr(S)AIR(5)AFR(S), VOEZ or Mr(5) = Tr(5)vIk(8)v Fr(5), VSeZ, which is totally different from the point 
of view of ultra neutrosophic crisp set. 
Definition 3.2. The complement of an UNS R = {(6, Tr(8), In(8), Fr(5), Mr(8)) : 6 Z} is defined by R°= 
{(6, 1-Tr(8), 1-Ik(5), 1-Fr(5), 1-Mr(8)) : 6EZ}. 
Definition 3.3. Consider any two UNSs R = {(6, Tr(8), Ir(5), Fr(5), Mr(5)) : 5€Z} and S = {(5, Ts(5), Is(8), 
Fs(5), Ms(8)) : 6€Z} over a fixed set Z. Then, 
i. RcS&Tr(d)STs(8), In(8)ZIs(5), Fr(S)=Fs(5), Mr(S)SMs(8), for each 6€Z; 
li. R=S if and if RcS and ScR; 
iti,  RUS={(6, Tr(S)vTs(8) , Ir(5)ATs(6), Fr(5)AFs(5), Mr(5)vM3(5)) : 6EZ }; 
iv. . RAS={(6, Tr(S)ATS(8) , Ik(8)vIs(5), Fr(5)vFs(6), Mr(5)AMs(8)) : FEZ }. 
Definition 3.4. The null UNS 0y and whole UNS 1y over a fixed set Z is defined as follows: 
it; On={(8, 0, 1, 1, 0) : deZ}; 
ii, — Ty={(5, 1, 0, 0, 1) : 5eZ}. 
Clearly, Oy CUc iy, for any UNS U over Z. 
Theorem 3.1. Let N, R and C be three UNSs over a fixed set Z. Then, the following results hold: 
i. NU[RUC] = [NUR]UC; 
ii. Noa[RAC] = [NAR] AC; 
iii. NUR = RUN and NAR = RAN; 
iv. NUN = N and NAN =N; 
v. NU[RAC] = [NUR]A[NUC]; 
vi. Noa[RUM] = [NAR]L[NAC]; 
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vii. [Nc]c=N 
Proof. Suppose that N={(5, Tn(5), In(5), Fn(8), Mn(8)) : 6EZ}, R={(5, TRS), In(5), Fr(5), Mr(5)) : EZ} and 
C={(6, Tc(6), Ic(8), Fe(5), Mc(8)) : de Z} be three UNSs over a fixed set Z. 

i. We have, NU[RUC] 
= {(6, Tn(8), In(5), Fn(5), Mn(6)) : FEZ} VU [{(6, TR(S), Ik(8), Fr(5), Mr(S)) : 6EZ} VU {(6, Tc(S), Ic(S), 
Fc(d), Mc(8)) : 5€Z}] 
= {(6, Tn(8), In(8), Fn(6), Mn(6)) : 5EZ} VU {(6, Tr(S)vTc(8), Ik(8)ATc(8), Fr(S)AFc(5), Mr(6)vMc(5)) 
: deZ} 
= {(6, Tn(d)v(Tr(d)vTc(8)), In(S)A(Ir(6)ATc(8)),  Fn(8)A(Fr(S5)AFc(8)), Mn(8)v(Mr(d)vMc(8))): 
deZ} 
= {(6, (Tn(8)vTR(d))vTc(5), (IN(S)ATR(8))ATc(8), (Fn(5)AFR(8))AFc(8), (Mn(6)vMr(8))vMc(8)) : 
deZ} 
= {(6, Tn(S)vTR(S), In(6)AIR(5), Fn(6)AFR(5), Mn(5)vMr(5)) : FEZ} LU {(6, Tc(S), Ic(S), Fe(d), Mc(5)) 
: deZ} 
=[{(6, Tn(S), In(5), Fn(5), Mn(S)) : 6EZ} VU {(6, TR(S), Ik(8), Fr(5), Mr(5)) : 6EZ}] VU {(6, Tc(S), Ic(S), 
Fc(8), Mc(6)) : bE Z} 
= [NUR]UC 
Therefore, NU[RUC] = [NUR]UC. 

ii. We have, NA[RAC] 
= {(5, Tn(8), In(5), Fn(5), Mn(6)) : FEZ} OT [{(6, TR(S), Ik(8), Fr(S), Mr(S)) : 6EZ} A {(5, Tc(S), Ic(S), 
Fc(5), Mc(8)) : 5€Z}] 
= {(6, Tn(8), In(8), Fn(6), Mn(6)) : 5EZ} OT {(6, TR(S)ATc(8), Ik(5)vIc(S), Fr(S)vFc(5), Mr(6)AMc(5)) 
:deZ} 
= {(6, Tn(d)A(Tr(S)ATc(S)), In(8)v(Ir(6)vIc(8)), FN(8)v(Fr(S5)VFc(8)), Mn(8)A(Mr(8)AMc(8))): 
deZ} 
= {(6, (Tn(S)ATR(S))ATc(8), (In(6)vIR(6))vIc(5), (FN(5)VFR(5))VvFc(5), (Mn(5)AMR(8))AMc(8)): 
deZ} 
= {(6, TN(S)ATR(S), In(6)vIR(6), Fn(5)VFR(5), MnN(S5)AMR(S)) : 6EZ} A {(6, Tc(8), Ic(S), Fe(5), Mc(5)) 
:deZ} 
=[{(6, Tn(5), In(5), Fn(5), Mn(8)) : 6EZ} A {(6, TR(S), Ik(8), Fr(6), Mr(5)) : 6EZ}] A {(6, Tc(S), Ic(S), 
Fc(5), Mc(6)) : bE Z} 
= [NAR]AC 
Therefore, NA[RAC] = [NARIAC. 

iii. We have, NUR 

= {(5, Tn(6), IN(6), Fn(6), Mn(8)) : 5EZ} VU {(8, TR(S), Ik(5), Fr(5), Mr(S)) : 5EZ} 
= {(5, Tn(6)vTr(8), IN(6)ATR(8), Fn(6)AFR(S5), Mn(5)VMR(8)) : 6EZ} 
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= {(5, Tr(5)vTn(8), Ir(8)AIN(8), Fr(5)AFN(8), Mr(S5)VMn(8)) : EZ} 

= {(5, Tr(S), Ir(8), Fr(5), Mr(5)) : 5EZ} LU {(8, Tn(S), In(5), Fn(S), Mn(6)) : 5EZ} 
= RUN 

Therefore, NUR = RUN. 

Further, we have NOR 

= {(5, Tn(8), In(8), Fn(S), Mn(8)) : 5EZ} A {(8, Tr(S), In(5), Fr(S), Mr(S)) : 6EZ} 
= {(5, TN(S)ATR(S), IN(5)vIR(8), Fn(5)vFR(8), Mn(8)AMR(8)) : EZ} 

= {(5, Tr(5)AT (8), In(8)vIn(8), Fr(5)vFN(8), Mr(S)AMNn(S)) : EZ} 

= {(5, Tr(S), Ir(8), Fr(5), Mr(5)) : 5EZ} A {(8, Tr(8), In(5), Fn(8), Mn(6)) : 6EZ} 
= RAN 

Therefore, NOR = RAN. 

We have, NUN 

= {(5, Tn(8), In(8), Fn(6), Mn(8)) : SEZ} VL {(8, Tn(S), In(5), Fn(S), Mn()) : 8EZ} 
= {(5, Tn(5)vTn(8), IN(S)AIN(6), Fn(5)AFN(8), Mn(8)VMn(8)) : 8€Z} 

= {(5, Tn(8), In(8), Fn(6), MNn(5)) : SEZ} 

=N 

Therefore, NUN =N. 

Further, we have NAN 

= {(5, Tn(8), In(8), Fn(6), Mn(8)) : SEZ} A {(5, Tn(S), In(5), Fn(S), Mn()) : 8EZ} 
= {(5, TN(S)AT (8), In(5)vIN(6), Fn(5)VFN(8), Mn(8)AMN(8)) : EZ} 

= {(5, TNn(8), In(8), Fn(6), MNn(8)) : SEZ} 

=N 

Therefore, NON =N. 

We have NU[RAC] 


= {(8, Tx(8), IN(8), Fn(5), MN(8)) : 8EZ} VU [{(5, TR(S), Ik(3), Fr(S), Mr(8)) : 8€Z}. 0 


Fc(6), Mc(6)) : bE Z}] 


97 


{(5, Tc(8), Ic(8), 


= {(8, Tn(S), IN(S), Fx(8), Mn(8)) : SEZ} VU [f{(8, Te(S)ATc(8), Ik(S)vIc(8), Fr(8)VEc(5), Mr(3)a 


Mc(8)) : 5€Z}] 


= [{(8, Tn(8)v(TR(8)ATc(8)), In(S)A(IR(8)VIc(8)), Fx(8)A(ER(8)VEc(3)), Mx(8)v(Mr(3)A Me(8))) : 


deZ}] 
Now, we have [NUR]A[NUC] 


= [{(3, Tn(8), In(8), Fx(8), Mn(8)) : 5EZ} U {(8, Tr(d), In(S), Fr(S), Mr(8)) : SEZ}] A [{(8, TN(S), 


In(8), Fx(8), Mn(5)) : 5EZ} U {(8, Te(S), I(3), Fe(8), Mc(8)) : 8€Z}] 


= {(8, Tn(8)VTR(8), In(8)AIR(3), Fn(S)AFR(8), Mn(3)VMR(8)) : 8EZ} A {(8, TN(S)VT c(8), In(8)ATe(8), 


Fx(8)AFc(8), Mn(5)VMc(8)) : SZ} 
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= {(6, (Tn(5)vTR(S)) A (Tx(8)vTc(5)), (In(S)ATR(8)) Vv (In(8)alc(5)), (FN(5)AFR(8)) Vv (FN(5)AFc(5)), 
(Mn(5)vMr(8)) A (Mn(8)vMc(8))) : 5€Z} 
= {(6, Tn(S)v(TRr(8)aATc(5)), In(S)A(IR(8)vIc(8)), Fn(8)A(Fr(5)vFc(5)), Mx(5)v(Mr(8)AMc(8))): 
deZ} 
=NU[RNC] 
Therefore, NU[RAC] = [NUR]A[NUC]. 
vi. We have Na[RUC] 
= {(8, TN(5), In(8), Fn(5), Mn(8)) : 6EZ} A [{(6, TRS), In(), Fr(5), Mr(8)) : 5EZ} V {(8, Tc(S), Ic(S), 
Fc(5), Mc(8)) : 5€Z}] 
= {(6, Tn(8), In(5), Fn(5), Mn(5)) : FEZ} AT [{(8, Tr(S)vTc(S), In(8)AIc(5), Fr(8)AFc(5), Mr(5)v 
Mc(8)) : 6€Z}] 
= [{(6, Tn(S)A(Tr(5)vTc(8)), In(8)v(Ir(8)Alc(8)), Fn(8)v(Fr(5)AFc(5)), Mn(8)A(Mr(5)vMc(8))) : 
deZ}] 
Now, we have [NAR]JU[NAC] 
= [{(8, Tn(8), In(8), Fn(5), Mn(5)) : 85EZ} F {(8, TRS), In(S), Fr(5), Mr(S)) : 6EZ}] VU [{(8, TN(S), 
In(5), Fn(5), Mn(5)) : 5EZ} A {(5, Tc(S), Ic(S), Fe(S), Mc(S)) : 5EZ}] 
= {(6, TN(S)ATR(8), In(S)vIR(8), Fn(5)VFR(5), Mn(5)AMR(8)) : SEZ} VU {(8, TN(8)ATc(S), In(S)vIc(8), 
Fn(5)vFc(5), Mn(8)AMc(8)) : 5€Z} 
= {(5, (TN(S)ATR(S))v (Tx(8)ATc()), (In(5)vIR(8))A (In(8)vIc(8)), (FN(S)VFR(8))A (FN(5)vFc(8)), 
(Mn(5)AMR(8))v (Mn(5)AMCc(8))) : 5€Z} 
= {(6, Tn(S)A(TR(8)vTc(5)), In(S)v(Ik(8)alc(8)), Fn(6)v(Fr(6)AFc(5)), Mx(5)A(Mr(8)vMc(8))): 
deZ} 
=No[RUC] 
Therefore, NO[RUC] = [NAR]JL[NAC]. 
vii. We have, Nc= {(6, 1-Tn(8), 1-INn(8), 1-Fx(5), 1-Mn(8)) : 6€Z}. 

Therefore, (N‘)< 
= {(6, 1-(1-Tn(8)), 1-(1-In(5)), 1-(1-Fn(8)), 1-(1-Mn(8))) : 6EZ} 
= {(6, TN(8), In(8), Fn(8), Mn(8)) : 8€Z} 
=N 
Hence, (N‘)¢ = N. 

Definition 3.5. Consider a universe of discourse Z and t be any collection of UNSs over Z. Then, t is 

called an Ultra Neutrosophic Topology (Ultra-N-T) on Z if it satisfies the following three axioms: 

i One tne ee 
li. Gi, C2 et >CiNG@ €7; 


ili. {Gi:i€ A}cot> UC et. 
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In that case, (Z, t) is called an Ultra Neutrosophic Topological Space (Ultra-N-T-S). If K is an 
element of 1, then K is said to be an Ultra Neutrosophic Open Set (Ultra-N-O-S) and the complement 
of K is said to be an Ultra Neutrosophic Closed Set (Ultra-N-C-S). 

Example 3.2. Assume that Z={c, d} and L={(c, 0.5, 0.3, 0.7, 0.7), (d, 0.4, 0.5, 0.3, 0.5)}, M={(c, 0.4, 0.5, 0.7, 
0.4), (d, 0.2, 0.6, 0.5, 0.2)}, N={(c, 0.8, 0.2, 0.5, 0.8), (d, 0.5, 0.4, 0.3, 0.5)} are three UNSs over Z. Then, the 
collection t={0y, Iy, L, M, N} is an Ultra-N-T on Z. 
Definition 3.6. Assume that (Z, t) is an Ultra-N-T-S and K be an UNS over Z. Then, Ultra 
Neutrosophic Interior (Ultra-Nin) and Ultra Neutrosophic Closure (Ultra-Na) of U are defined by 
Ultra-Nint (K) = U{L: L is an Ultra-N-O-S in Z and LEK}, 
Ultra-Na (K) = A{H : H is an Ultra-N-C-S in Z and KGH}. 

It is clear that, Ultra-Nin(K) is the largest Ultra-N-O-S over Z which is contained in K and 
Ultra-Na(K) is the smallest Ultra-N-C-S over Z which contains K. 
Theorem 3.2. Let (Z, t) be an Ultra-N-T-S. Assume that A and B are any two UNSs over Z. Then, the 
following properties hold: 

i.  Ultra-Nin(A) S A © Ultra-Na(A); 

ii A&B => Ultra-Nin(A) © Ultra-Nin(B); 

iii, A & B = Ultra-Na(A) © Ultra-Na(B); 

iv.  Ultra-Na(On) = On & Ultra-Na(1n) = Ly; 

v. _ Ultra-Nint(On) = On & Ultra-Nint(1N) = Ly; 

vi. Ultra-Na(A U B) = Ultra-Na(A) U Ultra-Na(B); 
Vii. Ultra-Nint(A) U Ultra-Nint(B) c Ultra-Nint( AUB); 
viii. Ultra-Nint((A 4 B) = Ultra-Nint(A) © Ultra-Nint(B); 

ix. | Ultra-Na(A 4B) c Ultra-Na(A) A Ultra-Na(B). 


i. By Definition 3.6, we have Ultra-Nin(A) = U{R: R is an Ultra-N-O-S in (Z, t) and RCA}. Since, 
each RcA, so U{R : R is an Ultra-N-O-S in (Z, t) and RCA} cA, ie., Ultra-Nint(A)cA. 
Again, Ultra-Na(A) = A{W : W is an Ultra-N-C-S in (Z, t) and ACW}. Since, each WDA, 
so O{W : W is an Ultra-N-C-S in (Z, t) and ACW} 3 A, ie., Ultra-Na(A)DA. Therefore, 
Ultra-Nin(A)CACUltra-Na(A). 
Hence, Ultra-Nin(A) & A © Ultra-Na(A), for any ultra neutrosophic set A over Z. 
ii. | Suppose that (Z, t) is an Ultra-N-T-S. Let A and B be any two UNSs over Z such that ACB. 
Now, we have 
Ultra-Nin(A) = U{W : W is an Ultra-N-O-S in (Z, t) and WcA} 
c U{W : W is an Ultra-N-O-S in (Z, t) and WcB} [Since AcB] 
= Ultra-Nin(B) 
=> Ultra-Nin(A) C Ultra-Nin(B). 
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iil. 


Vi. 


Therefore, ACB > Ultra-Nin(A)CUltra-Nint(B). 
Assume that (Z, t) is an Ultra-N-T-S. Let A and B be any two UNSs over Z such that ACB. 
Now, we have 
Ultra-Na(A) = A{W : W is an Ultra-N-C-S in (Z, t) and ACW} 
c O{W : W is an Ultra-N-C-S in (Z, t) and BCW} [Since ACB] 

= Ultra-Na(B) 
=> Ultra-Na(A) ¢ Ultra-Na(B). 
Therefore, ACB > Ultra-Na(A)cUltra-Na(B). 
It is known that, Ultra-Na(A) = 9 {W : W is an Ultra-N-C-S in (Z, t) and ACW}. 
We have, Ultra-Na(0n) 
=. {W: Wis an Ultra-N-C-S in (Z, t) and OncW} 
=0n 9 {W: Wis an Ultra-N-C-S in (Z, t) and OncCW} 
=0n 1M, where M = O{W: W is an Ultra-N-C-S in (Z, t) and ONCW} is a neutrosophic sub-set 
of (Z, 7). 
= 0n 
Therefore, Ultra-Na(On) = ON. 
Further, we have 
Ultra-Na(1n) 
=. {W: Wis an Ultra-N-C-S in (Z, t) and IncW} 
=1n [since there exists no Ultra-N-C-S W in (Z, t) such that INcCW] 
Therefore, Ultra-Na(1n) = 1n. 
It is known that, Ultra-Nin(A) = U {W : W is an Ultra-N-O-S in (Z, t) and WcA}. 
We have, 
Ultra-Nint(On) 
=U {W: Wis an Ultra-N-O-S in (Z, t) and WcOn} 
= ON [since there exists no Ultra-N-O-S W in (Z, t) such that WcOn] 
Therefore, Ultra-Nint(ONn) = ON. 
Further, we have Ultra-Nint(1N) 
=U {W: Wis an Ultra-N-O-S in (Z, t) and Welln} 
=U {W: Wis an Ultra-N-O-S in (Z, t) and Weln} U In 
=M vU In, where M= U{W: Wis an Ultra-N-O-S in (Z, t) and Wc1n} is a neutrosophic subset 
of (Z, 7). 
=1n 
Therefore, Ultra-Nini(1N) = In. 
Let A and B be any two ultra neutrosophic sub-sets of an Ultra-N-T-S (Z, 1). It is known that, 
AcAUB and BCAVB. 


Suman Das, Rakhal Das, Surapati Pramanik, Topology on Ultra Neutrosophic Set. 


Neutrosophic Sets and Systems, Vol. 47, 2021 101 


Vil. 


viii. 


1x. 


Now, Ac AUB 

=>  Ultra-Na(A) c Ultra-Na(AUB); 
and Bc AUB 

=  Ultra-Na(B) ¢ Ultra-Na(AUB). 
Therefore, Ultra-Na(A)UUltra-Na(B) C Ultra-Na(AUB) (1) 
We have, AcUltra-N-(A), BCUltra-Na(B). Therefore, AUB c Ultra-Na(A)UUltra-Na(B). 
Further, it is known that Ultra-Na(A)UUltra-Na(B) is an Ultra-N-C-S in (Z, 1). It is clear that, 
Ultra-Na(A)VUUltra-Na(B) is an Ultra-N-C-S in (Z, t), which contains AUB. But it is known 
that Ultra-Na(AUB) is the smallest Ultra-N-C-S in (Z, t), which contains AUB. Therefore, 
Ultra-Na(AUB) ¢ Ultra-Na(A)UUltra-Na(B) (2) 
From eqs. (1) and (2), we have Ultra-Ne«(AUB) = Ultra-Na(A)UUltra-Na(B). 
Suppose that A and B are two ultra neutrosophic sub-sets of an Ultra-N-T-S (Z, 1). It is 
known that ACAUB and BCAVUB. 
Thus, we obtain 
AcAUB 
=> Ultra-Nin(A) Cc Ultra-Nint(AUB); 
and BCAUB 
=> Ultra-Nin(B) c Ultra-Nin(AUB). 
Therefore, Ultra-Nint(A)UUltra-Nin(B) Cc Ultra-Nint( AUB). 
Assume that A and B are any two ultra neutrosophic sub-sets of an Ultra-N-T-S (Z, 1). It is 
known that ANBcA and ANBcB. 
Now, we have 
AMBCcA 
=> Ultra-Nin(AMB) C Ultra-Nin(A); 
and ANBcB 
=> Ultra-Nin(AMB) C Ultra-Nin(B). 
Therefore, Ultra-Nin(AMB) c Ultra-Nin(A) Ultra-Nint(B). 
For any two ultra neutrosophic sets A and B, we have Ultra-Nin(A) c A & Ultra-Nin(B) cB. 
This implies, Ultra-Nin(A) © Ultra-Nin(B) C ANB. It is known that, Ultra-Nin(A) Ultra-Nint 
(B) is an Ultra-N-O-S in (Z, t). Therefore, Ultra-Nint(A)7Ultra-Nin(B) is an Ultra-N-O-S in (Z, 
t), which is contained in ANB. We know that Ultra-Nint(AMB) is the largest Ultra-N-O-S in 
(Z, t), which is contained in AWB. Therefore, Ultra-Nint(A)AUltra-Nin(B)c ANB. 
Hence, Ultra-Nint(AQB) ¢ Ultra-Nint(A)Ultra-Nin(B) and Ultra-Nine(A)AUltra-Nin(B)c AMB. 
Therefore, Ultra-Nint(AMB) = Ultra-Nin(A)Ultra-Nin(B). 
Suppose that A and B be any two ultra neutrosophic sub-sets of an Ultra-N-T-S (Z, 1). It is 
known that ANBcA, ANBcB. 
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Now, AQBcA 

=> Ultra-Na(ACB) c Ultra-Na(A); 

and ANBcB 

=> Ultra-Na(AMB) c Ultra-Na(B). 

Therefore, Ultra-Na(AMB) ¢ Ultra-Na(A)nUltra-Na(B). 


Theorem 3.3. Let (Z, t) be an Ultra-N-T-S. 


1. 
li. 
Proof. 


i. 


If Kis an Ultra-N-C-S in (Z, t), then Ultra-Na(K)=K; 
If Kis an Ultra-N-O-S in (Z, 1), then Ultra-Nint(K)=K. 


Let (Z, t) be an Ultra-N-T-S , and S be an Ultra-N-C-S in (Z, 1). 

Now, Ultra-Na(S) = A{W: W is an Ultra-N-C-S in (Z, t) and SCW}. Since, S is an Ultra-N-C-S 
in (Z, t), so S is the smallest Ultra-N-C-S, which contains S. This implies, a{W: W is an Ultra- 
N-C-S in (Z, t) and ScW} = S. Therefore, Ultra-Na(S) = S. 

Ley (Z, t) be an Ultra-N-T-S , and S be an Ultra-N-C-S in (Z, 1). 

Now, Ultra-Nin(S) = U{W: W is an Ultra-N-O-S in (Z, t) and WcS}. Since, S is an Ultra-N-O-S 


in (Z, t), so S is the largest Ultra-N-O-S, which is contained in S. This implies, U{W: W is an 
Ultra-N-O-S in (Z, t) and WcS} = S. Therefore, Ultra-Nint(S) = S. 


Theorem 3.4. Assume that N is an Ultra neutrosophic sub-set of an Ultra-N-T-S (Z, t). Then, 


(Ultra-Nin(N))¢ = Ultra-Na(N9; 
(Ultra-Na(N))¢ = Ultra-Nin(N°). 


Let (Z, t) be an Ultra-N-T-S, and N={(6, Tn(6), IN(5), Fn(5), Mn(5)) : 5€Z} be an Ultra 
neutrosophic sub-set of (Z, t). 

Now, we have 

Ultra-Nint(N) 

= U{Wi: ieA and Wiis an Ultra-N-O-S in (Z, t) such that Wic N} 

= {(5, vTw, (5), Vw, (9), AFw, (5), VMw, (6)) : 6¢Z}, where for all icA and Wiis an Ultra-N-O-S in 
(Z, t) such that Wic N. 

=> (Ultra-Nin(N))°= {(6, ATw, (5), viw, (8), VFw, (6), AMw,(8)) : €Z}. 

Since, ATw,(5) < Ty(5), Viw,(9) < In(8), VFw,(8) 2 Fn(6), AMw, (6) 2 Mn(6), for each icA and 
deZ, so Ultra-Na(N‘) = {(8, ATw, (5), VIw, (5), VFw, (5), AMw, (5)) : 6eZ}} = A{Wi: ieA and Wiis 
an Ultra-N-C-S in (Z, t) such that N°cWi}. 

Therefore, (Ultra-Nint(N))°= Ultra-Na(N‘). 

Assume that (Z, t) be an Ultra-N-T-S, and N={(6, Tn(6), In(6), Fn(5), Mn(5)) : 6€Z} be an Ultra 
neutrosophic sub-set of (Z, t). 


Now, we have 
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Ultra-Na(N) 
= {Wi:ieA and Wiis an Ultra-N-C-S in (Z, t) such that Wid N} 
= {(8, ATw, (9), VIw, (5), VFw, (5), Mw, (6)) : 5€Z}, where for all ic A and Wi is an Ultra-N-C-S in 
(Z, t) such that Wid N. 
=> (Ultra-Na(N))°= {(6, vTw, (9), Alw; (5), AFw;, (8), VMw,(5)) : 6€Q}. 
Since, VTw,(5) 2 Ty(5), Alw,(6) 2 In(6), AFw,(6) < Fu(6), VMw,(5) < Mn(6), for each icA and 
deZ, so Ultra-Nin(N*) = {(8, vTw, (5), Alw, (6), AFw, (8), VMw, (6)) : 6€Z} = U{Wi: icA and Wiis 
an Ultra-N-O-S in (Z, t) such that Wic N+}. Therefore, (Ultra-Na(N))¢= Ultra-Nin(N°). 
Definition 3.7. Assume that (Z,t) be an Ultra-N-T-S and K be an UNS over Z. Then K is said to be an 
Ultra Neutrosophic Semi Open (Ultra-N-S-O) Set if and only if 
KcUltra-Na(Ultra-Nini(K)). 
Definition 3.8. Assume that (Z,t) be an Ultra-N-T-S and K be an UNS over Z. Then K is said to be an 
Ultra Neutrosophic Pre Open (Ultra-N-P-O) Set if and only if KS Ultra-Nin(Ultra-Na(K)). 
Definition 3.9. Assume that (Z,t) be an Ultra-N-T-S and K be an UNS over Z. Then K is said to be an 
Ultra Neutrosophic b-Open (Ultra-N-b-O) Set if and only if 
K c Ultra-Na(Ultra-Nin(K)) U Ultra-Nine(Ultra-Na(K)). 
An UNS H is said to be an Ultra Neutrosophic b-Closed (Ultra-N-b-C) Set iff Hs is an Ultra 
Neutrosophic b-Open Set. 
Theorem 3.5. Assume that (Z, t) be an Ultra-N-T-S. Then 
i. Every Ultra-N-O-S is an Ultra-N-S-O set; 
ii. Every Ultra-N-O-S is an Ultra-N-P-O set; 
iii. Every Ultra-N-S-O set is an Ultra-N-b-O set; 
iv. Every Ultra-N-P-O set is an Ultra-N-b-O set. 


i. | Assume that (Z, t) is an Ultra-N-T-S, and K is an Ultra-N-O-S in (Z,1). So Ultra-Nint(K)=K. It 
is known that KcUltra-Na(K). This implies, KcUltra-Na(Ultra-Nin(K)). Therefore, K is an 
Ultra-N-S-O set in (Z, 7). 

ii. | Suppose that (Z, t) is an Ultra-N-T-S. Assume that K is an Ultra-N-O-S in (Z,1). Therefore, 
Ultra-Nint(K)=K. It is known that, Kc Ultra-Na(K). 
Now, K c Ultra-Na(K) 
= Ultra-Nin(K) c Ultra-Nint(Ultra-Na(K)) 
=> K = Ultra-Nin(K) Cc Ultra-Nin(Ultra-Na(K)) 
=> K c Ultra-Nin(Ultra-Na(K)) 
Therefore, K is an Ultra-N-P-O set in (Z, 7). 
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iil. 


Suppose that (Z, t) is an Ultra-N-T-S, and K is an Ultra-N-S-O set in (Z, t). Therefore, Kc 
Ultra-Na(Ultra-Nin(K)). This implies, K c Ultra-Na(Ultra-Nin(K)) U Ultra-Nint(Ultra-Na(K)). 
Therefore, K is an Ultra-N-b-O set in (Z, t). 

Assume that (Z, t) is an Ultra-N-T-S. Suppose that K is an Ultra-N-P-O set in (Z, t). So Kc 
Ultra-Nint(Ultra-Na(K)). This implies, K c Ultra-Na(Ultra-Nin(K)) U Ultra-Nint(Ultra-Na(K)). 
Therefore, K is an Ultra-N-b-O set in (Z, t). 


4. Conclusions: 


In this paper, we introduce the ultra neutrosophic sets and investigate some of their basic 


properties. Also, we introduce the ultra neutrosophic topology, Ultra Neutrosophic interior, Ultra 


Neutrosophic closure. By defining Ultra Neutrosophic Set, Ultra Neutrosophic Topology, Ultra 


Neutrosophic interior and Ultra Neutrosophic closure, we formulate and prove some theorems on 


Ultra-N-T-Ss and few illustrative examples are provided. We hope that based on these notions in 


Ultra-N-T-Ss, many new investigations can be carried out in future. 
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Abstract: We establish the hybrid concept of complex bipolar- valued neutrosophic soft set (CBVNSS) 
as a hybrid model of bipolar neutrosophic soft set (BNSS)and complex fuzzy set (CFS). A CBVNSS is 
highly suitable for use in real life situations where the decision makers are interested to deal with bi- 
polarity as well as truth membership, indeterminacy membership and falsity membership grades to the 
alternatives in an extended range with complex numbers. Certain operations on CBVNSS like 
complement, subset, union and intersection operations are defined. Some related examples are also given 
to enhance the understanding of the proposed concept. The basic properties are also verified. We then 
provide a decision-making method on the CBVNSS. Finally, a numerical example has been presented to 
verify validity and feasibility of the developed method. 


Keywords: neutrosophic set; complex neutrosophic set; neutrosophic soft set; complex neutrosophic soft 
set; bipolar neutrosophic soft set; decision making 


1. Introduction 


Smarandache [1, 2] introduced the notation of neutrosophic set (NS) to examine and process the truth, 
indeterminate and false information simultaneously to help with making decisions. NS is one of the 
most effective techniques for presenting uncertainty and vagueness in decision making, which is the 
more generality of fuzzy set (FS) [3] and intuitionistic fuzzy set (IFS) [4]. Yet, in order to adapt these 
uncertainty sets with more real complex cases, complex fuzzy sets (CFSs) [5], complex intuitionistic 
fuzzy sets (CIFSs) [6] and complex neutrosophic sets(CNSs) [7] have been proposed accordingly. In 
CFS, the degree of membership is expressed by a complex-valued function where the amplitude term 
and the phase term are both real-valued functions. The CFSs are utilized to represent data with 
uncertainty and periodicity in the form of amplitude term which handles uncertainty and the phase 


term to represent periodicity. As a generalization of CFS, CIFS is traded by a complex-valued truth 
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membership function which handles the uncertainty with periodicity and a complex-valued false 
membership function which handles the falsity with periodicity. In other words, CIFS is used to 
handle the intuitionistic fuzzy information that happen periodically. Some problems have imprecise, 
indeterminate, inconsistent, and incomplete information which appear in a periodic manner in our 
real life. These types of information cannot be handled by CFS and CIFS. To overcome this problem 
CNS has been introduced as a generalization of CFS and CIFS. A CNS is defined by a complex-valued 
truth membership function which represents uncertainty with periodicity, complex-valued 
indeterminacy membership function which represents indeterminacy with periodicity, and a 


complex-valued falsity membership function which represents falsity with periodicity. 


A soft set (SS) is a set-valued map defined by Molodtsov [8], to approximately describe objects using 
several parameters. Both CNS [7] and neutrosophic soft set (NSS) [9] are improved and generalized 
models of the neutrosophic set but in different spaces. Complex neutrosophic set handles the 
neutrosophic data which has the periodic manner, while neutrosophic soft set provides a 
parameterization tool to hanle the neutrosophic data. Subsequently, these uncertainty sets have been 


actively applied in various decision making problems to address the uncertainty [10-20]. 


A wide variety of human decision making is based on double-sided or bipolar judgmental thinking 
on a positive side and a negative side. A great deal of research have been conducted to integrate the 
idea of bipolarity in decision making techniques by virtue of the uncertainty sets like fuzzy, 
intuitionistic fuzzy, complex fuzzy and complex neutrosophic sets [21- 31]. Bipolar complex 
neutrosophic set (BCNS) [22] and BNSS [28] are the most advanced methods which have the 
advantages of both bipolarity and neutrosophy which make them superior to all of the aforementioned 
uncertainty sets. However, the BCNS lacks the adequate parameterization tool to facilitate the 
representation of parameters. On the other hand, bipolar neutrosophic soft set lacks the phase terms 
of the complex numbers which have the ability to represent two-dimensional neutrosophic 
information side by side with the amplitude terms. Motivated by these results and as per our 
knowledge there is no work available on CBVNSS and its application. Accordingly, we introduce 
CBVNSS and its operations. CBVNSS is equipped with adequate parameterization. It also has the 
ability to handle the imprecise, indeterminate, inconsistent and incomplete information that is 
captured by the amplitude terms and phase terms of the complex numbers, simultaneously. The 
results of this paper also have been applied to solve a decision-making problem. 


2. Preliminaries 


We provide a brief overview of some concepts on NSs and CNSs. We begin by defining the concepts 
of NS [2], NSS [9] and BNSS [28]. 


Definition 1. [2] Let M bea universe. A NS S in M is defined as S = {< m; T;(m), Is(m) , Fs(m) >:m € M}, 
where Ts(m),1;(m) and F;(m) are the truth, the indeterminacy and the falsity membership functions, such 
thatT,I,F:U >]-0,1*[, andO” < T+ 14+ F < 3+. 


Definition 2. [9] If M is the universe and A is a set of parameters set. A pair (S,A) is called a NSS over M, 
where S is a mapping given by S:A- p(S), where p(S) denotes the power neutrosophic set of 
M. 
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Definition 3. [28] Let M be a universe and E be a set of parameters. A BNSS B in M is defined as B = 

{< e,{T*(m),I*(m), F*(m), T~(m), 17 (m), F7(m) } >:e € E, m € M}, where T+, J+, Ft: M > [0,1] and 
T~,I-,F-:M = [-1,0]. The membership degrees T*, 1*, F* denote the truth membership, indeterminate 
membership and false membership of an element corresponding to a bipolar neutrosophic soft set B and 
the membership degrees T~,1~, F~ denote the truth membership,indeterminate membership and false 
membership of an element m € M to some implicit counter-property corresponding to a bipolar 
neutrosophic soft set B. 


Now, we define the concepts of CNS and BCNS as 
follows. 


Definition 4. [7] Let R be the universe. A complex neutrosophic set S in R is defined as S = 
{<1r; T(r), 1,7), (vr) >:r € R}, where T,(r), I,(r) and F,(r) are complex-valued truth, indeterminate and 
false membership functions and are of the form T,(r) = P,(r),e/#s™, I,(r) = qs(r),es™ and F,(r) = 
v,(r), es), By definition, P,(r),qs(r),v;(r) and us(r), u(r), ws(r) are, respectively, real valued and 


P(r), qs(r), u(r) € [0, 1], such that 07 < B(r)+ qs(r) + ¥,(r) < 3°. 


Definition 5. [22] A BCNS S in U is defined as: 


Sai pret”, gtel™ rtele” ne gel” re >:ue U}, where p*,q*,r*:U > [0,1] and 
p.q,r-:U > [-1,0]. 


A bipolar complex neutrosophic number can be represented as follows. 


+ 


Se ; Gea, oe cot on nS os rae 
S=< ptel# igre wrtele /p elt q eY roel >, 


3. Complex bipolar- valued neutrosophic soft set 


Definition 6. Let X be a universe and A be a set of parameters. A complex bipolar- valued 
neutrosophic soft set (CBVNSS) (B, A) is defined as: 


(B,A) = {< a, {T3¢a) (©), Lica) (©), Ficay (X), Tea) (), Tea) (0), Foca (4) } >:a € A, x © X}, where Vae 
. + : rs 
AWW x EX, Ty¢qy(X) = Pa (xe ™PO™, yay) = Gq ae 2OM, Fxq) (x) = 
a + ms _ ees _ 7 ah - 
ted (joao, T 5a) (x) = Pow (x)e?MHaa, Tay (x) = dex (x)e2™ Ba, ana Fas Cm 
Taq) (xe? B®, such that : 


p*,q*,r*,ut,v*,w*:X > [0,1] and p,q ,r,u,v_,w :X > [-1,0]. The positive membership 
degrees T*,1*,F* denote, respectively the complex valued truth, indeterminacy, and falsity 
membership degrees of an element x € X to the property corresponding to a CBVNSS (B, A), and the 
negative membership degrees T~,/~,F~ are to denote the complex valued truth, indeterminacy, and 
falsity membership degrees of an element x € X to some implicit counter-property corresponding to 
a CBVNSS (B, A). 


To illustrate the above definition, we provide the following example. 


Example 1. Suppose X = {x,,x2} is the universe and A = {a,,a2} is the parameters set. Then the 
CBVNSS (8, A) is defined as below: 
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(B,A)= 


x4 
{< a1, {=5 e27i0,5), 91227104) 0,3 e2(0,8) 9.2 e2i(-05) — 0g e27i(-0,7) | 91 e2ni(-0,2) =|, 


x2 
{=5 e27i0,7), 0,2 e2710,5) 9,4 e201) 9.3 e2i(-0,6) 9.4 e205) 9,4 e27i(-0,5) =} > 


1 
= an, {= e206), 0,4 e2710,3) 9,4 e275) 9.2 e2%(-0,7) 9.3 e204) 0,2 e2mi(-0,6) =} , 
x2 >} 
<0,8 e270,4) o2 e27i0,4) | 9,7 e271(0,9) 99 e2ni(-0,4) 9.8 e27i(-0,2) | _9 7 e2ni(-0,5) > 3 


In the following we define the empty CBVNSS and the the absolute CBVNSS. 


Definition 7. Let (B, A) be a CBVNSS over M. Then (B, A) is said to be empty CBVNSS denoted by 
A,Wm € M and defined as: 


(Bg, A) = {< a, {0,1,1,0,-1,-1} >:a € A,m € M}. 


Definition 8. Let (B, A) be aCBVNSS over M. Then (B, A) is said to be absolute CBVNSS denoted by 
A,Wm € M and defined as: 


(By, A) = {< a, {1, 0,0, —-1,0,0} >:a € A,m € M}. 
Now, we define the concept of the complement of the CBVNSS. 
Definition 9. Let M be a universe of discourse and (B,A) bea CBVNSS on M, which is defined below: 
(B,A) = {< a, {T3¢a)(™), [pa (™M), F(a) (M), Tea) (M), L(y) (M), Fac (m) } >:a EA, =m EM}. 
The complement of (B,A) is denoted by (B,A)° = (B‘,A) and is defined as: 


(B, A)® = {< a, {Tge(q)(m), Ige(qy (M), Fye(q (M), Tzecqy (Mm), Ige(qy (M), Fgecqy(m) } >:a € A, m E M}, 
where 


2miuper,)(m) 2niws 2mivecc4y(m) 
Tye(qy(™) = Pyecqy (mje MBO” = rH (me™BO™, Tecgy(m) = gpg (me "BO = 


‘ + aot a+ 
( {= Guta) (m)) e2Mi(1—vB (qm) Fye(qy(m) = riecay (mye eBay ™ = Pies (m)e27H aay) 


2mippccg)(™) 2miwpE(q(™) 7 


Be(a)(M) = Agecq) (Me 


2miV Rc (a) (m) = 


Tpe(qy(m) = Pgecqy(m)e = Tga)(M)e 


(-1 = Gas (m)) e27(-1-VE@(™) Peas (m) = aor (m)e2@Be(ay™ = Peis (m)e27HB@™) 


Example 2. Consider Example 1. By Definition 9, we get the complement of the CBVNSS (B, A) as: 
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(BA 


X41 
{< av{=; e2Ti(0,8) | 0,9 e27i(0,6) , 0,2 e27i(0,5) ,-0,1 e27t(-0,2) — 0,2 e2mi(—0,3) , -0,2 e2mi(—0,5) -}, 


x2 
{= e27i(0,1) 9g 2705) | 9.9 e27i(0,7) 94 e2ni(-0,5) _ 9.9 e2ni(-0,5) | 93 e2ni(—0,6) }, 


x1 
a2, {= e27i(0,5) 9.6 e272) | O5 e2mi(0,6) 92 e2ni(-0,6) 9,7 e2ni(-0,6) | _9 2 e2ni(-0,7) =} » 
x2 
<0,7 e271(0,9), og e2milO6) | og e27i04) 9,7 e2ni(-0,5) _ 92 e27i(-0,8) | 9 9 e2mi(-0,4) > >}. 


Proposition 1. If (B, A) isa CBVNSS over the universe X,then ((B, A)°)° = (B, A). 


Proof. The proof is straightforward from Definition 9. 


Now, we put forward the definition of the subset of two CBVNSSs. 


Definition 10. For two CBVNSSs (B, A) and (B’, A’) over a universe U, CBVNSS (B, A) is contained in 
CBVNSS (B’, A’), denoted as (B, A)E(B’, A’) if: 


(1) ACA’, and (2) WaeA, Vm EM, Pxa(m) S Peg), a (™) = Gr(qy(™), Tea (M) = 
teres (m), usca)(m) < HB"(a) (m), Vica)(m) = VB'(a) (m), w5qy(m) = W5'(a) (m) and = Pgqy(m) = 
P5'(a) (M), e(a)(M) S TB" (a) (m), Tga)(m) TB! (a) (mM), Hgcay(m) = 

Mya) (M), Vaca) (M) Vergy) (M), Wg(qy(M) S Wgrq)(™M). 


Definition 11. For two CBVNSSs (B, A) and (B’, A’) over a universe M, (B,A) is equal to (B’, A’) and 
itis denoted as (B, A)=(B’, A’) if and only if (B, A)E&(B’, A’) and (B’, A’) & (B,A). 


We establish the definitions of the union and intersection of two CBVNSSs below. 
Definition 12. Lex X be a universe. The union of two CBVNSSs (8B, A) and (B’, A’) denoted as 


(B, A) U (B’, A’) isa CBVNSS (C,D), where D = A U A’ and Ve ED, Vm EM, 


at 
Pie (mye2™BO™ ife € A-A' 


2niut,..(m) . 1 
Tee) = {4 Pare (mye FO ife € A'-A 


yt + 
(Pie) V Poi y(n) ).e° MBO HBO™ fee AN Al 


WB (6) (m)e2™"B10™ ifee A-A’ 
at 
[ee = dire ”8'o™ ife € A’-A 
ares + 
( G56) (m) A qB'(e) (m) ). eRe ON ae) ifeeE ANA’ 
rt ( 2miwpe(m) 7 _y 
Bley (me ifee A-A 
- at 
Fe(e) = Teeter *a'o™ ife € A'-A 
stat + 
(13M) A Ter¢e)(m) ). er OREO Msg) ifee ANA 
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Praia (mye2™Hara™ 
a os 2mippr.)(m) 
Te.) = Pare) (mje B'(e) 


= - ami(uzre(m)A wr1,.(m)) 
( Pace) (m) A Pale) (m) ). e B(e) B'(e) 


Ve) (m) e 2TiV B(¢) (m) 
2nmive,,.(m) 


1G) = IB (e) (m)e B'(e) 


2mi(VE(¢) (m) v VBI (e) (m)) 


( qB(e) (m) Vv TB" (e) (m) ). e 


raj cnje"™ ae 
xs = 2niw,,,.(m) 
Fo(e) = 7B’) (m)e B'(e) 

= - 2ni(Wpr-\(m) Vw, (m)) 
( Tp(e)(m) V TBI) (m) ys e B(e) B'(6) 


ifeEe A-A' 
ife € A'-A 
ifee ANA’ 
ifee A-A’ 
ife € A'-A 
ifeEe AN A’ 
ifee A-A’ 
ife € A'-A 
ifee ANA’ 


Definition 13. Lex M be a universe. The intersection of two CBVNSSs (B, A) and (B’, A’) denoted as 
(B,A) 11 (B’, A’) isa CBVNSS (C,D), where D = A U A’ and Ve ED, Vm EM, 


yt 
Pare) (mje2™#B@™ 


ot 
Tee) = \ Pare) (m)e?™ Bo 


ns ‘ 
( PSE) (m) A Parte) (m) i} TO o Hare™) 


Ve) (m)e2™"5 (m) 
iyt 

Ido = 4 dete B'o™ 

2mi (VBre)(m) vvt,(m)) 


( Be) (m) Vv q5'(e) (m) uF e B'(e) 


ack 

Te Gnje7™@aeom™ 
+ + 2miwy s(n) 
Foe) = Tle (me 


sie ‘ 
(7B) (™) V Tye) (™) ). ea OY M5) 


Pae(m)e™BO™ 


Ey z 2rippr.)(m) 
Tee) = Pare (me B(e) 


3 iS 27i(Up-)(M) V Ue, ,(m)) 
( PR) (m) Vv Pale) (m) ). e Ble) B'(6) 


dace (mje?™”Bo™ 
ig = AGpigene FO” 


2mi(VB(e) (m) A Vale ™) 


( FaceyM) A Qpre)(M) ).e 
- 2miw Be) (mM) 
Tp (e) (m)e 


- - 2miw,, .(m) 
Foe) = {Me(me — BO 


= = 2mi(Wp-)\(M) Aw, (m)) 
( TB(e) (m) A TB! (6) (m) ). e Ble) B'(e) 


ifeEe A-A' 
ife € A'-A 
ifee ANA’ 
ifeEe A-A' 
ife € A'-A 
ifee AN A’ 
ifee A-A’ 
ife € A'-A 
ifee AN A’ 
ifee A-A’ 
ife € A'-A 
ifeEe ANA’ 
ifeEe A-A' 
ife € A'-A 
ifee AN A’ 
ifeEe A-A' 
ife € A'-A 
ifee AN A’ 
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Theorem 1. If (B,A) and (B’, A’) are two CBVNSSs over the universe X, then the union (B,A) U 
(B', A’) is the smallest CBVNSS which contains both these two sets. 


Proof. The proof can be easily stated according to Definitions 10 and 12. 


Theorem 2. If (B,A) and (B’, A’) are two CBVNSSs over the universe X, then the intersection 
(B,A) 1] (B’, A’) is the largest CBVNSS which is contained in both of these two sets. 


Proof. The proof can be easily stated according to Definitions 10 and 13. 


Proposition 2. The following properties hold for the CBVNSSs (B, A) , (B’, A’) and (B", A”). 


1. (Bg, A)*= (By, A), 

2. (By, A)°= (By, A), 

3. (B, A) U (Bg, A) = (B,A), 

4. (B,A) U (By, A) = (By,A), 

5. (B,A) 11 (Bg, A) = (By, A), 

6. (B,A) (By, A) = (B,A), 

7. (B,A) U (B’, A’) = (B', A’) UB, A), 

8. (B,A) n (B’, A’) = (B’, A) CB, A), 

9. (B,A)U((B', A’) U (B", A") = ((B,A) U (B’, A’) U (B", AY), 
10. (B,A)n((B’, A) Fn (B", AD) = (BA) 1 (B’, 4’) FOB", AY), 
. (BA) U((B’, A (B", AD) = ((B, A) U (BY, A’) 1 ((B, A) U (B", A"), 


12. (B,A) n((B’, A) U (B", A”) = ((B,A) 01 (B’, 4) U((B, A) 1 (B", A”), 


13. ((B,A) U((B’, 4’))* = (B,A)* 7 (B’, A’, 
14. ((B,A) ((B’, 4’))¢ = (B,A)* u (B’, A’). 


Proof. The proof is straightforward by Definitions 9, 12 and 13. 


4. Application of the CBVNSS in the decision making. 


In this section, we establish an approach to decision making problem based on the CBVNSS model 


proposed in this paper. 
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In fact, all the existing approaches to decision making based on NSS and its extensions theory have 
solved kinds of decision problem effectively. In 2013, Maji [9] first give the decision method based on 
NSS theory by using the comparison matrix of the NSS to compute the scores of a set of alternatives. 
In the same year Broumi and Smarandache [32] also applied the intuitionistic neutrosophic soft set to 
solve the blouse purchase problem by computing the comparison matrix of the intuitionistic 
neutrosophic soft set. As an adaptation of the algorithm proposed in [32], Broumiet al. [33] developed 
an algorithm used the score function and the comparison matrix of CNSS to determine the country 
with the strongest economic indicators among a set of selected countries. On the other hand, Ali et al. 
[28] proposed an aggregation bipolar neutrosophic soft operator of a bipolar neutrosophic soft set and 
developed a decision making algorithm based on bipolar neutrosophic soft sets. 


In the following, we establish a new approach to decision making based on the CBVNSS theory. In 
this approach, a modified algorithm and an accompanying score function is presented as an 
adaptation of the method proposed in [33], which was then made compatible with the structure of the 
CBVNSS model. To achieve this, we present the definitions of the comparison matrix of the CBVNSS 
and the score function as follows. 


Definition 14. Assume that = (B, A) = {< a, {T3¢q)(m), [pay (M), Fecay(™), Toca) (m), 
T3ca) M), Fea) (m) } >aEA, me mM} is a CBVNSS, where Va € A, Vm EM, 


2niveca) (m) 2nive (a) (m) 2niws a) (m) 


Tg ca) (m) = Pacay(me , Ica) (m) = daca (me , F5ca)(m) = Ta(a) (me 


2mi UB (a) (m) 2miVB(q) (m) 271 WB (q) (m) 


Tp(a)(M) = Para (me T5cay(™) = Garay (Me B(a)(M) = Tg(q) (mM) e 
Then the comparison matrix of (B, A) is a matrix whose rows comprise the alternatives variables m,, 
M2 , X3,...M, and the columns represent the parameters variables a,, a2, 3 ...,d, . The entries yj; of 


this matrix are calculated as yj; = (Odmp + Sdmp — Timp) + (Ognase + Spnase — Tenase) — 


(Oenis + Camp — tae) - (OF nse He Oonnee = Tonaee)4 where the components of this formula are as 
defined below for all m;,m, € M, such that i # k. 


Oamp = The number of times P5(a,) (m;) exceeds or is equal to P a(a i) (m,), 
Oamp= The number of times Ip (a,) (Mi) exceeds or is equal to qa(a i) (mx), 


Tamp = The number of times "3 (a)) (m;) exceeds or is equal to "3 (a)) (m,), 


Ognase = The number of times H5(a,) (mi) exceeds or is equal to H5(a;) (mx), 


Opnase= Lhe number of times V5 (a) (m;) exceeds or is equal to V5 (a) (mx), 


+ 


Tphase = Lhe number of times w B(a,) Mi) exceeds or is equal to 5 (a;) (mx), 


Samp = The number of times Ps (aj) (m;) exceeds or is equal to Ps (a) (mx), 
Samp= The number of times 15(a;) (m;) exceeds or is equal to 15(a;) (mx), 
Tamp = The number of times "5(a;) (m;) exceeds or is equal to T5(a;) Mx), 


and 


O5hase = The number of times H5(a;)™i) exceeds or is equal to H5(a;) (mx), 


Ophase= Lhe number of times VE(a;) (m;) exceeds or is equal to Va (a,) (Mx), 


= The number of times w B(a,) Mi) exceeds or is equal to ®5(a;) Mx): 


Tyhase 
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Definition 15. Score of the complex bipolar-valued neutrosophic element x; in the universe X is 
calculated using the score function R; as R; = Yj Hi; - 


Example 3. Consider that an automobile manufacturer produces three models of cars, where X = 
{ X1, X2,X3 } represents the set of alternative models. Suppose that the manufacturer wants to examine 
these three models of cars two times, once before and again after trying a sample of each model of 
these cars. Then decide to make a decision about the most desirable model of these cars. Suppose that 
there are three attributes have been approved in this decision making process, where a, stands for 
comfortability, a stands for reliability and a3 stands for durability. 


In this context, the CBVNSS has been applied such that the amplitude terms represent the decision 
information in first stage (before testing the cars), whereas the phase terms represent the decision 
information in second stage (after testing the cars. On the other hand, the positive decision 
information denote the complex valued membership degrees of an element x € X to the attribute 
corresponding to a CBVNSS, and the negative decision information denote the complex valued 
membership degrees of an element x € X to some implicit counter-attribute corresponding to a 
CBVNSS. All of these different types of valuable information can be expressed using the 


CBVNSS (B, A) as follows. 


(B, A) = 


x4 
{< a, <0,5 e2710,7), 9.1 e2710.2) | 0,4 e202) 9.4 e27i(-05) — 0g e27i(-0,7) | 9.2 e2ni(-0,2) |, 


x3 
<0,1 2703), 09,5 e27104) 0,8 e271(0.8) 9.9 e27t(-0,8) — 93 e27t(-0,4) | 91 e27i(—0,2) =} > 


x2 
{= e27i0,7), 04e2R105) 0,1 e201) 91 27-03) 9.4 e27i(-05) | _0.g e27i(-0,7) |, 


x41 
< a2, {=5 e204), 9.3 e274) 0,7 e271(0,8) 9,7 e205) — 9.5 e2(-0,7), 0,6 e2tt(-0,7) |, 


x2 
{= e208), 9,1 e2710,3) 9,2 e204) 9.4 e27i(-0,4) 9.2 e203) 9,4 e27i(-0,2) |, 


x3 
{=5 e27i0,3), 9.4 e27t03) 9,5 e27(0,6) 9.4 e27(-05) — 95 27-06) 9.6 e2mi(-0,7) =} >) 


x1 
< 43, i= e280,3), 9.1 e27102) 9.9 e2710,7) 95 e2m(-05) — 92 27-05) 9,7 e27i(—0,6) |, 


x2 
{=5 e27i(0,6) 9,3 e27t(0,5) | 9.4 e27i(0,3) 9,3 e2mi(-0,4) _ 91 e2mi(-0,3) | _9 5 e2ni(-0,6) -}, 


x3 
{= e2mi(0,5) | 0,8 e27i(0,5) , 0,7 e27i(0,6) ,-0,7 e2ni(-0,5) ee 0,8 e27i(-0,7) , -0,4 e2mi(—0,2) } >}. 


Now, our problem is to determine the most desirable model of cars to the manufacturer. 
To solve this decision making problem, we use the above CBVNSS along with a modified algorithm 


adopted from [33] as follows. 


Ashraf Al-Quran, Shawkat Alkhazaleh and Lazim Abdullah, complex bipolar- valued neutrosophic soft set and its 
decision making method 


Neutrosophic Sets and Systems, Vol, 47, 2021 114 


Step 1: Input the CBVNSS(B, A) . 
Step 2: Compute the CBVNSS comparison matrix using the formula given in Definition 14. 
Step 3: Compute the score R; for each alternative x; in the universe X using Definition 15. 


Step 4: Choose the alternative with the maximum score as the optimal alternative, If there are more 
than one alternative have the maximum score, anyone can be chosen as the optimal alternative. 


Now, we apply the above algorithm to solve our decision making problem. 


The comparison matrix of the CBVNSS (B, A) is constructed as in Table 1. 


Table 1. Comparison matrix of the CBVNSS (B, A) 


Attributes Alternatives 
x4 x2 X3 
ay 2 af ‘ 
ay 1 1 P 
a3 6 1 Z 


Next, we compute the score values R; for each alternative x; as shown in Table 2. 


Table 2. Score values of the alternatives x; 
xj x4 x2 X3 


R; 


Clearly the maximum score is 5. Thus, the decision is to choose the alternative x3 as the optimal 
Solution. Therefore, we conclude that model x3 is the most desirable model of cars, followed by 
model x, and model xj. 


Conclusion 

We established the notion of CBVNSS as an extension of BNSS by extending its range from the real 
space to the complex space. The formal definition of the CBVNSS is stated based on the definitions of 
the bipolar complex neutrosophic set and soft set. Some essential operations such as complement, 
subset, union and intersection with their properties are defined and verified. A modified algorithm 
has been presented and its decision steps constructed. It was shown to be workable and successful in 
producing a desired result as illustrated by the application in decision making. CBVNSS seems to be 
a promising new concept, open the way toward various future research. We intend to study this model 
further to conduct some real applications which involve bipolarity, uncertainty and periodicity 
simultaneously in the field of physics, signal processing, stock marketing, and so on. 
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Abstract: The main intention of this paper is to develop the idea of Neutrosophic Semi-generalized 
pre-closed set in neutrosophic topological space. We also study relations and some properties 
between the existing Neutrosophic closed set. The examples are provided wherever necessary. 
Besides, we discuss some applications of Neutrosophic Semi-generalized pre closed set. 


Keywords: Nsgp-closed set,Xsgp-open set, X-sgp-T1/2 , X-pc-T12 ,X-open set, X-closed set. 


1. Introduction 


Fuzzy set theory is introduced and studied as a mathematical tool for dealing with uncertainties 
where each element had a degree of membership, truth(t), by Zadeh[ 14]. The falsehood (f), the 
degree of non-membership, was introduced by Atanassov [2] in an intuitionistic fuzzy set. Coker [3] 
developed intuitionistic fuzzy topology. Neutrality (i), the degree of indeterminacy, as an 
independent concept, was introduced by Smarandache[8,9,10]. He also defined the neutrosophic set 
on three components (t, f, i) = (truth, falsehood, indeterminacy). Salama et.al. [6,7] converted 
Neutrosophic crisp set in to neutrosophic topological spaces. This opened a wide range of 
investigation in terms of neutrosophic topology and its application in decision making problems. 
A.A. Salama et al in [7] introduced neutrosophic closed sets and continuous functions. R. 
Dhavaseelan et al [4] introduced generalized neutrosophic closed sets. Neutrosophic semi-open, 
pre-open, a-open and semipro-open are presented in [11]. In [13]authors discussed properties of 
Generalized pre-closed sets in neutrosophic topological space(NTS in short). 


This paper is devoted to the study new generalized closed set in Neutrosophic topology called 
Neutrosophic semi-generalized pre closed set. The basic properties are discussed and compared the 
new set with existing neutrosophic closed sets. As its applications, we have defined as 
Neutrosophic-sgp-T12 and as Neutrosophic-pc-T12. 


2. Preliminaries 


Definition: 2.1[8,9]: Let Sy be a non-empty fixed set. A neutrosophic set (in short NS) A is an object 
such that A = {(x,Ua(x), 0,(X), Ya(X)): x © Sy} wherein Uy(X),O,(X) and ya(x) which 
represents the degree of membership function (viz Ma(x)), the degree of indeterminacy (viz 
0,(X)) as well as the degree of non-membership (viz Y,(X)) respectively of each element x € S; 
to the set A. 
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Remark: 2.2[8,9]: (i) An N-set A = {(x,U,(x), 6,(x), I, (x)): x € Sy} can be identified to an ordered 
triple (ua, oq, I) in J0-,1*[ on S,. 


(ii) In this paper, we use the symbol A = (ut,,0,,1,) for the N-set A = {(x,Ua(x), oq(x), A (x)): x € 
Sy}. 


Definition: 2.3/8,9]: Let S$, #@ andthe N-sets A and I be defined as 
A= {(X, Ua (*), ,(%), Ta): & € Sy, T= (x, ur (2), Or (X), Tr): x € S;}. Then 


LAST iff u(x) S ur(%), o4(x) S of (x) and Iy(x) = Ip(x) for all x € S,; 
I. A= iffAcr anda; 
I. = A = {(x, Ey(x), n(x), Ma (x): X € 54}; [Complement of A] 
WV. ANT = {(x,Mae) A Mr), Ga (%) A op), Ty () VI) x € Sy}; 
Ve AUT = {(x, Ha) V Ur (X), On (%) V or (x), TAC) Ar (X)): x € Sy}; 
VI [IA = {(x, a(x), on(0),1 — Ma(x)): x € Sy}; 


VIL (yA = {(x,1 — Ih (x), on (%), I) (X)): x © Sy}. 
Definition: 2.4[9,10]: Let {A;: i € J} be an arbitrary family of N-sets in S,. Thereupon 
TL NA; = (PA by, (P),A 04,@)V Ih, )): PE Sih; 


Te VAG = (PV Ha, (P)V 04,(P),A Th, (P)): BE S13. 
The main theme is to construct the tools for developing NTS, so we establish the neutrosophic sets 


0x along with 1, in X as follows: 


Definition: 2.5[9,10]:0x = {(q,0,0,1):q € X} and 1, = {(q,1,1,0):q € X}. 


Definition: 2.6[7]: A neutrosophic topology (in short, XT)S, #@ is a family €, of N-sets in S, 


satisfying the laws given below: 
I. Ox, 1x E &, 
I. W, NW, €T being W,,W, € 1, 


IIL. UW; € &, for arbitrary family {W;|i € A} S &. 

In this case the ordered pair (5,,¢,) or simply S, is termed as NTS and each NS in €, is 
named as neutrosophic open set (in short, NOS) . The complement A of an X-open set A in S;, is 
known as neutrosophic closed set (briefly,XCS) in S,. 

Definition: 2.7[7,8]: Let A be an NSinan NTS S,. Thereupon 
Nint(A) =U {G|G is an NOS in S, and G € A} is termed as neutrosophic interior (in brief Nint ) of 
A; 
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Ncl(A) =N {G|G isan NCS in S, and G 2 A} is termed as neutrosophic closure (shortly Ncl) of A. 


Definition: 2.8[4]: Let X be a nonempty set. Whenever r,t,s be real standard or non standard 


subsets of ]0~,1*[ then the neutrosophic set x, is termed as neutrosophic point(in short NP )in X 


iven byx,¢5(Xp) (ae eee EX is termed as th t of herei 
given byx,45(Xp») = or x is termed as the support of x,,, wherein r 
rts) =\ 00,1), if x=Xxp p rts 


indicates the degree of membership value, t indicates the degree of indeterminacy along with s as 


the degree of non-membership value of %,-¢.¢. 


Definition 2.9[11]: For an 8S Din an NTS (Xx, T). We have, 
(i) Neutrosophic semiopen set (NSOS) if D & Ncl(Nint(D)). 
(ii) Neutrosophic preopen set (NPOS) if D & Nint(Xcl(D)). 
(iii) Neutrosophic a-open set (NaOS) if D & Nint(Xcl(Nint(D))). 
(iv) Neutrosophic semi-preopen (NSPOS) if D © Nel(Nint(Ncl(D))). 


The complement of D is an 8SOS, NPOS,Na@OS, XSPOS is called respectively as NSCS, XPCS, 
XaCs, XSPCS 


Definition 2.10[13]:Let (X,T) be an NTS then neutrosophic pre-closure of D (in short, pNCI(D)) is 
defined as 

(i) PNCL(D) = N{K:K is an NPC inT,D € K}. 

(ii) pNint(D) = U{Q:K is an NPO inT,D © Q}. 


Definition 2.11 [13]: An NS is said to be a neutrosophic generalized pre-closed set (GNPCS in short) 
in (X, T) if pXCI(R) S Q whenever R € Q and Qis a NOS in (X,T). 


Definition 2.12 [13]:AnNTS (X, S) is named as Neutrosophic-gp-T12(Xgp-T12 in short) space if every 
GNPCS in X is a XPCS. 


3. Neutrosophic Semi-Generalized-Pre-Closed Sets. 


Definition 3.1:An NS u of NTS(X, S) is termed as Neutrosophic Semigeneralized pre-closed set 
(Nsgp-CS in short) if pXCl() S n whenever p © yn and n is XSOS in X. 


Definition 3.2: Let (X, S) be a NTS and 7 be an NS in X. Then the neutrosophic semigeneralized 


pre-closure and neutrosophic semigeneralized pre-interior of 7 are deonoted and defined by, 
NsgpCl(y) = N{ A: A isa Nsgp-CS in X and 7 & A} 
NsgpInt(n) = U{ a: A isa Nsgp-OS in X and 7 2 A} 


Proposition 3.3: Consider(X, S) be any NTS and A and B be neutrosophic sets in (X, 5). Then the 


Nsg-closure and Nsgp-interior operator satisfy the following properties 
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i. n&NXsgpCl(n) 

ii. NsgpInt(n) © n 

iii, 1 GAD>NsgpCl(y) S XsgpCl() 

iv. nG&dAz>Nsgplnt(n) S XsgpInt(a) 

V. NsgpCl(n UA) = XsgpCl(n) U XsgpCl(A) 

vi. NXsgpInt(y NA) = XsgpInt(n) N XsgpInt(A) 
vii. NsgpCl(n) = Xsgplnt(j) 
Viii. Nshpint(n) = XsgpCl(p 


Proposition 3.4: Each XCS set is Xsgp-CS. 


Proof: Let is 8CS such that p © yn and n is NSOSin X. As wis NCS, u= Ncel(u). Hence Nel(y) S wh 
But pXCl(u) & Ncl(u), therefore pXCl() S p whenever p © yn and n is NSOS in X. Therefore wu is 
Nsgp-Cs. 


Remark 3.5: The example makes clear that converse of the above proposition is not true. 

Example 3.6: Let X = {a,b,c}. Define the neutrosophic sets A,B and C in X as follows A= 
c a bec a bec Cc a b ec a boc a 

(x, Ge 0.6” rae Gece) M = & Gre 0.4” rae (srpavac) an’autga)) and C= 


(x, (=, = ~), (= Al <), (=, a <)). Then the families t = {0y,1y,A,B} is topology on X and 


0.4’ 0.4’ 0.6 0.4’ 0.4’ 0.6 0.5'0.5'05 


the space (X,t) is NTS. Then Cis a Nsgp-CS but not a XCS. 
Proposition 3.7: Every XaCS is Xsgp-Cs. 


Proof: Let W is XCS such that W€ Q and Q is XSOS in X. Since W is SaCS, W = Nacl(u). Hence 
Nacl(W) € Q. But pXCl(W) © Nacl(W), therefore pXC1(W) © W whenever WE Q and Q is NSOS in 
X. Therefore pis Xsgp-CS. 


Remark 3.8: Converse of the above proposition is not true as seen below. 


Example 3.9:Consider X = {n, 8,6}. Define the neutrosophic sets P, Q and R in X as follows P= 
22) (224) 222) 02622) 222). aad 


0.6’ 0.60.6)’ \0.7’0.7'0.7)’ \0.3’ 0.3’ 0.3 0.470.4705/’ \0.4’0.4'05/’\05’ 0.50.5 
os) caine) \aeiex'os) = 
(x, (4, adie) «(eat eu tae) ost ge (oe ) . Then the families t = {0y,1,,P,Q} is topology on X and 


the space (X,t) is NTS. Then Cis a Nsgp-CS but nota XaCs. 
Proposition 3.10: Each 8PCS is Nsgp-Cs. 


Proof: Consider Jas 8CS withJ © K and K is XSOS in X. Since W is X8PCS, J = pXCl(J). 
Hence pXClJ) SJ whenever J € K and Kis XSOS in X. Therefore J is Nsgp-Cs. 
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Remark 3.11: The example shows that the reverse implication of above proposition is not possible. 

Example 3.12: For X = {p,q,r} the neutrosophic sets K, M and L in X are defined as A= 
(x, (3 f ie , 7) : (2 : = J 7) : (3 : E , =) pM 0G (3 a : 7) 2 (2, 4 a : 7) . (3 4 5 4 3) and ce 


(x, (2 =e ~),(2 en: ~),(% is )) . Then the families t = {0y, 1, K,M} is topology on X and 


0.4’ 0.4’ 0.6 0.4’ 0.4’ 0.6 0.5’ 0.5’ 0.5 


the space (X,t) is NTS. Thereupon C is a Xsgp-Closed set but not a NPCS 
Proposition 3.13: Every is Nsgp-CS is GNPCS. 


Proof: Let J is Xsgp-CS with J © K and K is NOS in X. Since eachNOS is NSOS , K is XSOS such that 
J SK. By definition 3.1, pXC1J}) S K whenever J © K and Kis NOS in X. Therefore J is GNPCS. 


Proposition 3.14: Let D be a Nsgp-CS in an NTS (X, S) and DE EE pXCl(D). Thereupon E is 
Nsgp-CS in X. 


Proof: Consider G be a XSOS in X thereby E € G. Then D € G and since D is Nsgp-CS, pXC1(D) & 
G. Now E © pXCl(D)implies Xcl(E) © pXC1(D) & G. Consequently Eis Nsgp-CS in X. 


Definition 3.15: An NS B of a XTS (XS) is named as neutrosophic semi-generalized open 


set (Nsgp-OS in short) if and only ifi® Nsgp-CS. 


Remark 3.16: For any two Neutrosophic Sets A and B of NTS(X,S). Then 
i). Aisa Nclosed setiff Ncl(A) = A. 

ii). Aisa Nopen setiff Nint(A) = A. 

iii), Ncl(A) = Nint(A) 

iv). Nint(A) = Ncl(A) 


Proposition 3.17: An NS F of a NTS (X, S) is Nsgp-OS if G © pXCI(F) whenever Gis NSCS and G & 
F. 


Proof: Follows from definition 3.1 and remark 3.16. 


Proposotion 3.18: Let A be a Nsgp-OS in a NTS (X, S) and pNInt(A) € B GA. Then B is Nsgp-OS. 
Proof: Suppose A is Xsgp-OS in X and pXInt(A) © BCA implies A © BC (pXint(A)) implies 
A CBC pNCI(A). Then B is Xsgp-OS. 
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4, Applications of Neutrosophic Semi Generalized Pre Closed Set. 


Definition 4.1: An XTS (X, S) is named as Neutrosophic-sgp-T12(in short X-sgp-T1/2) space if every 
Nsgp-CS in X is a NCS. 


Definition 4.2; An XTS (X, S) is named as Neutrosophic-pc-T12 (in short X-pc-T12) space if every 
Nsgp-CS in X isa NPCS. 


Proposition 4.3: Each X-pc-T12 space is X-sgp-Tip . 


Proof: Consider X to be a X-pc-T12 space and G be Nsgp-CS in X. By assumption, G is 8PCS in X. 
Since every NPCS is Nsgp-CS, Gis Xsgp-CS in X. Hence, X is N-pc-Tiz. 


Proposition 4.5: Each X-sgp-T1 is NgpTiz. 


Proof: Consider X to be a X-sgp-T12 space and Q be GNPCS in X. By assumption, Q is Nsgp-CS in X. 
Since every Nsgp-CS is GNPCS, Q is GNPCS in X. Hence, X is Ngp-T17 . 


Proposition 4.6: Let (X, 5) be a NTS and N-sgp-T1. Then the following statements hold. 
(i) Any union of Nsgp-CS is a Nsgp-CS. 
(ii) Any intersection of Nsgp-CS is a Nsgp-CS. 


Proof:(i) Let {B;}ie; be a collection of Nsgp-CS in a X-sgp-T12space (X, S). Therefore every Nsgp-CS 
is NCS. However, the union of NCS isa NCS. Hence the union of Nsgp-CS is Xsgp-Cs in X. 


(ii) It can be proved by taking complement in (i). 
Proposition 4.7:An NTS X is an X-sgp-T1 iff Nsgp-OS= XPOS. 


Proof:(i)Consider K be a Nsgp-OS in X, thereupon K° is Nsgp-CS in X. By presumption, K* is an 
NPCS in X. Thus, K is Nsgp-OS in X. Therefore, Xsgp-OS = XPOS. 


(ii) Consider Xsgp-CS in X. Then, K° is Nsgp-OS in X. By assumption, K° isan XPOS in X. Then, K 
is an XPCS in X. Thereupon, X is an N-sgp-T12. 


5. Conclusions 


The class of neutrosophic semi-generalized pre closed sets in neutrosophic topological space is 
useful not only increase our understanding of some special features of the already known notions of 
neutrosophic topology but also useful in developing the neutrosophic multifunction theory in 
neutrosophic control theory as well as in neutrosophic economy. Some results have been proved to 


show that how far topological structures are preserved by the new neutrosophic set defined. We 


Md. Hanif PAGE*!, Sujata S. Tallur? and R. Dhavaseelan3, New Generalized Closed Set in Neutrosophic Topological Spaces. 


Neutrosophic Sets and Systems, Vol.47, 2021 123 


have given examples where such properties fail to be preserved. Here we have presented the idea; 


still some more theoretical research is to be carried out to establish a general frame work for decision 


making and to define patterns for complex network conceiving and practical application. 
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Abstract: We have considered a deterministic inventory model with time-dependent demand and 
holding cost and time varying deterioration where shortages are allowed and partially backlogged. 
To reduce deterioration we have considered here a preservation condition. In the presence 
uncertainty we have taken cost parameters as generalized trapezoidal fuzzy number. The proposed 
model has been solved by neutrosophic hesitant fuzzy programming approach, fuzzy nonlinear 
programming approach and fuzzy additive goal programming technique. The model is illustrated 


with numerical example and we presented sensitivity analysis finally. 


Keywords: Inventory model, Multi-item, Preservation condition, demand, holding cost, 
deterioration, generalized trapezoidal fuzzy number, Neutrosophic Hesitant Fuzzy programming 


approach. 


1. Introduction: In inventory models the effect of deterioration plays a very important role but in 
traditional inventory model the most popular assumptions was that the products kept their 
characteristic and physical structure while they were stored in the storage of inventory. But this types 
of assumptions are not be true always for all types of products. Deterioration is defined as erosion, 
change or spoilage that prevents the item from being used for its original purpose. Food products, 
drugs, radioactive substances, photograph, electronic components are a few examples of products in 
which decay may occur during the normal storage period of the units, and that is why this loss we 
have to consider into account while developing the inventory model. But with the help of some 
electronic devices like freeze, Micro-oven, etc. or some other type of devices it is possible to reduce 


the effect of deterioration. 
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Formulating an inventory model most of the researchers take deteriorating cost, inventory set- 
up cost ,Fholding cost as constant but in reality they may not constant always ,so if we take those cost 
parameters in fuzzy variable then it will be most realistic and interesting. 

F, Harris (1915) developed first inventory model. Lotfi A. Zadeh in 1965 introduced the concept of 
fuzzy set theory in inventory modeling. L. A. Zadeh and R. E. Bellman in 1970 considered an 
inventory model on decision making in fuzzy environment. In 1934, Wilson gave a formula to obtain 
EOQ. In 1996, M. Vujosevic, D. Petrovic and R. Petrovic developed an EOQ formula by assuming 
inventory cost as a fuzzy number. M. Lee developed a fuzzy inventory model by considering 
backorder as a trapezoidal fuzzy number in 1999. In 1999, Chang and Dye developed an inventory 
model with time —varying demand and partial backlogging. 

Deterioration of a product is the most realistic thing to be considered. Ghare and Schrader 
developed an inventory model where they took demand rate and deterioration rate as a constant. T.K 
Roy and M.Maity presented an inventory fuzzy EOQ model with demand-dependent unit cost under 
limited storage capacity. Vinod Kumar Mishra, Lal Sahab Singh and Rakesh Kumar developed an 
inventory model for deteriorating items with time-dependent demand and time-varying holding cost 
under partial backlogging. Zaid T, Balkhi, Lakdere Benkherouf represent an inventory model for 
deterioration items with stock dependent and time-varying demand rates. In 2001, Horng-Jinh Chang 
and Chung-Yuan Dye developed an inventory model for deterioration items with partial backlogging 
and permissible delay in payment. Misra and Singh gave an inventory model for ramp -type 
demand, time-dependent deterioration items with salvage value and shortages and deteriorating 
inventory model for time-dependent demand and holding cost with partial backlogging. Sumana 
Saha and Tripti Chakrabarty in 2012 considered a fuzzy EOQ model with time varying demand and 
shortages. D. Dutta and Pawan Kumar studied a fuzzy inventory model without shortages using a 
trapezoidal fuzzy number. In 2013, D. Dutta and Pawan Kumar considered an optimal replenishment 
for an inventory model without shortages by assuming fuzziness in demand, holding cost and 
ordering cost. 

Smarandache. F introduced the neutrosophic set. Smarandache. F developed a generalization of 
the intuitionistic fuzzy set and gave geometric interpretation of the Neutrosophic set which is the 
generalization of the intuitionistic fuzzy set. Ye. J studied on multiple-attribute decision-making 
method under a single-valued neutrosophic hesitant fuzzy environment. Abdel-Basset et al. 
proposed a novel approach to solving fully neutrosophic linear programming problem and applied 
to production planning problem. Ye et.al. formulated neutrosophic number nonlinear programming 
problem (NN-NPP) and proposed an effective method to solve the problem under neutrosophic 
number environments. Firoz Ahmad, Ahmad Yusuf Adhami, Florentin Smarandache developed 
Single valued Neutrosophic Hesitant Fuzzy Computational Algorithm for Multi objective Nonlinear 
Optimization Problem. C. kar, B. Mondal and T.K Roy developed an Inventory Model under Space 
Constraint in Neutrosophic Environment by Geometric Programming Approach. T. Garai and T.K. 
Roy studied on optimization of EOQ Model with Limited Storage Capacity by neutrosophic 
geometric programming.P. Biswas, S.Pramanik and B.C. Giri presented multi-attribute group 
decision making based on expected value of neutrosophic trapezoidal numbers. In 2018, I. Ali, S. 
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Gupta, A. Ahmed represented Multi-objective bi-level supply chain network order allocation 
problem under fuzziness. V. Charles, G. Gupta and I. Ali developed A Supply Chain Network model in Fuzzy 
Goal Programming Approach with Pareto-Distributed Random Variables in 2019. In 2021, P. Gautam; S. 
Maheshwari, A. Kausar and C.K. Jaggi described an inventory Models for Imperfect Quality Items 
a Two-Decade Review. S. Gupta, A. Haq, I. Ali. And B. Sarkar described the Significance of multi- 
objective optimization in logistics problem for multi-product supply chain network under the 
intuitionistic fuzzy environment in 2021. 

Research Motivation: In the present scenario in every situation of inventory storage it is very 
much obvious that there must be some kind of deterioration occur in every product sometimes it 
could be less or sometimes it could be more. Looking at this types of situation many authors takes 
many types of deteriorating function while developing their inventory models, sometimes they took 
constant deterioration, sometimes time depending linear type deterioration or sometimes stock 
dependent linear or quadratic type deteriorating function ect.But a few authors think about how to 
control these type of problems that is what should be the necessary step to be taken to reduce the 
very much effect of deterioration in inventory. In this paper we developed a method to reduce the 
effect of deterioration, here we introduced a constant “k” in the differential equation which gives 
some reduction on deterioration. In real life itis very often where many companies use freezer, Micro- 
oven or some other type of device to reduce the effect of deterioration. After getting the total average 
cost we have discussed several methodology to find the minimum average cost and what should be 


the timing to get minimum average cost. 
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fuzzy programming 


approach. 


In this present paper we have taken a deterministic inventory model with time-dependent 
demand and holding cost and time varying deterioration. Shortages are allowed and partially 
backlogged. In this proposed model we have taken deterioration of item as linearity increasing 
function of time. We have considered here a preservation condition. In the presence of uncertainty 
the cost parameters are considered as generalized trapezoidal fuzzy number. This model has been 
solved by neutrosophic hesitant fuzzy programming approach, fuzzy nonlinear programming 


approach and fuzzy additive goal programming technique. Numerical examples have been finally. 


2. Mathematical Model: 

The following notations and assumptions are considered to formulate the model for i’th item. 
2.1 Notations For i’th item (i=1, 2, 3,...., n): 

Ai: Ordering cost per unit item for i’th item.. 

Hi: Holding cost per unit time for i’th item.. 

6i: Deterioration rate is time proportional for i’th item. 

k,:The preservation constant for i'th item 

Di: Demand rate is time proportional for i’th item. 

Ci: the purchase cost per unit time for i’th item. 

Cai: Deterioration cost per unit time for i’th item. 

Csi: Shortage cost per unit time for i’th item. 

Cai : Opportunity cost(lost sale cost) per unit time for i’th item. 

Bi: The backlogging rate , O<Bi <1 for i’th item. 

Ti: The length of cycle time for i’th item, Ti20. 

toi: The time when the inventory level starts to reduce due to demand only ,toi=0. 

tii: The time when the inventory level starts to reduce due to both demand and deterioration for i’th 
item, tui>0. 

hi: the level of positive inventory for i’th item when deterioration is not occurring in time [0, toi. 
Ix: the level of positive inventory for i’th item when deterioration starts to occur in time [toi, tui]. 
Isi : the level of negative inventory due to shortages for i’th item in the time interval [t1,Ti]. 

Imax: the maximum inventory at time t=0 for i’th item. 

S: the maximum back order quantity during stock-out period for i’th item. 

Qi(Imax + S): the order quantity for the duration of a cycle of length Ti for i’th item. 

TAC(toi.tii,Ti): total average cost per unit for i’th item. 

wi: Storage space per unit time for i’th item. 

W: total area space. 

A: Fuzzy ordering cost for i'th item. 

C,, Fuzzy purchase cost for i'th item. 

G5. Fuzzy Deterioration cost per unit time for i’th item. 
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Cay) Fuzzy Shortage cost per unit time for i’th item. 

C,,:Fuzzy Opportunity cost (lost sale cost) per unit time for i’th item. 

H,:Fuzzy Holding cost per unit time for i’th item. 

TAC,:Total average cost per unit for i’th item. 

w,:Fuzzy storage space per unit time for i’th item. 

2.2 Assumptions: 

i. The inventory model involves multi-item. 

ii. The replenishment occurs instantaneously at infinite rate. 

iii. The lead time is negligible. 

iv. Demand rate is constant for t € [0,to;] and demand rate is time dependent for t € [to;, t,;]. That is 


_ aj if te [0, toi] 
pene rae if t € [toi tai] 
v. The deterioration rate for i’th item is 6;(t) = 6;t. 0<6; <1. 


1 
14+6;(Tj-t) 


vi. The backlogging rate is  Bi(t)= , where t,; <t <T;.6; is the positive back logging 


parameter. 
vii. The constant preservation constant is k; . 


viii. The inventory holding cost Hi(t)=hit is a linear function. 


2.3. Mathematical formulation 


Inventory level 


Due to pregervation 


Lost sale 


Figure-1: Representation of Inventory model 
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The initial inventory level is Imax unit at time t=0.From t=0 to t=toi, the inventory reduces just for 
demand. In time t=toi to t=t1i the inventory level reduces for both demand as well as deterioration. At 
this time, shortage is accrued which is partially backlogged at rate Bi(t) for the time [t1,Ti].At the end 
of the cycle, the inventory reaches a maximum shortage level so as to clear the backlogged and again 
the inventory level to Imax (Figure 1). 

The rate of change of inventory during the positive stock period [0, to;], [to:, t1;]and negative stock 


period (i.e shortage period) [t1i, Ti] is governed by the following differential equation for i’th item. 


Ou = —D, = -a;, 0<t<to; (2.1) 
dlz; -a; 
—* = —D,(t) — O(t) — khi(t) = —bye“* — Ot —kK)hi(t), tor St S ti (2.2) 
at 
dI3i __ _ aj 
ae = —a,B,(t) = ~ T4575 ) tj <t< T; (2.3) 


Thus the boundary condition are as follows: 

Ti(0)=Imax ; Toi(t1)=0; ——-[si(t1)=0; 

From (2.1) we get, using the initial condition (2.4) 

li(t)= Imax-ait, 0 < t < to; 

From (2.2) we get using initial condition and neglecting the higher power of 6;,multiplication 


of 6; with k; and a;also neglecting higher power of k; we get. 
Iai(t)=bi[(t,; — t) — “ (3, -09) + = (3, —t?)],to St< ty (2.5) 


Since, li(to)= , Ixi(to) ,so we have 


ki- 


(12, — 13) (2.6) 


0; 
Imax = aitoi + bif(ty; os toi) ms (t?, aa té:) + 


Hence we have from (2.4) 


ki- Gj 
(th, — 8), 0<t < to; (2.7) 


hi(t)= ai(toi —t)+ bi[(t,; — to,) — “ (t?, -—t2) + 


Now solving (2.3) with the boundary condition we get 


Ii= — 5 [logil + 6,(% - ti} , tise ST (2.8) 


The maximum backordered unit is 


S= —I3\(T;) = f[log{1 + 6;(T; — 4.3] (2.9) 


Hence, the order size during [0,Ti] is Qi for i’th item is given by, 
Or Imaxt+S : 


kj-aj 


6g; 
=ajto, + bi [Ct — toi) — i (t, — t3,) + 5 


(t7; — t6:)] + fMlog{1 + 5,(T; — t1)}] (2.10) 


Now, 


1. The ordering cost per cycle for i’th item. 
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OCFAi (2.11) 
2. The inventory holding cost per cycle for i’th item. 


THC: = fo hj.t. 1,;(¢) dt + (Se hj.t.1p;(t)dt 


ajhjt2 0; kj-Qj 
= Satutas 4. PoetOH Te, — ty) — (08, — 08) + HE (02, — 03] + 


ki- 7 


ti 1 0; -t3, 1 t? 
bihy i (tf; — t6,) — 5 (ti — toi) - Paere (tf; — to:) — = (t7,- té:)} aera ra es 4 (tt; — t5i) - = (tt; — toi} 


(2.12) 


3. The deterioration cost for the time interval [to;, t,;]. 


DCHc,;[“ 


i~%i “ i oi 
— (tt; a téi) Baar “i (ti; = téi) ~ = (ba F t3) — kj ht toi)] (2.13) 


4. Shortage due to accumulation in the system during the time interval [t,;, T;] 
The optimum level of the shortage is present at t = Ti ; Therefore the total shortage cost during this 


time period is as follows: 


SCi = it o:(T; — ty) log{l + 6\(Ti — ta) (2.14) 


5. Due to stock out during [t,;,7;] shortage is accumulated, but not all customers are willing to wait 
for the next lot size arrive. Hence, this results in some loss of sale which accounts to loss in profit. 
Opportunity cost (Lost sale cost) calculated for the i’th item as follows 


log{1+6;(Ti-t11)} 


OCi= C45 Qj; [T; = thi = 5; ] (2.15) 
6. Purchase cost for i’th item is as follows: 
9; iT i 
PCi=Crifaito, + bif(tri — tox) — (td, — #3) + “F* (2, - 13,3} 
+5 [logt1 + 6,(T; — t1:)3]] (2.16) 


So, the total average cost for i’th item is as follows 


kj-Qj 


TAC(toits,Ti)=2[ Ait Soe itis 4, PUPAE Cy — top) — 2 (2, = £3,) + 


(ti; — t3)| + bhi (tf; — to;) — 


a i aj 


(tf; — 


1 0; (tii 1 if ki- 
s(t = to) == hr th = =e 9 ee =a {5 (i = to) = = (tt; —t} } teats 


bia; 6; C35Qj 
toi) + . (tf; — t01) — > (ti — ton) — Kit — ton} ee (T; — ty). log{1 + 6,7; -— ti} + Cqia; {T; = 
! Oi Titi 95 ki-@i 
tii — seen} +Cu [aitor + bi{(tii — tos) — F (ti — toy) + “(7,-t3)} +2 5, tlos(t + 6(T; - 
HPI (2.17) 
From above we have a multi-objective (MOIM) inventory model given below 
Minimize { nigh Sie a TACo(to2.t12,T2),. 20... ceeeeee eee ee eee , TACn(ton.tin,Tn)} 
Subject to:y7-; WiQ; < W for i=1,2,3,4,........6 m 
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k;- a 
mA (92, — £2] + 


2 
bihitoi 
2 


3 
Aet3: 0; 
Where TAC\(to.tu/Ti)=_ [Ait amit [esi — to) — 203, - th) + 


ti 1 9; tii 1 ki-@j thi 1 
bid, (ite) 5 th to GS Ge a ta) ee tt) = a) 


bia; 6; C3idj 
o tti — thi) — Ftd, — thi) — Kita — toi} + re (T; — ty;).log{1 + 6:7; — ti} 


kj-@j 
+Cp;{ 5 


(thi — toi) + 


= eaten} +Cii[ajtoy + bi {Cri — toi) — = (tts —t3) + ut 
4 


. 
= (42, — 12} 


+€4;0; {T; — ti 


+5 {logt + 6:(7; — ti) 3] 


9; in @i i 
And Q; = ajtoi + bi{(i — toi) — F (t7, — t3,) + ee (ti; — t§,)} + ;, {lott HO Cs east} (2ah8) 


3. Prerequisite mathematics: 
3.1 Fuzzy set: 
Let S be the collection of substance called universe of discourse. A fuzzy set is a subset of S denoted 
by A and is defined by a set of ordered pairs A= {(x,[1A(x) ): x€ S}. 
Where pA: S[0,1] is a membership function of the fuzzy set A and A(x) is called the grade of 
membership of x€ S in the fuzzy set A. 
3.2 Equality of fuzzy two sets: Two fuzzy sets A and B are called equal iff a(x)="g(x),V xES.It is 
usually denoted by A=B. 
3.3 Union of two fuzzy sets: Let A and B be two fuzzy sets. The union of A and B is a fuzzy set inS 
is denoted by A U B and is defined by 

Ha yaO= WAC) V Up) =maxt [LA(x), Hg} V xES. 
3.4 Intersection of two fuzzy sets: Let A and B be two fuzzy sets. The intersection of A and B is a 
fuzzy set in S is denoted by An B and is defined by 

Hamb(X)= HACIA [p(x) =min{ [A(x), Ua(X)} VW xES. 
3.5 Trapezoidal fuzzy number (TrFN): Let F (R) be the set of all TrFN in the line R .A trapezoidal 
fuzzy number Aé F (R) is parameterized by (a, b, c, d) with the membership function pa: R >[0,1] 


which is defined as 


x 


a 


baa forasx<b 
ae A | forbsx<c 
HA(X) =) gmx forcsx<d 
d-c F 
0 otherwise 


Where ax b < c < d.Herea and d represent the lower and upper limits of sustains of a fuzzy set A. 
3.6 Generalized Trapezoidal fuzzy number (GTrFN):A generalized TrFN A can be represented as 
A=(a, b, c, d; w) 0<w< 1 and a,b,c,dé R.Here A is a fuzzy subset of R,with the membership function 
uA: R >[0,w] is defined as 
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Woe forasx<b 
-a 
AX) = w forbsx<c 
. w— forcsxs<d 
—Cc 
0 otherwise 


Where a< b < c < d.Here a and d represent the lower and upper limits of sustains of a fuzzy set A 
and w €[0, 1].If w=1 then GTrEN A is called TrFN. 
3.7 Neutrosophic set: Let S be a universe of discourse. A neutrosophic set A” in S is defined by 
A® = {(x,Ta(x), I(x), Fa(x) )| x€S } 
Where Ta(x) is the truth membership function, Ia(x) is the indeterminacy membership function, Fa(x) 


is falsity membership function. 


Where, 
Ta(x):S>]0-,1*[ 
Ta(x):S>]0>1*[ 
Fa(x):S>]0;1°[ 

<3* 


So we can say 0° <supTa(x) + supla(x) + supFa(x) 
3.7.1 Single valued neutrosophic set: Let S be a universe of discourse. A single valued 
neutrosophic set A” in S is defined by 
A= {(x,Ta(x), I(x), Fa(x) )| x€S } 
Where Ta(x) is the truth membership function, Ia(x) is the indeterminacy membership function, Fa(x) 
is falsity membership function. 
Together with, 
Ta(x): S> [0, 1] 
Ia(x): S> [0, 1] 
Fa(x): S> [0, 1] 
So we can say 0STa(x) +Ia(x) +Fa(x) $3 V xES. 
3.8 Hesitant Fuzzy set (HFS):Let S be anon-empty reference set, a hesitant fuzzy set A” of S is defined 
by a function An(x) which is applied to S returns a finite subset of [0,1]. Whose mathematical 
representation I given by 
= {(x, An(x) | xe S} 
Here ha(x)€ [0, 1], representing the possible membership degree of the elements x€ S to A”.The set 
ha(x) is known as hesitant fuzzy element (HFE). 
e.g.Let S ={x1, x2, x3} be a reference set. An (x1)=(0.1,0.2,0.3), An (x2)=(0.2,0.3,0.4), An (x3)=(0.1,0.2,0.5) be 
hesitant elements of x1, x2, x3 to a set A”.Therefore the hesitant fuzzy set A” is given by 
"={( x1,{ 0.1,0.2,0.3}),(x2,{0.2,0.3,0.4}).( x3,{ 0.1,0.2,0.5})} 
3.9 Single valued neutrosophic Hesitant Fuzzy Set (NVNHES): 
We take S be non-empty reference set, then a single valued neutrosophic hesitant fuzzy set A on S 
is defined as 
= {(x,Ta(), a0), Fad)! x€S} 
Here T,(x)={ul u € T,(x) : x€S } is known as possible truth membership hesitant degree , [4(x 


J={pl{p €14(x) : x€S } is known as possible indeterminacy membership hesitant degree 
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and F,(x)={ala € F4(x) : xeS } is known as possible falsity membership hesitant degree. These sets 
takes the different values in [0, 1].Which satisfies the following conditions 

p,0 S[0,1] and 0 <supp*+ sup p* + supot <3 
Where £*=Uyer(x)Max {UI}, P*=“UpeFacxyMax {P}, 7 =Userza)max { o} for xES. 
3.10 Union of two SVNS sets: Let S be a universe of discourse and A” and B” are any two subsets of 
5: 

Where Ta(x) is the truth membership function, Ia(x) is the indeterminacy membership function, 
Fa(x) is falsity membership function of respectively. The union of A” and B” is denoted by A” U B” 
and defined by 

A®™ U B® = {(x, max (Ta(x), Ta(x)), max (IA(x), In(x)), min (Fa(x), Fe(x))) | xES} 

3.11 Intersection of two SVNs sets: Let S be a universe of discourse and A” and B” are any two 
subsets of S. 

Where Ta(x) is the truth membership function, Ia(x) is the indeterminacy membership function, 
Fa(x) is falsity membership function of respectively. The union of A” and B” is denoted by A” n B” 
and defined by 
A” n B® = {(x, min (Ta(x), Ta(x)),min (1a(x), In(x)),max(Fa(x), Fe(x)))! x€ES} 

4, Fuzzy model for i’th item 
For the presence of uncertainty we take some cost parameters as generalized trapezoidal fuzzy 
number which are already mentioned above. 
Let us take the following fuzzy cost parameters 
= = (aj, a7, a7, a}; Wa,) < Wa; S 1; 
= (bj, b?, b?, b#; Wp,) 0 S wy, <1; 

= (47, A?, A}, At; wa,) 10 S Wa, S13 

=(C CL Gi Giiwe,) 0S we, = 1 

Cn = (Ci CZ, Cz, C2 We,,) 0 S We,, S13 
Cz, = (Chi, CH, C3, C3iz We,,) 0 S We,, S13 
Cy = (hn CR, CHC Wey) 0S Weg 31) 

= (Hi, H?, H?, Ht; wy,) 0 < wy, <1; 


“ rn 


SS — ful 2 wy3 we ‘ 
WwW, = (wi, w?, w2, wits Ww,) ,0 SWy, S 1; 


The fuzzy total average cost is given by: 


TAC, (toi, tui, Ti)= 71a. i an ita es ae at [cui - oe a (ty; — to;) + aoe (tf; — t3)| + 
~e ti ik -a; ,t?; 1 
b, hf} (eh _ téi) a mCi oe tii) , Mt pat (th rr toi) — = (t§ - té;)} +4 ez et (t?; =s tei) = 5 (ti = toi} } 


i bya; 0; a G 
$0; “i (t?, — t8:) + “ (tf; — t6,) — 5 (tt — th) — ki(tay — to} +C3, race — ty;).log{1 + 


_ log(1+6i(Ti-t1i)} 


a) 9; 
OT; = Git Fea — th 5; } +O {Gtor + B,[(tui — toi) — a (Gp —t3)'+ 


Kir Qi 


(hi — th + F = log{t + 67; — tS) (4-1) 
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And our Multi-objective inventory model (MOIM) become fuzzy model as 
Min { sone ty, Ty), TACs (tog, ty2, Tz), ve er ere cer ee sey TACy (ton, tins Tr)} 
Subject to:Y7_;wiQi < W for i=1, 2, 3, 4,.......... m 


=~ ah t? 


Where, TAC, (toi ,t1i ,Ti)= —{A, + 


6; k;-a; 
tas 4 Piao, — t9;) — £4 08, — 03) + BM Ce2, — 13] + 


=o aj a 


at ere ET 1 t3 1 1 
bhi{ (t7; — téi) = sh = toi) = i L (t7; = téi) > (t= té:)} he Ce téi) =o 5 (tti = toi} } 


bya; 


(02, — 03,) + 


ay 


an ckiz 9; A~ & 
FOS (thi — toi) — F (tai — ton) — ki(tai — toi} +Cs, rae — ty;).log{1 + 


__ log{1+d; (Tj-t1p} 


6 (7; — ty} +Cn@ (1; — tr 5; 


6; 
3 +i {@to + b, ge tg k= a (ty = tsi) a 


kj-@j 


(th, — t6)] + A flogtd + 8.(7; — 4) 


~ ms 9; i7@i a 
And Q; = G@toi + 6 [Ci — toi) - = (tii Steph = (3, — th] +5 {log{1 + 6;(T; — t)}} (4.2) 


Now we have to defuzzify all the fuzzy number we have considered earlier. In this model we have 
considered GTrFN. Now for defuzzification we have considered here the following technique. 


Let A = (a,b,c,d;w) be any GTrFN fuzzy number, then the total A-integer value of A is 
1 (A) nae (=) + ‘al z= Aw (=) 


For simplification we have considered A => , therefore we get the approximate value of A= 


(a,b,c,d,w) as w ( 


one) 


On the basis of this method all the GTrFN fuzzy number (&, b,, Cy, , Co, C3, Ca, , Hy, 4, M) converted 


So the above model (4.2) becomes a crisp model as 


Min {TAC,(tor ,tu ,T1), TACg(to2 ,ti2 ,T2),....seeeeeeeeeeeeeeneeeenee ees , TAC) (ton ,tin ,Tn)} 
(4.3) 
Subject to, Subject to:)7_;w:Q; < W for i=1, 2,3, 4,........4. m 
Where, 
TAT 17 Ghits i i 95 ki-@j 
TAC, (to, tu, To)= AfA, + SB 4 tae Cry, — 09.) — 2 (eg, — 08) + SE CC2, — eB] + 
or tt 1 3 1 it; 1 
bh {Stas — tai) — 5 Ci — ton) — > io (ti; — ti) - = (fn tj} + 5 (a -— oD 7 Ga = tot) 
aA~ (ki-aj ze i Gi a~ Q 
+Cof 7 (ti; — t§,) ++ “t (ti; — t,) — > (thi — toi) — ki(tai — to} +€3,. race — t;). log{1 + 
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ant A log{1+6;(Tj-t1,)} 
OT Gy Cae > t= ars 


} +C, {toy + 5,[Ci — tow) - = (thi = tsi) + 
Ki-@i 7,2 2 aq 
i - to] +5 tlog{l + 5i(T; — t1i)333] 


aoe (tf; — t§,)] ++ = flog{1 + 6:(T; — t1)}} for i=1, 2, 


~ =~ 0; 
And Q; = @toi + b[(tri — tow) — = (th — t3;) + 


way Ts 
5. Fuzzy programming technique (FNLP AND FAGP): 
To solve the above MOIM (4.3) problem we take one objective at a time and we ignore the others. 
Using this we find out the value of every objective function and from this we formulate the pay-of- 


matrix as follows. 


TAC, (to1, tii, T;) TAC, (to2, ty2, T2) seeeee nee TAC, (ton, tin Tn) 
(tor tir, Tr) [TACS (ton tin Tr) TAC (ton ti Tr) eee. TAC (ton tt Ti) 
(tea, tho, TZ) TA C; (tea, tio, TZ) TA Ct (tea, tho, TZ) areas erie TA Cy (to2, tho, TZ) 
(tow th Tn )LTAC, (to thy Tn) TAC2(to thy Tr) eee TACK (to thy Tr) 


Now we assume that U* = max{TAC,(t), ti, T;), i = 1,2,3, .....,n} for k= 1, 2,3, .....,n 
And Ih (TAG, (th tial, = 123 e 
Here l* < TAC, (t);, 08). 7)) SU" fort = 1,2,3)s.2,7;'and k= 1, 2; 3, ee. 'nh (5.1) 
Now we take the linear fuzzy membership function rac, (TACg (Cox, tix, Tx)) for the k’th objective 


function TAC; (tox, tix, Ty) as follows. 


n 1 for TACK(tox ti Tk) < 
Mracy (TACK (Cons tris Te) = Aaa for LE <TAC,(tom tie Tr) < U¥ (6.2) 
0 for TAC,(tox, tie Te) = UX 


For k=1, 2,3,....., 0; 
After getting the membership function we formulate the fuzzy non-linear programming problems 
(FNLP) based on max-min operator as follow: 

Max p 

Subject to, 

p(Uk — LE) + TACg (tons tie Te) <U* For k=1, 2, 3,......,n 
O<psi1, ty > 04, > OT, 20: (5.3) 

And the same constraints and restriction as the problem (4.3) 
Now based on max-additive operator we formulate Fuzzy additive goal programming (FAGP) as 
follows: 


Uk-TACK(tox.tieTk) 
uk— LK 


Max Yira1 (5.4) 


Subject to,0 < Mrac, (TACK (tor tas T)) S 1, for k=1,2,3,....... m 
And the same constraints and restrictions as in the problem (4.3) 
Solving the above reduced problem (5.3) and (5.4) by using the above FNLP and FAGP method we 


shall find the optimal solutions. 
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6. Weighted Fuzzy programming technique (WFNLP AND WFAGP): 

Here we take a positive weight for w,,for each of the objective (TA Cy (tons tix Tx)) 
(Where k=1, 2, 3,.....,n) and Yy-, @, = 1. 

Having the membership function (5.2) WFNLP technique becomes 


Max p 

Subject to, 
Wr Mracy (TACK (tox ti Te)) 2p For k=1, 2,3,.......n 
0<p<l, toe 2 Oty SOT S 0 and Yt wig = 1 (6.1) 


And the same constraints and restriction as the problem (4.3) 
Having the membership function (5.2) WFAGP technique becomes 
Max Year Wx: Macy (TAC (tons tre Te)) 
Subject to,0 < Urac, (TACK (tox tie Tx)) S 1, for k=1,2,3,....... m and Y?_, a, =1 (6.2) 
And the same constraints and restrictions as in the problem (4.3) 
Solving the problem by using the above WFNLP and WFAGP method we shall find the optimal 


solution. 


7. Neutrosophic Hesitant Fuzzy Non-Linear Programming (NHFNLP) technique: 

Using (5.1) we can defined now the different hesitant membership function under neutrosophic 
hesitant fuzzy environment as follows. 

For minimization type objective function 


The truth hesitant-membership function: 


ise: 2 seat if PAG Gy Gah) 1s 
E S trp . 
T> (TAC, (Cons tr Tr)) = eae if LE < TACg( tox, tix, Ty) < UX 
0 if TAC, (tox, tas Te) > U* 
(u*)t-(rAC : tipT))* if TAC (tore tune Ta) < UF 
E - taps . 
T= (TAC, Cons tis Tk)) = eae Ss Ge if LE < TAC,(tox, tix, Te) < U* 
0 if TAC,(tox, tix, Ty) > U* 
1 if TAC etal) <i 
En (U*)'-(TACK (tortieTR)! : k ee ee k 
7,” (TAC, (tox, tars Tk)) =4 Sn (u®E— Lt if L* STAC, (Con trie Th) SU 
0 if TACy(tox tix, Tx) > U* 
The indeterminacy hesitant-membership function: 
- 1 : if TAC,(to: tis Ty) < Lk — s* 
pe (TAC, (tox, tix, Tr) = 7 get if UX —s* < TAC,( tox, tix, Tx) < UX 
0 if TAC, (tox, try, Te) > U* 
1 ; k _ ok 
E2 (Uk)*- (TACK (tortikTIO)* : a TAG, Ctor fio Ti) <b k 
Th= (TAC, Cox, tik: Tr)) = Ne (skye if US —s* STAC; (ton tin, Te) SU 
0 if TACy(tox, tix: Te) > UX 
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re 1 ; if TAG Gop tie yes 
= if UK — sk < TAC (tor tim Te) < U! 
0 if TAC,(ton, tix, Tx) > U* 


E* (TAC; Cow tim Te) =n 


The falsity hesitant-membership function: 
tees es oe if TAC (top ties Te) <1 +7" 
Fy (TAC (Cons tans Te) =4 4 ooo EY ip LF tr < TAC Clon tans Te) SU 


(ukyt— (Lkyt— Rye 
1 i if TAC, (tox, tir T) > U* 


0 . k k 
Cee rpyt-ud*-¢%" if TAC, (ton tis Te) < LS +r ‘ 
=e if Peer” <= TAC on tis Te) SU 


Fy? (TAC (tons tures Ted) =4 &2 wt abe(rkp 
if “TAC Goto loo U" 


1 
xs reer ee if PACH tg tix.) Sa 
FE® (TAC, (tote tay Te) )=9 Face ees) OY if, LE + r® <TACg (tow tue Te) < UE 


(ukyt— (Lkyt—(rk)! 


1 
Here t>0 is a parameter and skrk € (0,IVk = 1,2,3, 00... ,n are the indeterminacy and falsity 


if TAC toe. tig Te) > U* 


tolerance values. They are assigned by decision making and h~ represents the minimization type 
hesitant objective function. 

Ty (TAC (tons tae Te), Ly? (TACK (tons tars Te), Fy? (TACK (tor, tie» Tx) are the truth, indeterminacy 
and falsity hesitant membership degree assigned by 1° expert. 

7,2 (TAC (tons tres Te), Ip? (TACK (tons tars Tk)), Fy? (TACK (tor, ti Tx)) are the truth, indeterminacy 
and falsity hesitant membership degree assigned by 2° expert. 


Ty? (TAC (Cones Cxte» Te) )r Ty (TAC (Cones Exe» Te), Fp (TAC (Cores Exe Te)) are the truth, indeterminacy 
and falsity hesitant membership degree assigned by n*' expert. 
With the help of above membership function our multi-objective inventory model transforms into 


the following form 


Nias Ee 
n 

Max 212 
n 


Max 228i 
n 


s.t, 
T (TAC, Contin Te) 2G ay TA Ck Const Th) Sesh TAG, Contin Ty) S 6 
y, wWiQ: < W For i=1, 2, 3, 4,........4. n 


~ ir 9; ki-@j aq 
Where Q; = Gitoi + bil(tai — tos) — 5 (Gti — ton) + A (thi —t@)] + 5, (logtt + 6:(T; — ti)3} 


bopvtips te 2 ORG Ne 67S OD Ghai + eS 37 G Se GS oa a 128 ae n 
(7.1) 


Using the linear membership function our multi-item inventory model can be written as follows: 
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Wax CE xeL e +n 4 Nat gH cesses +1n si Eq HE gt ceseessen tin 


Subject to, 

Tht (TAC, (toes tater Tid) 2 Car Tre (TAC (Cone tae Ted) 2 Sar-neer Tat (TACK (tone tae Ted) 2 Sri 
i TAG, Citi TO) Sh TAG Gntin TO) a: Al OTAG Gti, Te) tis 
Fret (TACK (tons tases Ted) S &1, Fy2 (TAC (tone tates Tie) S Sareeeer Fy (TAC (ores tas Ted) S Ens 


i WiQi SW; For i=1, 2, 3, 4, .......... n 


“Se, — 18] + Elogtt + 6,(7; — 4) 


2 ~ 9 
Where Q; = Gitoi + bil(tai — tos) — 3 (Gt: — ton) + 


0S Fas Gay te tee Gy S10 SI Nay eee In S10 S Gy ba, ee Ey S15 
toot 206,976 €00; Gt+mt+ &is3Ge2n3 62h Via 12,3,.....,n (7.2) 
From this we get the optimal solution for our multi-item inventory model. 
8. NUMERICAL EXAMPLE: 
Let us take our inventory model which consists of two items only. And the several parameter’s values 
are taken at form of generalized fuzzy number and some values are in crisp. Here we take total 
storage area W=3500m?. 
Minimize { TAC, (toy, t11,T,), TACz(toz, tr2, T2)} 


Subject to:YiL;wiQi < W for i=1, 2 
as ~  @nrt?.  b,nr,t?. 0; ey 
Where, TAC, (toi thi /li )= aa + aot a “eo [Cex = toi) ie ¢ (2) = t3,) ie “re (t2, = t3i)| bic 


~e tii 1 6; -t3; 1 kj-ay; °t?; 1 

Dl Cie tg) = ae ath) 5 ts a to) cy a Ge Ge to gm) 
— -kj-aj bya; 0; —~ a 

+Cn{- (tf, — to) + ae (tf; — to.) — = (ths — to) — ki(tii— to} +63, 5, Ti — t;).log{1 + 6,(T; - 


ki- 
2 


aw log{1+6;(Tj-t1))} =~ (~ ~ 0; aj 
tit -tCa AT, = by = = ans sel +C,, {@%toi + b, [Chi — toi) — a (ty a tei) + (ti; rs, toi] + 


© {log{ + 6(T; — ty) }}] 


ki-@ aq : 
7 (thi — toi)] + F Mlogtl + 5:(7; — t)}} for i=l, 2 


~ ~ 8 
And Q; = @toi + b,[(tri — tow) — = (ths — t3;) + 


(8.1) 


The values of those parameters which are taken as generalized trapezoidal fuzzy number are given 
in table-1. 
Table-1 
Input data 


Parameters Item 


Sahidul Islam,Kausik Das ,A Fuzzy Multi- Objective Deteriorating Inventory Model With Time Dependent Demand And 
Holding Cost Unvolved Preservation Condition Under Space Constraints:Neutrosophic Hesitant Fuzzy Programming 
Approach, 


Neutrosophic Sets and Systems, Vol. 47, 2021 140 
Item1 Item2 

G, (45,43,39,33 ;0.9) (39,41,44,46 ;0.8) 
b, (50,45,41,39 ;0.8) (49,53,57,61 ;0.6) 
Ci (17,15,13,10 ;0.8) (16,19,22,23 ;0.6) 
ee (15,16,18,19 ;0.5) (9.3,11.2,13.1,13.9 ;0.8) 
C (7,6,4,3 ;0.8) (7,9,11,13 ;0.5) 
Ca (2.8,2.6,2.5,2.1 ;0.8) (2,3,4,6 ;0.8) 
H, (3.5,4.3,5.5,6.7 ;0.5) (3.2,3.3,4.7,5.8 ;0.6) 
A, (113,101,97,89 ;0.5) (99,105,101,111 ;0.5) 
Ww, (2.7,2.5,2.6,2.2 ;0.8) (2.5,2.6,2.8,2.1 ;0.8) 


The values of those parameters which are taken as crisp are given below. 

a, = .017,5, = .216,k, = .001,6, = .004,ty, = 0.12 
> = .018, 55 = .216,k> = 001,05 = .004, to, = 0.12 
We take the weights wi=.5, w2=.5 for WFNLP and weights wi=.5, w2=.5 for WFAGP. 


Table-2 
Optimal solution by FNLP, WENLP, FAGP, WEAGP, NHFNLP 
Methods tu Ti TACi(t61, tia, Ty) ti2 T2 TAC2(to2, tia, Tz) 
FNLP 1.199857 | 1.420192 442.6481 1.244292 | 1.421455 455.2850 
WENLP_ | 1.199205 | 1.419957 422.6481 1.244292 | 1.421455 455.2850 
FAGP 1.200245 | 1.420618 442.6481 1.244230 | 1.421975 455.2850 
WFAGP_ | 1.199774 | 1.419792 442.6481 1.244322 | 1.421549 455.2850 
NHFNLP |_ 1.99023 | 1.420511 442.6482 1.244454 | 1.421594 455.2850 
FIGURE-2 We can see from the figure-2 that total average 
cost of two items is almost same. FNLP, 
WENLP, FAGP, WFAGP all are giving the 
460 same average cost but NHFNLP gives slide 
455 different value of total average cost. So we can 
ou say all the methodology applied here are 
445 NHENLP , ‘ ; 
WFAGP almost identical for this proposed model. 
440 FAGP 
WFNLP 
435 FNLP 


TAC1 TAC2 


@FNLP @WFNLP 


aFAGP mM WFAGP @ NHFNLP 


Figure-2: GRAPH OF TOTAL AVERAGE COST WITH DIFERENT METHODS. 
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9. Sensitivity analysis: 
Here we have discussed the optimal solution of multi-item (two-item) inventory model with different 
weights by WFNLP technique. 


TABLE-3 
Different weight TACi(to1, ti, Ty) TAC2(toz, tiz, Tz) 
wi=.1, W2=.9 442.6481 455.4970 
wi=.2, W2=.8 442.4681 455.4639 
W1=.3, W2=.7 442.4681 455.4213 
wi=.4, W2=.6 442.4681 455.3645 
wi=.5, W2=.5 442.4681 455.2850 
wi=.6, W2=.4 442.7164 455.2850 
wi=.7, W2=.3 442.7652 455.2850 
wi=.8, W2=.2 442.8018 455.2850 
wi=.9, w2=.1 442.8302 455.2850 


Here we can see that if wi increases total average cost TAC: (toy, tj,, Ty) increases and total average 
cost TAC2 (tz, t{2, Tz) decreases. If wz increases total average cost TAC: (toy, t?,, Ty) decreases and 
total average cost TAC2(t92, tj2,7T7) increases. 

Here we have discussed the optimal solution of multi-item (two-item) inventory model with different 
weight by WFAGP technique. 


TABLE-4 
Different weight TACi(t61, ti, Ty) TAC2(to9, ti2, T2) 
wi=.1, W2=.9 442.6481 455.2850 
wi=.2, W2=.8 442.4681 455.2850 
W1=.3, W2=.7 442.4681 455.2850 
wi=.4, W2=.6 442.4681 455.2850 
wi=.5, W2=.5 442.4681 455.2850 
wi=.6, W2=.4 442.6481 455.2850 
wi=.7, W2=.3 442.6481 455.2850 
wi=.8, W2=.2 442.6481 455.2850 
wi=.9, w2=.1 442.6481 455.2850 


Here we can see that total average cost of TAC: (91, tj, Ty) and TAC2 (to2, t{2, T7)) are constant.it does 
not depend on different values of weight wi and wz. 
Now we focus on the change of total average cost depending on various holding cost by FNLP, 
WENLP, FAGP, WFAGP and NHFNLP techniques are represented in table -5. Here we take the 
weights (wi=w2=.5) for both WFNLP and WFAGP technique. 

TABLE-5 


Method | HOLDI TACi( ti Tr TAC( tio T; 
s NG tor tis,77) to2, tiz, Tz) 


Sahidul Islam,Kausik Das ,A Fuzzy Multi- Objective Deteriorating Inventory Model With Time Dependent Demand And 
Holding Cost Unvolved Preservation Condition Under Space Constraints:Neutrosophic Hesitant Fuzzy Programming 
Approach. 


Neutrosophic Sets and Systems, Vol. 47, 2021 142 


COST[h1 
(is 
item)=h2 
(2nd 
item=h] 
FNLP 2.75 444.3175 1.156815 1.385719 456.7003 1.210349 1.392935 
2.5 442.6481 1.200486 1.421524 454.9165 1.253672 1.429418 
2.0 438.8166 1.307034 1.509127 450.8424 1.365131 1.524196 
WFNLP 2.75 444.3175 1.156815 1.385719 456.7003 1.208066 1.390538 
2.5 442.6481 1.199541 1.420801 454.9165 1.253672 1.429418 
2.0 438.8166 1.307034 1.509127 450.8424 1.366006 1.525305 
FAGP 2.75 444.3175 1.156815 1.385719 456.7003 1.209225 1.392011 
2.5 442.6481 1.200144 1.420725 454.9125 1.253672 1.429418 
2.0 438.8166 1.307012 1.508977 450.8423 1.364764 1.525177 
WFAGP 2.75 444.3175 1.156815 1.385719 456.7003 1.209045 1.391500 
2.5 442.6481 1.199810 1.420557 454.9165 1.253672 1.429418 
2.0 438.8166 1.307034 1.509127 450.8423 1.364750 1.525606 
NHFNL 2.75 444.3177 1.154959 1.384276 456.7004 1.210351 1.393492 
P 2.5 442.6481 1.199795 1.420212 454.9165 1.253362 1.429104 
2.0 438.8166 1.307033 1.509126 450.8423 1.364590 1.523901 


FIGURE-3 FIGURE-4 


446 
444 
442 
440 
438 


436 
2-75) ee 
FNLP m@ WFNLP @FAGP @ WFAGP @ NHFNLP FNLP mWFNLP m@FAGP @ WFAGP m® NHFNLP 


Total average cost of first item in different Total average cost of second item in different 


technique and different values of holding cost. technique and different values of holding cost. 


In above figures (figue-3 and figure-4) we can see that when we increase the value of 
holding cost (h) corresponding average cost value also increases. And it is true for all methodology 


we are dealing with. 
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Now we focused on the change of total average cost depending on various ordering cost by FNLP, 
WENLP, FAGP, WFAGP and NHFNLP techniques are represented in table-6. Here we take the 
weights (w1=w2=.5) for both WFNLP and WFAGP technique. 


Table-6 
Method | Orderin TACi( tra T; Orderin TAC( tio T 
s g cost to. tit) g cost toz, ti2, Tz) 
for first for 
item(A1) second 
item(A2) 
FNLP 50 442.6481 1.199857 | 1.420192 52 455.2850 1.244292 | 1.421455 
60 449.4415 1.268755 1.522320 62 462.0886 1.314198 | 1.517613 
65 452.6740 1.299211 1.569278 67 465.3352 1.346345 | 1.562357 
WFNLP 50 442.6481 1.199205 1.419957 52 455.2850 1.244292 | 1.421455 
60 449 4415 1.269526 1.523659 62 462.0886 1.314198 | 1.517613 
65 452.6740 1.300564 1.569681 67 465.3352 1.346345 | 1.562357 
FAGP 50 442.6481 1.200245 1.420618 52 455.2850 1.244230 | 1.421975 
60 449.4415 1.268980 1.521919 62 462.0886 1.313272 | 1.516051 
65 452.6740 1.301278 1.571637 67 465.3352 1.346345 | 1.562357 
WFAGP 50 442.6481 1.199774 1.419792 52 455.2850 1.244322 | 1.421549 
60 449.4415 1.270147 | 1.524057 62 462.0886 1.313251 | 1.516190 
65 452.6740 1.300205 1.569592 67 465.3352 1.346344 | 1.562291 
NHFNL 50 442.6482 1.99023 1.420511 52 455.2850 1.244454 | 1.421594 
P 60 449.4415 1.267611 1.522379 62 462.0886 1.314243 | 1.5185587 

65 452.6740 1.300222 1.569239 67 465.3353 1.348005 | 1.563531 


FIGURE-5 FIGURE-6 


‘il afl 


FAGP 
FNLP 


(50,52{60,62{65,67) (50,52)60,62)65,67) 


FNLP m@WFNLP @FAGP @WFAGP fm NHFNLP FNLP @WFNLP m FAGP @ WFAGP fm NHFNLP 


Total average cost of first item in different | Total average cost of second item in different 


technique and different values of ordering Cost. technique and different values of ordering Cost. 
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In above figures (figue-5 and figure-6) we can see that when we increase the value of ordering cost 
(A) corresponding average cost value also increases. And it is true for all methodology we are 


dealing with. 


9. CONCLUSION: 

This paper presents a multi-objective inventory model in fuzzy environment. Here the model is 
directly connected with the real life business enterprises which consider the fact that storage space is limited 
and storage item is deteriorated during storage period and here the demand rate, deterioration and holding cost 
depend upon time. The model is developed in deterministic manner in which we use a preservation constant to 
reduce deterioration. After getting the result we have seen that the effect of deterioration can be controlled 
slightly by using a preservation condition. The model allows for shortages and in the shortage period the demand 
is partially backlogging. For the presence of uncertainty some cost parameters are considered as generalized 
trapezoidal fuzzy number. Finally the proposed model has been verified in several techniques as FNLP, 
WENLP, FAGP, WFAGP and NHFNLP Techniques. The acquired results assure us the stability and validity 
of this model. 

The proposed model can be implemented by taking more realistic assumptions such as probabilistic 
demand, power demand, finite replenishment etc. Instead of taking generalized trapezoidal fuzzy number we 
may also take triangular fuzzy number, pentagonal fuzzy number, parabolic flat fuzzy number etc. for all cost 
parameters we have considered to develop our multi-item inventory model. It will be also very interesting if we 
can develop a model where deterioration is depending with preservation condition w.r.t time. Instead of taking 
preservation condition as a constant function it would be more realistic and interesting if it would be taken as 


some function of time that means preservation power should be decrease with the increasing of time. 


Highlights of the manuscript: 

i) An inventory model with time dependent deterioration and time-dependent holding cost. 

ii) Storage space is limited for this proposed model 

iii) Preservation constant is used for controlling the effect of deterioration. 

iv) Different methodologies are used for solving this model that is for finding the minimum total average cost. 
v) All the methods gives us more or less same optimum values of total average cost. 


vi) Neutrosophic hesitant technique gives us almost same optimum value as FNLP and FAGP methods give. 
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Abstract: 


The similarity measure is used to tackle many issues that include indistinct as well as blurred 
information excluding is not in a position to deal with the general fuzziness along with obscurity of 
the problems that have various information. The main purpose of this research is to propose a multi- 
polar interval-valued neutrosophic soft set (mPIVNSS) with operations and basic properties. We 
also develop Hamming distance and Euclidean distance by using mPIVNSS and numerical 
examples and use the developed distances to introduce similarity measures. By using the developed 
similarity measures a decision-making approach is presented for mPIVNSS. Finally, we used the 
developed decision-making approach for medical diagnosis. 


Keywords: Multipolar interval-valued neutrosophic set; multipolar interval-valued neutrosophic 
soft set; similarity measures. 


1. Introduction 


Uncertainty plays a dynamic role in many areas of life (such as modeling, medicine, engineering, 
etc.). However, researchers raised a general question, that is, how do we express and use the concept 
of uncertainty in mathematical modeling. Many researchers in the world have proposed and 
recommended different methods of using uncertainty. First of all, Zadeh proposed the concept of 
fuzzy sets [1] to solve those problems containing uncertainty and ambiguity. It can be seen that in 
some cases, fuzzy sets cannot handle situations. To overcome such situations, Turksen [2] proposed 
the idea of interval-valued fuzzy sets (IVFS). In some cases, we must consider the unbiased value of 
the appropriate representation of the object under the conditions of uncertainty and vagueness, as 
the non-membership values of the appropriate representation of the object, these fuzzy sets or IVFS 
cannot handle. To overcome these difficulties, Atanassov proposed the concept of an Intuitionistic 
Fuzzy Set (IFS) [3]. Zulgarnain et. [4] introduced the correlation coefficient for interval-valued 
intuitionistic fuzzy soft sets and established the TOPSIS technique based on their developed 
correlation measures to solve decision-making complications. The theory proposed by Atanassov 
only deals with under-considered data and membership and non-membership values. However, the 
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IFS theory cannot deal with overall incompatibility and imprecise information. To solve this 
incompatible and imprecise information, Smarandache [5] proposed the idea of NS. 

Molodtsov [6] proposed a general mathematical tool to deal with uncertain, ambiguous, and 
undefined substances, called soft sets (SS). Maji et al. [7] Extended the work of SS and defined some 
operations and their features. They also used the SS theory to make decisions [8]. Ali et. al. [9] 
Modified the Maji method of SS and developed some new operations with its properties. Sezgin and 
Atagun [10] proved De Morgan's SS theory and law by using different operators. Cagman and 
Enginoglu [11] proposed the concept of soft matrices with operations and discussed their properties. 
They also introduced a decision-making method to solve problems that contain uncertainty. In [12], 
they modified the actions proposed by Molottsov's SS. In [13], the author plans to perform some new 
operations on soft matrices, such as soft differential product, soft limited differential product, soft 
extended differential product, and weak extended differential product. Zulgarnain et al. [14, 15] 
discussed the Pythagorean fuzzy soft sets and established the aggregation operator and TOPSIS 
technique to solve the MCDM problem. 


Maji [16] put forward the idea of NSS with necessary operations and characteristics. The idea of 
NSS possibility was put forward by Karaaslan [17] and introduced a neutrosophic soft decision 
method to solve those uncertain problems based on And-product. Broumi [18] developed a 
generalized NSS with certain operations and properties and used the proposed concept for decision- 
making. To solve the MCDM problem with single-valued neutrosophic numbers (SVNN) proposed 
by Deli and Subas [19], they constructed the concept of SVNN cut sets. Based on the correlation of 
IFS, the CC term of SVNS was introduced [20]. In [21], the idea of simplifying NS introduced some 
operational laws and aggregation operators, such as weighted arithmetic and weighted geometric 
average operator. They constructed the MCDM method based on the proposed aggregation operator. 
Mukherjee and Das [22] neutrosophic bipolar vague soft sets and some of its operations using. It is 
the combination of neutrosophic bipolar vague sets and soft sets neutrosophic bipolar vague soft sets 
and some of its operations. It is the combination of neutrosophic bipolar vague sets and soft sets. 
Zulgarnain et al. [23, 24] utilized the neutrosophic TOPSIS model to solve the MCDM problem and 
for the selection of suppliers in the production industry. Masooma et al. [25] by combining multi- 
polar fuzzy sets and neutrosophic sets, developed a new concept called multi-polar neutrosophic 
sets. They also established various representations and instance arithmetic. 


In the past few years, many mathematicians have developed various similarity measures, 
correlation coefficients, aggregation operators, and decision-making applications. These structures 
are based on different sets and provide better solutions to decision-making problems. It has multiple 
applications in different fields such as pattern recognition, medical diagnosis, artificial intelligence, 
social science, business, and multi-attribute decision-making problems. Garg [26] developed the 
MCDM method based on weighted cosine similarity measures under an intuitionistic fuzzy 
environment and used the proposed technique for pattern recognition and medical diagnoses. To 
measure the relative strength of IFS Garg and Kumar [27] presented some new similarity measures, 
they also formulated a connection number for set pair analysis (SPA) and developed some new 
similarity measures and weighted similarity measures based on defined SPA. Nguyen et al. [28] 
defined some similarity measures for PFS by using the exponential function for the membership and 
non-membership degrees with its several properties and relations. Peng and Garg [29] presented 
some diverse types of similarity measures for PFS with multiple parameters. In [30] the authors 
established the concept of mPNSS with its properties and operators, they also developed the distance- 
based similarity measures and used the proposed similarity measures for decision making and 
medical diagnoses. Recently, Smarandache [31] extended the concept of the SS to hypersoft set (HSS) 
by replacing the single-parameter function F with a multi-parameter (sub-attribute) function defined 
on Cartesian products of n different attributes. The established HSS is more flexible than SS and is 
more suitable for the decision-making environment. He also introduced the further extension of HSS, 
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such as crisp HSS, fuzzy HSS, intuitionistic fuzzy HSS, neutrosophic HSS, and plithogenic HSS. 
Nowadays, HSS theory and its extensions are developing rapidly. Many researchers have developed 
different operators and properties based on HSS and its extensions [32-44]. 


In this era, professionals believe that real life is moving in the direction of multi-polarization. 
Therefore, there is no doubt that the multi-polarization of information has played an important role 
in the prosperity of many fields of science and technology. In neurobiology, multipolar neurons in 
the brain collect a lot of information from other neurons. In information technology, multi-polar 
technology can be used to control a wide range of structures. In the full text, the motivation for the 
expansion and mixed work of this research is gradually given. We proved that under any appropriate 
circumstances, different hybrid structures containing fuzzy sets will be converted into special 
privileges of mPIVNSS. The concept of a neutrosophic environment to a multipolar interval-valued 
neutrosophic soft set is novel. We tend to discuss the effectiveness, flexibility, quality, and advantages 
of planning work and algorithms. This research will be the most versatile form and will combine data 
to a considerable extent, as well as appropriate medicine, engineering, artificial intelligence, 
agriculture, and other daily life complications. In the future, the current work may be competent for 
other methods and different types of mixed structures. 


The following research is organized as follows: In section 2, we recollected some basic definitions 
which are used in the following sequel such as NS, SS, NSS, and multipolar neutrosophic set. In 
section 3, we proposed the mPIVNSS with its properties and operations. In section 4, distance-based 
similarity measures have been developed by using Hamming distance and Euclidean distance 
between two mPIVNSS. In section 5, we use the developed distance-based similarity measures for 
medical diagnoses. Finally, the conclusion and future directions are presented in section 6. 


2. Preliminaries 


In this section, some basic concepts have been recalled such as NS, SS, NSS, and IVNSS, etc. which 
are used in the following sequel. 
Definition 2.1 [7] 
Let U be a universe and A be an NS on U is defined as A = {< u,uy(u),vy(u),wy(u) >:ue 
U}, where u, v, w: U > JO, 1*[ and 07 < wy(u) + vy(u) + wy(u) < 3%. 
Definition 2.2 [25] 
Let U be the universal set and € be the set of attributes concerning U, then Fg is said to multipolar 
neutrosophic set if 
Fe = {< Uu, (s; © U,(u), S; © Ue(u), 5S; © w,(u)) >:uEU, e€€E,i= 1,2)3,.<.0ml, where S; * te, 
Si * Ue,S, © We: U > [0, 1], and 0 < 5; © ucg(u) + 5; © usu) t+ 5s; © we(u) < 3; 1=1,2,3,....m. 
Ue, Ue,and w, represent the truth, indeterminacy, and falsity of the considered alternative. 
Definition 2.3 [3] 
Let U be the universal set and € be the set of attributes concerning U. Let P(U) be the power set 
of U and A CE. A pair (F, A) is called a soft set over U and its mapping is given as 
F:A > P(U) 

It is also defined as: 

(F, A) = {F(e) € P(U):e €€,F(e) = Gife#A} 
Definition 2.4 [16] 
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Let U be the universal set and € be the set of attributes concerning U . Let P(U) be the set of 
Neutrosophic values of U and A € E. A pair (F,A) is called a Neutrosophic soft set over U and 
its mapping is given as 

F:A > P(U) 
Definition 2.5 [46] 
Let U be a universal set, then interval valued neutrosophic set can be expressed by the set A = 
{<uuy(u),og),walu) >:ue Uj}, where uy, 4, and wy, are truth, indeterminacy, and 
falsity membership functions for A respectively, u.4, v,,and w», & [0,1] foreach ue U. Where 
wa(u) = [aly (w), 0 (w)] 
valu) = [oh @w), 0% (w)| 
wan) = [wt (u),wY, (w)| 
For each point ue U, 0 < uy(u)+v,(u) +wyz(u) < 3 and IVN(U) represent the family of all 
interval valued neutrosophic sets. 
Definition 2.6 [45] 
Let U be an initial universe set, IVN( U ) denotes the set of all interval valued neutrosophic sets of U 
and € be a set of parameters that describe the elements of U. An interval-valued neutrosophic soft 
sets(ivn-soft sets) over U is a set defined by a set-valued function Yx representing a mapping vx: E 
> IVN(V) It can be written as a set of ordered pairs 
Vx ={(x% Vx(x)):x € €} 
Here, vx, which is interval-valued neutrosophic sets, is called the approximate function of the ivn- 
soft sets Yx and vx(x) is called the x-approximate value of x € &. The subscript K in the vx 
indicates that vx is the approximate function of Yx. Generally if vx, vz, Vy,... will be used as an 
approximate function of Yx, Y,, Yy,..., respectively. Note that the sets of all ivn-soft sets over U will 
be denoted by IVNSS. 
3. Multi-Polar Interval Valued Neutrosophic Soft Set with Aggregate Operators and Properties 


In this section, we develop the concept of mPIVNSS and introduce some basic operations on 
mPIVNSS with their properties. 
Definition 3.1 


Let U and E are universal and set of attributes respectively, and A CE, if there exists a mapping ® 


such as 
®: A> mPIVNSS“ 
Then (®, A) is called mPIVNSS over U defined as follows 


Ye =(®, A)= {(u, 4e)(u)) :€ EE,u eu}, where 


bye) = {(e<w|s; * inf wae (u), 5; * sup Hae)(u)], [si ° inf vre)(u), 5; * sup %ae)(u)], (5; ° 
inf Wyce)(u), 5; * Sup Wace) (u)| >:ue Ue € E)}, and 

0 < S * SUpUycey(U) + Si © SUP Vyce)(U) + Sj * SUP Waye)(u) S 3 for all i € 1, 2, 3,..., me EE 
and u € U. 

Definition 3.2 

Let Y, and Yz € mPIVNSS over U, then Y, is called a multi-polar interval-valued neutrosophic 
soft subset of Yj. If 

Ss, ¢ inf Use)U) S Sj ° infugeey(U), 5; * SUP Ugcey(U) S 5; © SUP Use) (U) 

si ¢ inf Uae) < 5; * inf pe) (U), Sj * SUP Vacey(U) S Sj * SUP UV p(e)(U) 


si ¢ inf Ware) = Sj ° inf Wee)(U), S; * SUP Wae)(U) = 5; * SUP Wae)(U) 
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for all i € 1,2,3,...,m;e € E and u € U. 

Example 1 Assume U = {u,, uz} be a universe of discourse and E = {x,, *2, #3, x4} be a set of 
attribuites and A = B ={x,, x2} © E. Consider F, and Gg € 3-PIVNSS over U can be represented 
as follows 


(41, {(uy, (L.5,.8], .2,.5], £1,.6), (L3,.5], -1,.3L03,.7), (L4,-6], [-3,.7], 8,1), 
|} (a 2,.4163,0.410-2,5), C2,5)04.6) 03,8), (.3,-81 04.916 .7))), 
A) (2, {(up (L3,-61, [1 .6],04.7D, (0,.2],01,.41,(-5,.9), (L3,-6L[1,.41,.5,.8)), 
(up, ([.2,.5], [- 2,.3], [5,-6]), ([-3,-5], 1.5], £5,.8), CL. 4,-61, [3,5], [.6,-9]))) 


and 
(x1, {(uz, (L 6,8],  4,.6], | 1,-4)), (4-71), 2 3,.41, 0. 2,-6]), (.5,.7], L 4.7], £5, 1), 
rae (uz, ([- 3,.6], [.5, 0.7], [. 1,-5]), (L-3, 8], [2,.6], (1, .5]), ([-4, 1, [.5,.91, [.4,.6]))), 
7 (2, {(u., (L4,.7], £.3,-7], [.3).5]), (0, 3], [-2,.5], (-3,.7D 4 91, E2,-6) (:5,.7)), (7° 
(up, ([.2,.9], [-1,.5], [3,-6]), (L6,-9], [-3,-5], (1, 1), (L5,-71 [-3,-7], [-1,.8))) 
Thus 
ene, 
Definition 3.3 
Let Y, and Yg € mPIVNSS over U, then Y, = Yz, if 
si ° inf Uge)(U) S 5; * inf Upey(u), 5 * inf Upe)(U) S Sj * inf Uge)(U) 
Sj * SUP Ugce)(U) S Sj * SUP Up(e)(U), Sj * SUP Upgee)(U) S Sj; © SUP Use) (U) 
s, ¢ inf yeu) S 5 * inf Vee), 5 * inf Vee) UW SH * iNfvace)U) 


Sj ¢ Sup Vace)(u) Sj ° Sup pe) (U), Sj ¢ Sup Up (e)(U) < sj * sup ace) (U) 


< 
Si ° inf Wace) (U) = 


s, ¢ inf Wee), 5° inf Wee) = S; * inf Waey)(u) 

Sj * SUP Wae)(U) = Sj © SUP Wee) (U), Sj * SUP Wpey(U) = S; © SUP Wace) (U) 

for all i € 1,2,3,...,m;e € E and u € U. 

Definition 3.4 

Let F, € mPIVNSS over U, then empty mPIVNSS can be represented as F5, and defined as follows 
Fs = {e,< u, (0, 0], [1,1], [1, 1), ({0, 0], [1, 1], (1, 1)), ..., (0, 01, [1,11 (1.1) > :e € E,u € U}. 
Definition 3.5 

Let Fy € mPIVNSS over U, then universal mPIVNSS can be represented as Fz, and defined as 
follows 

Fx = {e,< u,({1,1], [0, 0], [0,0]), ({1,1], [0, 0], [0,0]), ...,({1, 1], [0, 0], [0,0]) >:e € E,u € U}. 
Example 2 Assume U = {u,, uz} be a universe of discourse and E = {x,, %2, *3, x,} be a set of 


attributes. The tabular representation of Fy and Fy given as follows in table 1 and table 2 


respectively. 
Table 1: Tablur representation of mPIVNSS Fy5 
u Uy Uy oe Un 
x4 ({0, 0], [1, 1], [1, 1) ({0, 0], [1, 1], [1, 1) on ({0, 0], [1, 1], [1, 1)) 
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X2 ([0, 0], [1, 1], [1, 1)) ([0, 0], [1, 1], [1, 1)) ana ({0, 0], [1, 1], [1, 1]) 


Xn ({0, 0], [1, 1], [1, 1)) ({0, 0], [1, 1], [1, 1) eee ({0, 0], [1, 1], [1, 1)) 


Table 2: Tablur representation of mPIVNSS Fx 


Uu Uy Uz ot Un 

x4 ({1, 1], [0, 0], [0, 0]) ({1, 1], [0, 0], [0, 0)) “a ({1, 1], [0, 0], [0, 0]) 

X2 (1, 1], [0, 0], [0, 0)) ({1, 1], [0, 0], [0, 0)) a (1, 1], [0, 0], [0, 0]) 

Xn ({1, 1], [0, 0], LO, OD) ({1, 1], [0, 0], L0, 0}) aa ({1, 1], [0, OF 10, 0]) 
Definition 3.6 


Let F, € mPIVNSS over U, then the complement of mPIVNSS is defined as follows 
Fy(e) = {e,< u, [s; ° inf Wae)(U), S; * Sup Wace) (u)], [C1 1, 1) — S; © SUP %4(e)(U), (1,1,...,1) — 
s; ¢ inf tae) (u)|, [si ° inf Usce)(u), S; © sup Une) (u)| >:ue u}, for all i € 1, 2,3,...,m;e€EE 
and u € U. 
Example 3 Assume U = {u,, uz} be a universe of discourse and E = {x,, *2, %3, x4} be a set of 
attributes and A = {x,, x2} © E. Consider F, € 3-PIVNSS over U can be represented as follows 
(1, {(u1, (L 6, 8], [. 4, 0.6], [. 1, A), (L 4, 7], [. 3, Al, [. 2, .6]), (L 5, 7], [. 6, 9], [1, 1)), 
oe (uz, ([- 3, .6], [-5, 0.7], [. 1,.5]), ([-3, 8], | 2,.6], 1-5), (14, 1, 05,.9], [-4,.6]))), 
A (x2, {(uy (4-71, £3,.71, 63,5), (10,.3] 0 2,.5,03,.7), (4-9), 6 2,-615,.7)), 
(up, ([.2,.9], [-1,.5], [7,-8]), (L6,.9], [3,5], (1, 1), (1-5, -9], | 3,-7], [-1,.8))) 


Then, 

(x1, {(uy, ([.1,.4], [.4, 0.6], [. 6.8), ..2,.61¢ 6.7], [.4,.7), (1,1), [.1,.41 £5,.7)), 
(up, ([-1,.5], [-3, 0.5], | 3,-6]), ([- 1-5], | 4,-8], [-3,-8]), (4,61 0-1,-5,04,1))), 
(x2, {(uy (L3,.5,03,.7L 14.7), (.3,.71, £5, 8], [0,.3), (.5,.71, [4,8], [.4,.9)), 
(up, (L.7,-8], .5,-9], £2,.9]), (1, 1),0-5,-7], £ 6.9], (L1,-8],£3,.7L5,.9))) 


Fa (%) = 


Proposition 3.7 
If Fs € mPIVNSS, then 
1. (Fa)S = Fa 


2, (Fy)o = Fx 
aa aaa 
Proof 1 Let 


<u, [s; ° inf Usce)(U), Si; © Sup Une) (u)], 
Fa(e) = [s; e inf Wace) (U), Si ° sup va(e)(u)|, 
[s; ° inf Wae)(u), 5; © sup Wace (u)| >:ueE Ue ck 


Then by using definition 3.6, we get 
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<u,|s; ° inf Waey(u), 5; © sup Wace) (u)], 
Fy(e) = [jest — S ° SUP Vace)(u), (1,1,...,1) — 5; © inf tae) (u)], 
[s; ° inf Usce)(u), 5; * sup Une) (u)| >:ue Ue EE 
Again by using definition 3.6 
(F4 (e))= 
<u,|s; ° inf uace)(u), 5; © Sup Ugcey(u)], 
[(11.,D0-G1.,D-s5 ¢ inf veW,(L1.,0-G1L..,D—- 5; © sup v4) (u)], 
[s; ° inf Wae)(u), Ss; © sup Wace) (u)| >:ueE Ue EE 
<u,|s; ° inf uae)(u), sj © sup Hace) (u)], 
(Fy (e))°= [s; © inf vacey(u), Sj © SUP H4e)(u)], 
[s; ° inf Wae)(u),s; * sup Wace)(u)| >:ueE We EE 
(Fx (e))°= Fa(e). 
Similarly, we can prove 2 and 3. 
Definition 3.8 


Let Face) and Ggce) € mPIVNSS over U, then 
Facey U Gpcey= 
(e,<u, [max{s; ° inf Uace)(u), 5; © inf Upe)(u)}, max{s; © SUP Ug(e)(U), S; © SUp Upce)(u)} I, 
[min{s; © inf Vace)(u), Sj * inf Vp e)(u)}, min{s; * SUP Va(e)(U), S; * SUP Ve) (u)}I, 


[min{s; ° inf Wae)(u), 5; * inf Ware) (u)}, min{s; © SUP Wace)(U), S; * SUP We) (u) | >:ueEuz,e cE) 


Example 4 Assume U = {u,, uz} be a universe of discourse and E = {x,, *2, #3, x4} be a set of 
attribuites and A = B = {x,, x2} © E. Consider Fyre) and Gye) € 3-PIVNSS over U can be 


represented as follows 


(x1, {(uy, (L.- 5,8], [. 2, 0.5], [. 1,.2]), (L3 , 5], [. 1,. 3], [.2 A), ([. 6 , 9], [. 7, 8], 8, 1)), 
ae (uz, ([-2,-4],[-3,0.4], | 1,-3),(.2,-5, 01-601. 3), ([.8, 1], [.6,.9],L.6,.71)), 
AS) (2, {(uz, (L3,-6], [.1,.6], | 3,-4), ((0,.2], £ 1,-41, [3,-5]), (L5,.9], [3,8], .5,.8)), 


[. 
(ay 25); 0-2. 37, (5,26), (6335) 51.05, 8) 6, 2): [5:8], (69) 


and 
(x1, {(uy, (L.4,.8], [- 3, 0.6], [.2,.5]), (2,.71L 03,41 04,6), (L 7,8) 1-4,.91 05,1), 
a (uz, ([.1,.6], [.5, 0.7], [. 12), (L3,-4bL 2S Dy: 5), ([.5,.9], [7,8], [.4,.6]))), 
BO) ©) (#2, (uy (L-2,-7], [3,5], 2,-6), C 1,-3], (2, -5],[-2,-7D, C-4,-91, [4-71 £5,-8))), 
(up, ([.1,.6], [.1,.5], [-4,.8]), (L3,-6], .3,.41, [1 1), (L-5,-9]13,. 71,[:1,.8)))) 
Then 
(4, (uy, (5,8), [2,0.5),[1,.2),(03,.7L01.3,02,.4D, (7,9). 4.81.5, 1), 
J) (ee C2,-6), [3,04], 04. 2)), (35) 1: 5], Li3) 87,186, 8), [.4,.6]))), 
Fac) Y GBC Y Ce, (uy, (L3,-7161-5)62-4), (61,3) 61,4162, 5),05, 91 a [-5,:8])); 
(uz, ([.2,.6], [.1,.3], [-4,-6]), (L-3,-6], L 1-41, L5,.8), (6.91, [.3,.7], [-1,-8]))) 


Proposition 3.9 
Let Fx, Gg, He € mPIVNSS over U. Then 
i Sp URS s, 
2. Fy U Fy = Fy 
3. Fx U Fg = Fz 
4. Fx U Ga = Ge U Fx 
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5. (Fa VU Gg)U He = Fx VU (Ge U He) 
Proof 1. As we know that 
(e,<u,[s; © inf uae(U), 5; © SUP Use) (u)], 
Fy(e) = [s; ° inf U4(e)(u), Ss; * sup Uae)(u)], be an mPIVNSS, then by using 
[s; ° inf Wae)(u), 5; © sup Wace (u)| >):ue U,e €E 


definition 3.8, we have 
Fate V Fare) = 
(e,<u,[max{s; © inf Uae)(u), 5; © inf u4ce)(u)}, max{s; © sup Use) (U), 5; © Sup Usce)(u)} |, 
[min{s; © inf v4e)(u), 5; © inf %4¢)(u)}, min{s; © sup vace)(U), 5; © SUP Uae) (u)}I, 


[min{s; ° inf Wae)(u), 5; © inf Wace (u)}, min{s; * SUP Wace)(U), 5; © SUP Wace) (u)}| >:uetz,e cE) 


(e,<u[s, + inf uo W,s, + sup uae(u)], 

= [s; * inf va¢)(u), 5; © Sup Ha(e)(u)], = Fag 

[s; © inf Wae)(u), 5; © sup Wace) (U)| >):ue Ue €E 
Proof 2. Fx U Fy = Fx 
Fx U F5= 
(e,< u,[max{s; « inf Ugcey(u), S; * inf uy(u)},max{s; * sup Uacey(U), S; * Sup us(u)}], 
[min{s; ¢ inf v4e)(u), sj * inf vs(u)}, min{s; © sup va¢e)(u), s; © sup vp(u)}I, 
[min{s; © inf Wae)(u), 5; © inf w5(u)}, min{s; © SUP Wace)(U), Sj © SUP ws(u)}| >:uetz,e €E£) 

(e,< u,[s; © inf Use)(u), 5; * sup Uaey(u)], 

= [s; * inf Hae)(u), 5; © sup Hace) (u)], = Fx 


[s; ° inf Wace)(u), 5; © sup Wace (u)| >):ue U,e €E 
Proof 3. Fx U Fx = Fz 
Fx U FR = 
(e,< u, [max{s; ° inf Uace)(u), 5; © inf up(u)}, max{s; © SUP Ug(e)(U), 5; * SUP us(u)}], 
[min{s; ° inf Vace)(u), Sj ° inf v5(u)}, min{s; © SUP V4(e)(U), S; * Sup v5(u)}], 
[min{s; ° inf Wae)(u), 5; * inf w5(u)}, min{s; © SUP Wace)(U), Si * SUP ws(u)}| >:uEtz,e €E£) 
(e,< u,[s; ° inf wz e)(u), 5; * sup UE) (u)], 
- [s, * inf vxe)(w),s; * sup vx)(W)], = Fp. 
[s; * inf Wire) (U), S; * SUP W Ee) (u)| >):ue Ue EE 
Proof 4. Fy U Gg = Gg U Fy 
Fx U Gg = 
(e,<u,[max{s; © inf Uae)(u), 5; © inf Ug¢e)(u)}, max{s; © sup Uace)(u), 5; * SUP Up(e)(u)} I, 
[min{s; © inf v4e)(u), 5; © inf %g¢e)(u)}, min{s; * sup V4¢e)(u), S; © SUP Vp~e)(u)}I, 


[min{s; © inf Wae)(u), 5; * inf Wa e) (u)}, min{s; * SUP Wace)(U), 5; * SUP We) (u)}] >:uetze cE) 


Gg U Fx = 
(e,<u,[max{s; © inf upe)(u), 5; * inf Uaey)(u)}, max{s; * sup Ugey(u), 5; © sup Uace)(u)} I, 
[min{s; © inf vg ¢e)(u), 5; * inf Vae)(u)},min{s; ¢ sup vg(e)(U), 5; * SUP ye) (u)}I, 


[min{s; © inf Wee)(U), 5 * inf Wace) (u)}, min{s; * SUP Wp e)(U), 5; © sup Wace) (u)}| >:uetze cE) 
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GRU Fx = 
(e,<u, [max{s; ° inf Uace)(u), 5; © inf Upce)(u)}, max{s; ° SUP Ugce)(U), S; © SUP Upce)(u)}I, 
[min{s; ° inf Vace)(u), 3; * inf pe) (u)},min{s; ° SUD Vace)(U), Si * SUP pe) (u)} |, 
[min{s; ° inf Wae)(u), 5; © inf Wey (u)}, min{s; © SUP Wace)(U), 5; * SUP We) (u)}] >:uetze cE) 
So, Fy U Gy = Gx U Fx. 
Proof 5. Similar to assertion 4. 
Definition 3.10 
Let Face) and Gge) € MPIVNSS over U, then 
Facey Gace) = 
(e,< u, [min{s; ° inf Uace)(u), 5; © inf Upce)(u)}, min{s; ° SUP Ugce)(U), S; © SUP Upce)(u)}I, 
[max{s; ° inf Uce)(u), 5; * inf Upc) (u)}, max{s; © SUD Vace)(U), Sj * SUP vp (e)(u)} I, 


[max{s; © inf Wae)(u), 5; * inf We) (u)}, max{s; © SUP Wace)(U), Si * SUP We) (u)}| >:uetze €E£) 


Proposition 3.11 
Let Fx, Gg, He € mPIVNSS over U. Then 
1. Fy N Fx = Fx 
2. Fx N Fy = Fx 
3. Fx FR = Fx 
4. Fx 1 Ga = Gp Fx 
5. (Fx 0 Gg) He = Fx 0 Ge He) 
Proof 1. As we know that 


(e,< u,[s; © inf Usce)(u), 5; * sup Uney(u)], 
Faas = [s; ° inf U4(e)(u), S; © sup Uae) (u)], be an mPIVNSS, then by using 
[s; ° inf Wace)(u), 5; © sup Wace (u)| >):ue U,e €E 
definition 3.8, we have 
Fae 9 Fae = 
(e,< u,[max{s; © inf Use)(u), 5; © inf Uace)(u)}, max{s; © sup Ugcey(u), S; © SUP Ugcey(u)}], 
[min{s; © inf v4e)(u), 5; © inf %4¢)(u)}, min{s; © sup va(e)(U), 5; © SUP V4e)(u)}I, 
[min{s; © inf Wae)(u), 5; © inf Wace (u)}, min{s; © SUP Wace)(U), 5; © SUP Wace) (u)}| >:uet,e cE) 
(e,< u,[s; © inf Use)(u), 5; * sup Uaey(u)], 
= [s; ° inf U4(e)(u), 5; © sup Uae) (u)], = Fas 
[s; ° inf Wace)(u), 5; © sup Wace (u)| >):ue U,e €E 
Proof 2. Fx nN Fy = Fx 
Fx F5 = 
(e,<u,[min{s; * inf uace)(u), 5; © inf Up) (u)}, min{s; © sup Ugce)(u), 5; © SUP Upcey(u)}], 
[max{s; * inf vace)(u), 5; © inf g¢e)(u)},max{s; © sup vae)(u), 5; © Sup Ve(e)(u)} |, 
[max{s; © inf Wae)(u), 5; © inf Wey (u)}, max{s; © SUP Wace)(U), Sj * SUP W pe) (u)}| >:uetze cE) 
(e,<u,[s, © inf ua e)(u),s; © sup uae (u)], 
Fx 1 Fo = [s; ° inf V4(e)(U), 5; © SUP He) (u)], = Fae 
[s; ° inf Wae)(u), 5; * sup Wace) (u)| >):uEe Ue €E 
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Proof 3. Fy N Fr = Fx 
Fx FR = 
(e,<u, [min{s; ° inf Usce)(u), 5; * inf uz(u)},min{s; © SUP Ugce)(U), S; © SUP us (u)}], 
[max{s; + inf Ua(ey(u), S; © inf v(u)},max{s; » sup Ua(ey(U), Sj © Sup vu}, 
[max{s; ° inf Wae)(u), 5; * inf w(u)},max{s; ° SUP Wae)(U), S; * SUp Wp(e)(u) | >:ueEuz,e cE) 
(e,<u,[min{s; + inf uacey(u), ; © inf Up) (u)}, min{s; © sup Ugcey(u), 5; © SUP Upcey(u)}], 
[max{s; * inf vace(u), 5; © inf Hg¢e)(u)},max{s; © sup vae)(u), Ss; © Sup Va(e)(u)} I, 
[max{s; ° inf Wae)(u), 5; © inf Wp¢ey(u)}, max{s; © SUP Wace)(U), Sj * SUP W pe) (u)}| >:uetze €£) 
(e,<u[s; + inf uo W,s; + sup uae], 

= [si ° inf ve), 5; * sup Yae)(u)], = Fx 

[s; ° inf Wae)(u), 5; © sup Wace) (U)| >):ue Ue €E 
Proof 4. 5. Similar to assertion 3. 
Proposition 3.12 
Let F, and Gz € mPIVNSS over U, then 

1. (Face U Gace) = Facey” n Garey” 

2. (Facey M Gacey)°= Facey® U Gace)” 
Proof 1 As we know that 

(e,<u,[s, + inf ue Ws; © sup uae), 
F,(e) = [s; ° inf Uae) (u),S; ¢ sup Uae) (u)], and 
[s; ° inf Wae)(u), 5; © sup Wace) (u)| >):ue Ue €E 
(e,< u,[s; © inf Ugcey(u), 3; * sup Up¢e)(u)], 


Gp(e) = [s; * inf peu), 5; © SUP Vp¢e)(u), 
[s; ° inf Wpe)(u),S; * sup We) (u)| >):ue Ue €E 


By using definition 3.8, we get 


Face) VU Gace) = 
(e,<u, [max{s; ° inf Uace)(u), 5; © inf Upe)(u)}, max{s; © SUP Ug(e)(U), S; © SUP Upce)(u)}], 
[min{s; ° inf Vace)(U), Sj ° inf Up e)(u)}, min{s; * SUP Va(e)(U), Sj * SUP Uae) (u)}I, 


[min{s; ° inf Wae)(u), 5; * inf Wa e) (u)}, min{s; © SUP Wace)(U), S; * SUP W pce) (u) | >:ueEuz,e cE) 


Now by using definition 3.6, we get 
Cc 
(Facey U Gave) z 
(e,<u, [min{s; ° inf Wae)(u), 5; * inf Wp¢e)(u)}, min{s; * SUP Wace)(U), 5; © SUP Wpe)(u)}], 
(tas) — min{s; © SUP V4(e)(U), S; * SUP pe) (u)}, (1,1, ...,1) — min{s; ° inf Uace)(u), S; © inf Up(e)(u)}], 
[max{s; ° inf Ugce)(u), Ss; * inf Up(e)(u)}, max{s; ° SUP Ugce)(U), 5; © SUp Upe)(u)}| >:ueEu,ecF£) 
Now 
(e,< us; ° inf Waey(u), 5; © Sup Wace)(w)], 
Facey” = [G54 a1) — S, © SUP V4¢e)(u), (1,1, ...,1) — 5; © inf tae) (u)], 
[s; ° inf Usce)(U), 5; © Sup Une) (U) | >): ue U,e €E 
(e,<u[s; ° inf We e)(U), 5; ° sup We e)(w)], 
Gace)” = ees ee) — S, * SUP Vp(e)(U), (1,1, ...,1) — sj © inf pe) (u)|, 
[s; ° inf Ug¢e)(u), S; * Sup Up(e)(u)| >):ue Ue €E 
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By using definition 3.10 
Faw 9 Gee = 
(e,<u,[min{s; © inf wae)(u), Si * inf Wae)(u)},min{s; © sup wae (u), Si * UP Wee (u)}], 
[min {(1,1,...,.1) — Sj © sup %)(u),(L1,...,D) — Sj © sup vpe)(u)}, min {(1,1,...,1) — S; © inf v4) (u), (1,1, ...D — Sj © inf v5-)(w)}] 
[max{s; © inf u4e)(u),S; * infuge)(u)},max{s; © sup Ua@)(u),S; © sup Up¢)(u)}] >: ue Ue EE) 
Facey” n Gace) “= 
(e,<u, [min{s; ° inf Wae)(u), 5; ¢ inf Wpce)(u)}, min{s; © SUP Wace)(U), S; * SUP Wpe)(u)}I, 
[a4 wel) - min{s; © SUP Ua(e)(U), Sj * SUP Vg (0) (u)}, (1,1,...,1) - min{s; © inf V(e)(u), 5; * inf Up(e) (u)}, 

[max{s; ° inf Usce)(u), 5; © inf Upce)(u)}, max{s; © SUP Ug(e)(U), 5; © SUP Upe)(u)}| >:ueu,ece FE) 
Hence 
(Face) U Ggey)S= Facey’ Gace)’ 
Proof 4,5. Similar to assertion 1. 
Proposition 3.13 
Let Fie, Garey, Hee) € mPIVNSS over U. Then 

1. Facey U Gage O Heey) = (Fae) Y Gow) 9 (Faw Y Hew) 

2. Fie 1 (Ga VY Heey) = (Facey 9 Gave) V (Fae 9 Hee) 

3. Fie) V (Fie) Ga) = Fie) 

4. Fite 9 (Fae Y Ga) = Fae) 
Proof 1 As we know that 
Ga 1 Haw = 

(e,<u, [min{s; ° inf wpe (u), 5; * inf Ue (u)},min{s; ° SUP Ug) (U), S; * sup uae (u)}I, 
[max{s; ° inf vag), 5; ° inf Vew@(u)},max{s; ° SUP Vg (U), 5; © Sup ve@(u)}], 


[max{s; e inf W ze) (U), Si e inf Wew(u)},max{s; ° sup W ae) (U), Si ° sup wee (u)}| >:ueEuz,e cE) 


Fie) U Gae 9 Hee) = 


[min{s; einf Vie) (uw), max{s; einf Va@W), Si «inf vz) (u)}}, min{s; *sup va (u), max{s; * sup VEG) (u), 5; © sup VG) (u)} i 


(e,<u, [max{s; e inf uae (uw), min{s; einf Ug (U), Si einf uc (u)}}, max{s; * sup Uae) (u), min{s; °sup UpeW), Sj * sup Uz) (u)} i), | 
[min{s; inf wie (u), max{s; einf wie) (u),s; ¢ inf wae u}} ,min{s; * SUP War) (uw), max{s; *sup W 5 (U), Si ° sup waeu)} | >:uetu,e €£) 


Fie Gare = 
(e,<u, [min{s; inf ugg (u), s; e inf ug) (u)}, min{s; ° SUP Uj (U), 5; ° SUP Up) (u)}1, 
[max{s; e inf va (u),s; ¢ inf Uae (u)}, max{s; ° sup Ware) (U), Sj * Sup va (u)}I, 
[max{s; e inf Wie (U), Si e inf W ge (u)}, max{s; ¢ sup Wie (U), Si ¢ sup W ae (u)}] >:ueEtz,e€E£) 
Five nN Hee) = 
(e,<u, [min{s; e inf uggy(u),s; ° inf ue) (u)}, min{s; ° SUP Ujrey(U), 5; * SUP Uc) (u)}1, 
[max{s; e inf v7 (u),s; ¢ inf ve) (u)}, max{s; ° SUP Uae) (U), Si * SUP VE) (u)}I, 


[max{s; einf Wie (U), Si e inf we) (u)} »max{s; ° sup WI) (u), 5; © sup Wee) (u)}] >:ueEuU,ecE£) 
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(Fae Gave) VU (Fae 0 Hew) = 
max{min{s; e inf ug (u),s; ¢ inf ug (u)}, min{s; e inf ugg (u),s; e inf uae (u)}}, 


(e,< u, . : ; 
max{min{s; ° sup Ug) (u),s; © sup UR) (u)}, min{s; ¢ sup Up (U), Si ° sup Ucre) (u)} } 


min{max{s; inf vie) (u), inf Va (u)},max{s; einf Ve) (U), Si einf vee (u)}}, 
min{max{s; ° SUP VA) (U), 5; * SUD VEG) (u)}, max{s; ° SUP Vp@(U), S; * SUP VE) (u)} } , 
false e inf wie (U), 5; ° inf wie) (u)}, max{s; einf wae (u),s; einf wee (u)}}, 


min{max{s; ° SUP Wace) (u), 5; © sup W ie) (u)}, max{s; ° SUD WRG) (u), 5; © sup Wee) (u)} } 


>:ueu,e EE) 
(Fae 9 Gare) Y (Fae 1 Hewes) = 


[min{s; einf VAG) (u), max{s; einf ae) (U), Si einf va )}}, min{s; esup aw), max{s; * sup VE@) (u),s; © sup Vee) (u)} i 


(e,<u, [max{s; einf UA) (u), min{s; einf Up (U), Si einf Ure) (u)}}, max{s; ° sup ua (u),min{s; °sup Upge)(U), Sj * sup Uc) (u)} i), | 
[min{s; e inf wie) (u), max{s; einf wae (u),s; ¢ inf wees} ,min{s; * sup Wie) (u), max{s; © SUP W ge) (U), Si; * Sup wae)} | >:ueU,e €E) 


Hence 

Face) UV Gare 1 Hecey) = (Faw VY Gaw) 1 (Faw VY Hew). 
Similarly, we can prove other results. 

Definition 3.14 

Let F,, Gg € mPIVNSS, then their difference defined as follows 
Eg iyo 


(e,< u, [min{s; ° inf u,(u), 5s; ° inf ug(u)}, min{s; « sup u,(u),s; © sup Up (u)}], 
[max{s; ° inf w,(u), (1,1,...,1) — 5; «sup vg(u)}, max{s; ¢ sup v4(u), (1,1,...,1) — 5; inf og(@u)}, 
[max{s; ¢ inf w,(u), 5; ° inf w,(u)}, max{s; « sup w,(u), 5; © sup wp(u)}] >: u € U) 


Definition 3.15 
Let F,, Gg € mPIVNSS, then their addition defined as follows 
F, ‘A + Gp = 


(e,< u,[min{s; «inf u,(u) + s; inf uwg(u), (1,1,...,1)}, min{s; « sup u,(u) + s; © sup wp (w), (1,1, ...,1)}], 
[min{s; ¢ inf v,(u) + 5; © inf wv, (u), (1,1,...,1)}, min{s; « sup v,(u) + 5; © sup vp (u), (1,1, ..., DH, 
[min{s; e inf w,(u) + s; ¢ inf w,(u), (11,...,1)}, min{s; ¢ sup w,(u) + 5; ¢ sup wp(u), (1,1,...,D}] >: u €U) 


Definition 3.16 
Let F, € mPIVNSS, then its scalar multiplication is represented as F,.d, where & € [0, 1] and 
defined as follows 


(e,< u,[min{s,; «inf u,(u). a, (1,1, ...,1)}, min{s; ¢ sup u,(u). a, (1,1, ..., 13), 
F,.a = [min{s; © inf v,(u). d, (1,1, ...,1)}, min{s; ¢ sup v,(u). @, (1,1, ..., 3], 
[min{s; © inf w,(u). a, (1,1, ...,1)}, min{s; « sup w,(u). a, (1,1,...,1)}] >:u€ U) 


Definition 3.17 
Let F, € mPIVNSS, then its scalar division is represented as F,/d, where & € [0, 1] and defined as 
follows 


(e,< u, [min{s; « inf u,(u)/4, (1,1, ...,1)}, min{s; ¢ sup u,(u) /a, (1,1, ...,1)}], 
F,/a = [min{s; ¢ inf v,(u)/d, (1,1, ...,1)}, min{s; ¢ sup v,(u) /a, (1,1, ...,I)}, 
[min{s; ¢ inf w,(u)/G, (1,1, ...,1)}, min{s; ¢ sup w,(u)/4, (1,1,...,1)}] >:u EU) 
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In this section, we introduce the Hamming distance and Euclidean distance between two mPIVNSS 
and develop the similarity measure by using these distances. 

Definition 4.1 

U and E are universal set and set of attributes respectively, assume mPIVNSS(U) represents the 
collection of all multi polar interval-valued neutrosophic soft sets. Suppose (®z, FE) and (@g, E) € 
mPIVNSS and there exist a mapping ®-, g;: E > mPIVNSS(U), then we define the distances 
between (®-, E) and (@g, E) as follows 

Hamming distance 

di(Pz(e), Pg(e)) = 


(I i+ woe(4) — sie tog(u)l ) + ([se* von(u) = si* %ee(u)l ) + 


2 lym? (4) 
, (| sie wo,(u les Si° Wo, (u u)| ) 

Where 

sj ° Ue, (uj) = - (s; e inf Ue, (U;) + Sj ° SUp to, (uj) 

Si ° Vo,(U;) = ; (s; . inf vo, (uj) + s,e sup Veo,(u i)) 

Si ° We, (uj) = : (s, . inf we, (u) + s,e sup We,(u )) 

sj ° Up, (uj) = ~ (s: e inf Up, (uj) + sje Sup to,()) 

S1* Goc(uj) = 3 (si inf v% g(u j) + S,* Sup g(u i)) 

s;° Wo, (uj) = 2 (sp inf we guj) + si° sup wu os(%)) 

Normalized Hamming distance 

dyn (Pz (e), Pg(e)) = 

at my? , (sie wo, (uj) - si * Wog(u)l) + (| sie vop(uj) - 51% Fog (uj) ) + ao 


( Sie We, (uj) De wo,(u)) ) 


Euclidean distance 
dz (Pe(e), 9G (e)) = 


(= Is me a si* Ue, (uj) — si* Ho,(uj)|) + (| sie vo,(yj)- si * %,(y) ) ‘} (4.3) 
(| sie wo,(uj) - sie we, (u w)i) 


Normalized Euclidean distance 


dye (Pz(e), Pg (e)) is 
(ss fama. c+ orl) ~ 5 tag) + (Lan) ~ 5+ Hol) ‘\) a) 
mp 
([si* wog(u)— si¢ wo,(u)l ) 
Weighted distance 
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d” (Pz(e), Pg(e)) = 


(fe oe of si ton(u)= 842 toll) + (sie wesley) — sie ver) ‘}) (4.5) 
( S.* Wo,(uj)— s¢ wo,(uj)| ) 


Where r > Oand w = (W4,W2,W3,...,Wn)’ be a weight vector of e; (i =1,2,3,..., n). If r =1land r 
= 2, then equation 4.5 becomes the weighted hamming and weighted euclidean distances respectively. 
Definition 4.2 

U and E£ are universal set and set of attributes respectively and (®z, EF), (@g, E) are two mIVNSS(U). 
Then similarity measure based on definition 4.1 between (®, E) and (@g, E) defined as follows 


1 


2 4, 
DOE OG) = raaea (4.6) 
Another similarity measure between (Pr, E) and (@g, E) defined as 
S(®g, g) = e PUPrPS) (4.7) 


Where f is a steepness measure and a positive real number. 


Definition 4.3 
U and E£ are universal set and set of attributes respectively and (®z, EF), (@g, E) are two mIVNSS(U). 
Then the following distances between (®, EF) and (@g, F) defined as follows 


d(®r(e), pg(e)) = (2 | apa (|s Sie Ue, (u 4) — fe Up, (u uw) ) + ( Si ° Vo, (Uj NY se Vo, (u wi) ‘t) 


Si* Wo,(uj)— 5 * Wo,(y)| 
(4.8) 
And 


d(Pz(e), @(e)) = 


(= agp Honlu)— tasu) + (510 209(4)~ 5+ ve) ‘t) 49) 
p (I i* we,(u iy) St wog(uj)l) 


Where r > 0, equations 4.8 and 4.9 reduced to 4.1 and 4.2 respectively, if r =1. Similarly, if r =2 
then equations 4.8 and 4.9 reduced to 4.3 and 4.4 respectively. 

Definition 4.4 

Similarity measure between two mIVNSS (®¢, E) and (@¢, E) based on the weighted distance of 
(rz, E) and (@g, E) defined as follows 


1 
1+d” (7,0) 


S(®z, @g) = (4.10) 


Definition 4.5 


Let ®; and @g are mPIVNSS over the universal set, then @; and @¢, are said to be a — similar if 


and only if smpivnss(®r, Qs) >aforae (0, 1). If smpivnss(®r, Qs) > <, then we can say that 


®; and @g¢ are significantly similar. 


5. Applications of Similarity Measures of mPIVNSS in Medical Diagnoses 


Rana Muhammad Zulgarnain, Imran Siddique, Muhammad Asif, Shahzad Ahmad, Said Broumi, Sehrish Ayaz, Similarity 
Measure for m-Polar Interval Valued Neutrosophic Soft Set with Application for Medical Diagnoses 


Neutrosophic Sets and Systems, Vol. 47, 2021 161 


In this section, we proposed the algorithm for mPIVNSS by using developed similarity measures. We 


also used the proposed methods for medical diagnoses. 

5.1. Application of Similarity Measure in Medical Diagnoses 

We develop the algorithm of mPIVNSS for similarity measure and used the developed similarity 
measure for medical diagnoses by using the proposed algorithm. 

5.1.1. Algorithm for Similarity Measure of mPIVNSS 

Step 1. Pick out the set containing parameters. 

Step 2. Construct the mPIVNSS according to experts. 

Step 3. Construct mPIVNSS @G for the evaluation of different decision-makers, where t = 1, 2,...,m 
Step 4. Find the distance between two mPIVNSS by using the distance formula. 

di prvnss (Pr (e), g(e))= 


([ sie wop(uj) = si tog(u)l) + (| si* von(uyj)— 52% eoe(u)l ) + 
(| sie wo,(u yJ- S8 wy Wo, (u u)| ) 


Step 5. Compute the similarity measure between two mPIVNSS by utilizing the following formula 


1 


Dp 
Say, i=1 jad 


2m 


1 


Smpivnss(®#, Og) = 1+d(©F,9G) 


Step 6. Analyze the result. 


5.2. Problem Formulation and Application of Similarity Measure of mPIVNSS For Disease Diagnoses 

The general proposed algorithm can be used in diagnosis complications, then we are giving one 
numerical example containing way out those diagnosis problems in the general lighted of scientific 
discipline. This planned algorithm may be obtained from immoderate medical disease diagnosis 
complications. We consider typhoid disease as a diagnosis problem, so whether a well-advised 
patient has typhoid or not, as many containing the overall signs and symptoms of typhoid are going 
to be compatible as well as other diseases such as malaria. For a verbal description of the disease, we 
tend dispensed similarity measures along the mPIVNSS structure to attain an insured person as well 
as high-fidelity consequences. The general m-polar anatomical structure offers us a record of medical 
experts rating for the extraordinary disease. 

5.2.1. Application of Similarity Measure 

Now we assume the universal set as follows U ={u, =typhoid, uz =not typhoid} and E bea set of 
parameters which consist of symptoms of typhoid disease such as E = {x, = flu, x, = body pain, x3 
= headache}. Assume F and G © E, then we construct the 3-PIVNSS of ¥ and G suchas ®;(x) and 
g(x) according to experts given as follows. 


Table 3: 3-PIVNSS of Fz according to experts 


®;(x) x4 X2 


uy - DeOle eo Lae) Sol, balk ee) ({. 2, .4], [.3, 0.4], [. 1,.3]), ([.2,-5], [. 1,.6], [.1,.3), 
([. 6, .9], [.7,.8], [.8, 1) (811,691. L 6.7) 
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Uz ([. 3, .6], [ 1,.6], [-3,.4]), ((0,.2], |. L.41,[-3,.5)), ([. 2,.5], [ 2,.3], [.5,.6]), (L3,.5], [-L.5], [-5,.8]), 
([.5, .9], [.3,.8], [.5, 8) ([.6, .9], [.5,.8], |. 6, .9]) 


Table 4: 3-PIVNSS of Gs according to experts 


PG (*) xy x2 
Uy ([. 4, .8], [.3, 0.6], [.2,.5]), (.2,.7],L3,.4, [4.6], (.1,.6], [.5, 0.7], [.1,.2]), (L3,.4] [2,5], ,2,.5)), 
([. 7, 8], [.4,-9], |. 5,1) ([.5, .9], [. 7,.8], |. 4,.6)) 
Uy ([.2,.7], [.3,.5], [. 2,.6]), ([. 1,.3], [ 2, .5], [.2,.7)), ({.1,.6], [. 1, .5], [.4,.8]), ([. 3, .6], | 3,.4], (1,1), 
({. 4, .9], [.4,.7], 5, .8)) ([. 5, .9], [. 3, .7], [-1,.8) 


Now we compute distances between ®-(x) and @¢(x) by using definition 4.1 given as follows. 
43_prynss(Pr(e), Pg (e)) = 0.55 

3" prvnss(Pr(e), Pg (e)) = 0.275 

d3_piynss(r(e), @,(e)) = 0.31111 

a3 pwnss(Pr(e), Pg(e)) = 0.22 

Now by using the above-calculated distances we will find the similarity measure between ®;(e) as 
well as @,(e) given as follows 

S3_prynss (Pr, Pg) = 0.6452 > 0.5 

33 piynss (PF, Qg) = 0.7843 > 0.5 

S3_pivnss (PF, Pg) = 0.7627 > 0.5 

53" piyuss (Px, Pg) =0.8197 > 0.5 

According to the above calculation analyze that S3_pjyyss(®¢, @g) = 0.5, so 3-PIVNSS of ®¢ and 


@g are significantly similar which shows that the patient suffering from typhoid. 


6. Conclusion 

In this article, we studied IVNSS and proposed the idea of mPIVNSS with some basic operations 
and properties. We use attributes and numerical examples to develop some basic operators. By using 
Hamming distance and Euclidean distance and their characteristics, a distance-based mPIVNSS 
similarity measure was also developed in this research. By using the presented distance-based 
similarity measure, a decision-making method has been developed for mPIVNSS. Finally, the 
developed technique has been used in medical diagnosis. In the future, the concept of mIVPNSS will 
be extended to neutrosophic fuzzy soft sets, interval-valued neutrosophic fuzzy soft sets, m-polar 
neutrosophic fuzzy soft sets, m-polar interval neutrosophic fuzzy soft sets, etc., and will be used to 


solve different real-life Problems, such as medical diagnosis, decision making, etc. 
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Abstract: In this article, anew concept of the Complex Neutrosophic Matrix is introduced 
to solve different problems related to uncertainties. Based on the proposed matrix, we 
have provided various algebraic operations like addition, subtraction, union many others 
which will be of great help in estabalishing the fundamental concepts. The results 
obtained through the above operations will be consequently utilized in solving the 
higher-dimensional problems due to their matrix properties. This novel concept lays the 
foundation of various research solutions in the field of the complex neutrosophic matrix, 
which are yet to be considered by researchers.The matrix norm convergence of the 
proposed matrix has also beenstudied for the necessary foundation of the complex 
neutrosophic matrix. Also, the future studies of the proposed concept have been 
proposed. 


Keywords: Complex neutrosophic matrix, Complex neutrosophic set, Matrix Norm, 
Convergence, Matrix operations 


1. Introduction 


Zadeh [1] in 1965 introduced the concept of the fuzzy set to deal with the problems 
created by the uncertainty components. Atanassov [2] in 1993 further extended the theory 
of the fuzzy set to the intuitionistic fuzzy set (IFS) in which the non-membership function 
was added to the membership function. IFS played a significant role in solving the 
unsolved problems, but the indeterminacy/neutrality function was the dependent concept 
in this case which started creating the problem andwas later resolved by Samarandache in 
1995 by introducing the theory of neutrosophic set. Neutrosophic set is the branch of philosophy 
that deals with neutrality and its interaction with the different philosophical spectra. Samarandache 
[3] defined the concept of neutrosophic set in the form of degree of truth, indeterminacy 
and falsity membership functions. Further, the notion of the neutrosophic set has been 
extended to a single-valued neutrosophic set [4], complex neutrosophic set [5], 
neutrosophic hypergraph [6] etc. Wang et al. [4] extended the theory of single valued 
neutrosophic sets by introducing the various properties and set-theoretic operators. Many 
difficulties related to the various fields of medicine [7-9], decision-making[10-12] and 
pattern recognition in the range [0,1] have been solved using these theories. Later, Ramot et 
al. [13] presented the novel theory of a complex fuzzy set (CFS) in 2010, which extended the 
range of fuzzy set to the unit circle in the complex plane. “A complex fuzzy set preserves the 
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concept of uncertainty through amplitude in [0,1] with the addition of the phase term in [0,27]. 
Further, the properties of union, intersection and complement with its application in the case of solar 
activity and signals have been defined. Alkouri and Salleh [14] introduced the concept of a complex 
intuitionistic fuzzy set (CIFS), which added the complex non-membership function to the complex 
membership function. Along with the various properties related to its complement, union, T-norm 
and S-norm have been described. Later, Ali and Samarandache [5] proposed the concept of a complex 
neutrosophic set (CNS) which added the degree of complex neutrality function to membership and 
non-membership functions followed by various properties like union, intersection, a product with 
their application.” 


Further, the concept was extended in direction of matrices. Thomson [15] initiated by 
introducing the concept of the fuzzy matrix in 1977 and defined the convergence of fuzzy 
matrix. Kim and Roush [16] contributed by defining the fuzzy matrices concept as an 
extension of Boolean algebra. Later, the determinant of the intuitionistic fuzzy matrix was 
proposed by Pal [17] and interval-valued intuitionistic fuzzy matrices were introduced by 
Khan and Pal [18]. In 2014, Dhar et al. [19] gave the concept of neutrosophic fuzzy matrices, 
which was extended by Kandasamy et al. [20] who proposed the concept of neutrosophic 
interval matrices with its application. 

Various researchers have extended their study in the direction of extension of fuzzy 
theories, which later turned to complex fuzzy matrices by Zhao and Ma [21] in 2016. They 


defined the complex fuzzy matrices in the form of C= (Aix) + iBi(x)) and also 


explained the norm convergence. Khan et al. [22] extended the concept of complex fuzzy 
matrices to complex fuzzy soft matrices in 2020 and also proposed some theorems, which 
have been explained with the help of its application in DMP (Decision-Making Problems). 
Various extensions have been done in the theory of the neutrosophic sets and 
information in literature. This has been explained with the help of the following figure: 


Dhar etal. (Atta) 


Fig 1: Literature Survey of Neutrosophic Theory. 
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Now, after considering the importance of matrix form in solving a large number as well as 
higher dimension problems in a single interval of time motivated us to extend these 
advantages of the matrix form from the real plane to the complex pane of unit range. Thus, 
we extended the theory of neutrosophic matrices to the complex plane and introduced the 
novel concept of a complex neutrosophic matrix. In this article, we have defined the 
concept of complex neutrosophic matrices and explained it with the help of algebraic 
operations. In continuation, the concepts like union, intersection have been also explained 
for a better understanding of the concept. Also, the concept of matrix norm and power 
convergence have been provided along with various results. 

The manuscript has been organized as follows. Section 2 provides the basic and 
fundamental preliminaries related to the proposed concept. The formal notion of the 
complex neutrosophic matrix has been detailed and studied in Section 3. Different 
algebraic operations and properties related to the proposed matrix along with norm 
convergence have been included in Sections 4 and 5. Finally, the conclusion and scope for 
future work have been presented in Section 6. 


2. Preliminaries 


In this section, we briefly discuss the basic preliminaries and definitions related to the 
complex neutrosophic matrix present in the literature. 


Definition 2.1. (Neutrosophic set) [4] “Let U be a space of points and xeU. A neutrosophic 
set S in U is characterized by a truth membership function I5(x), an indeterminacy 
membership function I;(x ) and falsity membership function Il,(x). s(x), Is(x) andII5 (x) 
are a real-valued subset of ]0~,1*[. The neutrosophic set can be represented as 

S = {@, P(x) = ap, Is(x) = ap Ms(x) = aq): xe} 
where ~0 < Is(x) + Is(x) + IIs(x) < 37.” 


Definition 2.2. (Complex fuzzy set) [13] “A complex fuzzy set S, defined on a universe of 
discourse U, is characterized by a membership function s(x) that assigns any element 
xeU a complex-valued grade of membership in S. By definition, the values us(x) may 
receive all values lie within in the unit circle in the complex plane, and are thus of form 
Rs(x Je¥s@), where i = V—1,Rs(x) and ys(x) are both real-valued, and Rs(x )e[0,1] . 
The complex fuzzy set S may be represented as the set of the ordered pairs 

S = ((%, Ms(x)): xeU}.” 
Definition 2.3. (Complex Neutrosophic set) [5] “A complex neutrosophic set S defined on 
the universe of discourse U, which is characterized by a truth membership function I(x ), 
an indeterminacy membership function I;(x ) and falsity membership function I5(x) that 
assigns a complex-valued grade of Is(x), Is(x) andIl;(x) in S for any xeU. The values 
I's(x), I5(x), s(x) and their sum may all lie within the unit circle in the complex plane and 
so is of the following form, 
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s(x) = Ps(x Jels@), Isc) = Qs (x Je"Bs and Ms(x) = Rs (x Jes) 
where Ps(x), Qs(x), Rs(x) and as(x), Bs(x), Ys(x) are respectively, real-valued and 
Ps(x), Qs (x), Rs(x)e[0,1] such that ~0 < P3+ Q54+ Rs < 37. 


S = {(x, T(x) = ap, Is(x) = az, Ms(x) = aq): xeU}, 
where |ar| < 1,]a;| < 1,/aq| < 1 &lap + ay + ag] < 3.” 


Example 1: Let U = {u,,u2,u3}be the universe of discourse. Then, consider a complex 
neutrosophic set Sin U which is denoted by: 


Sag BS fe 4, Ge Be ga 20 ie Le aE 1; 5 es as ae 
(Zei08 26 4-€ 4 — e101 “ota e's ey 4,264 


Definition 2.4. (Complex fuzzy matrix) [21] “SupposeS = (rij) + iMl;j(x)) is the 
mxn 


matrix, all of the T;;(x) + ill;;(x) is a complex fuzzy number for i,j <is<n1<j <n), 


then called S is a complex fuzzy matrix.” 


3. Notion of Complex Neutrosophic Matrix 

In this segment of the current article, we proposed a new kind of a complex neutrosophic 
matrix. The formal definition and an example of the complex neutrosophic matrix have 
been provided along with the operation of union and intersection for a_ better 
understanding of the concept. 


Definition 3.1. “A complex neutrosophic fuzzy matrixS,,., defined on a universe of 
discourse U, which can be characterized by a truth membership function Is(x;;), an 
indeterminacy membership function s(x; i) and a falsity membership function s(x; ) 


that assign complex value functions of the form, 


Ts(xij) = Ps(xij Jets), 


Is(xij) a Qs(xi)elsu) 
and 
Is (xi;) = Rs (xj Jesu) 


in Smxn for any x;j€U, where Ps,Qs,Rs € [0,1] s.t. “0 < Ps) + Qs +Rs < 3*. The values 
and the sum of Is,ls; and IH; may always lie within the unit circle in the complex plane.” 


Then, the complex neutrosophic fuzzy matrix Sm ynis represented as 
Smxn = {[ts(xis), Is(xij), Ms (ij) I aren! es u} 


where |Is| < 1, |Is| S$ 1, |IIs5] S$ 1 &ITs +15 + Is| < 3. 
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Example 2. We could represent example 1 in matrix form or order 3 X 1 i.e. 


cia 2 «1 30 
(gereigetze'*) 


Lo. 1 wx 2 wt 
i0.7 Ay ae 
( , oO” Gs ‘) 


Definition 3.2. (Complement) 
The complement of the complex neutrosophic matrix can be written in the form of 


(Smxn)" = (Irs (xij), Is(%ij), Msi )lmen) = [Ts (xij), Is (xz) Ms (Xi) en 
= [(Ps(xy ets)” (Qs(xi)ei®u))° (Rs(xy)etvs)) "| 


where (Ps(xi)) = Rs (xij )and (elas(u))" = ei(2m-as(xij)) 


MxXn 
Similarly, (Rs(xi))) = Ps (xij) and (civsu))" = eil2n-ys(xij)) and 
Finally, (Qs(xy)) =1-Qs(x;) and (ciBs(eu)) = ei(2m-Bs(xiy)), 


Example3. Suppose 5S3,,be a complex neutrosophic matrix. Then, the complement of 
($3x1)° will be given by 


wa 31 2 . = 1 3 77 1 -570 
(Fei Bala sea) (2e'(" zm), 2e'a, tela 
5 a SD 
. 51 71 
On 0 ce eer ee es c _I(7 ifan-) 3 (= 9 j 
S3x1 = (= ei0t,26 a Te 1 (S3x1)° = 7 ¢i( wa00), 26 oe 
1 4 qe 2. 4 _ 3m 3 «7H 
ey, e 4, —e@ 4 4 ,i(2m seo) —e!4 2 ela 
J 
5 10 5 5 


Definition 3.3. (Union of the complex neutrosophic matrix) Consider two complex 
neutrosophic matrices Sinxn = [Is (xij), 15 (xy), Ms (xij) |, and 
Siaxn = [UF (xij), 18 (xi), WF (xis)]_,, Tespectively. Then the union of these two matrices 
will be given by 

Sinxn U Sinxn = {max{I$ (xi), 1F (xis) }, min {ls (xis), 15 (oj), min {Mg (xi, ), 15 (xij)}} 
where 


max({I$ (xij), TF (xi;)} = max{P3 (xi), P? (xi)}etmaxtas (xij)ars (xij) } 


min{I$ (xi;), 12 (xi;)} = min{Q$ (xi;), Qz (xz )}ei minlés (xi).B5 Oi)} and 
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min{I3 (x;;), 13 (xij)} = min{R$ (xij), R3 (xi) Jems @uds Gud} 
Example 4. Consider two complex neutrosophic matrices 
(: i0.8 2 ic 1 ) 


Le cae ee 
ae tie oe (=e ao ane ‘) 
4 (se cet ele) ; 5324 = (ze5 elt, — elt) 
(ge'”, el, cel) (Ee 7 net, =e *) 
(Ses cols elt) 
53x1 VU $3x4 = (=e 5 sels, els) 


1,01 22 
(se 75¢5#") 
Definition 3.4. (Intersection of the complex neutrosophic matrix) Consider two complex 


neutrosophic matrices Stixn = [Fs (xi;), 13 (xij), (xis) en and = 


[T? (xi;), 13 (xij), 08 (xi) ] cn respectively. Then, the intersection of these two matrices 
will be given by 
Sirxn 1 Sinxn = {min{Ts (xi), TF (xij), max{ls (xij), 1S (oi) } maxtlls (eis) US Ci) B sen 
where, 
min{T2 (x;;), 12 (x;j)} = min{P2 (x;;), P2 (x;;)} ef mins Cu)-9S CD}, 
maxf{I} (x;;),13 (xij)} = max{Qh (xis), Q8 (xij) fe! MMPS Ou) 85 HD) and 
max{II3 (x;;), 13 (xij)} = max{R$ (xij), R3 (xij Je MMOS Cudvs Cu} 


Example 5. Consider two complex neutrosophic matrices 


3, 2 «1 3a 1. 3 322 7 wt 
5 10:87 = sl lee et 102. SS le 
( : peise | (re Toe ae") 


5 
1 1 = 9 45x 1 123 
Sha =|(qgerge nage) Sba=] (ge z6" Ge) 


Wy 2 1 x2 wt 
Gee ne) 
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4. Algebraic Operations On Complex Neutrosophic Matrices 

In this segment of the current article, we have discussed the theoretical operations on the 
complex neutrosophic matrices. This section begins with the basic definition related to the 
concept and is followed by the theorem, multiplication and additive identity. 


Definition 4.1. A be a m x nneutrosophic matrix. If all of its entries are (0,0,1e!°), then Ais 
called zero complex neutrosophic matrices and denoted by 0. 

If all of its entries are (1e’°, 1e°, 0), then A is called universal complex neutrosophic matrix 
and denoted by J. 


Theorem 1. The matrix S,.., are a complex neutrosophic fuzzy algebra under the 
component-wise addition and multiplication operations (+,©) represented as: 


For Sy = [Fs, (xij), Is, i), Ms, is Mined So = [Bs, (xis )s Is. (47), Mo (Xs Vase ME Smxn» 


Sy + Sy = (sup{S;, S2}) 
= (sup{ls, (xis), Ts, (xis)}, suptls, (xis), Is, (xy) }. inf{Ms, (xij), Ms, (x47) ) 
51 OS2.= (inf{S,, S2}) = (inf{Is, (xij), Ts, (xij)} inffls, (xij), Is, (xiy)} 4 sup{lls, (xis), Is, (xii) 


where S; = [Ts, (xi;), Is, (x;;), Ms, (xis) of 


mxn 


Sy = [P. s, (xi Jel*s1 4), Qs, (xy JelPs1 0), Re, (xij)e¥si0)| ae 


mxn 


S2 = [P sy (xij elts24), Qs, (xij JetBse 4), Rs, (xj )e1¥% @u)| 


mxn 


Proof. Every matrix in complex neutrosophic algebra should also satisfy the properties of 
fuzzy algebra. Therefore, S$; +O = S, and S; OJ = S,V S,€Smxn, hence in this case the 
addition and multiplication identities are denoted by the zero matrix O and the universal 
matrix J respectively. Thus, the identity element relative to the operations (+,©) exist. 
Further, S$, + J =J and S,; © O = O. This proves that Universal bound holds. 

Similarly, we can prove for Idempotence, Commutativity, Associative and Absorption 
properties. 

Now, in the case of Distributivity property, we have to prove 

51 © (Sz + $3) = (Si © $2) + (Si © S3) 


where S; = [P. s, (xi els), Qs, (xi)elPs C4), Rs, (xy)eVsxu)| 


mxn 


S2 = [P. sy(xij else"), Qs, (xij else), Re, (xij )e1¥S2 eu) and 


mxn 


Ss = [Ps, (xj; )e'*Ss (xij) Qs, (x; e's (xij), Rs, (xj, )e'Ys3 7 


Next, if SS S2(0r)S3 ie. I's, (xi;) < Is, (xi;) or Is, (xi;) rls, (xi;) < 
Is, (xij) or Is, (xij), Us, (xij) = Ms, (xi) or Ms, (xij) then in both cases 
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inf{S,,sup{S,53}} = S, and sup {inf{S,, Sz}, inf{S,,S3}} = S,. 
In a similar manner, 
51 + (Sz © S3) = (Sy + S2) © (Si + 53) 
Next, if S$; = S;(0r)S3 then in both cases 
sup{S, inf{S,53}} = S; and inf {sup{S,, Sz}, sup{S,, S3}} = Sy. 
Hence, all the properties are proved. 
Definition 4.2. Multiplication of two complex neutrosophic matrices 
Consider two complex neutrosophic matrices given by $3.2 and S3,, on the unit circle in 
complex plane i.e. 
(a, 61, aze, aze19)(a,ei, asei®s, agei%) 
S3x2 = | (bi e!, bze!, be! ) (bye!4, bye!75, bee!) |, 
(c,e!?1, cre!?2, cze'P3) (c,e'?4, caelrs: ceei?s) 
(pe, p2e'%, p3e'"?) 
Stx1 = (q1e'8:, qre'P2, q,e'8s 1 


Now the product of two matrices is given by 


diy 
S3x2-S3x1 = [i 
dsy 
where, 
"di = (sup{inf(a,e!, p,e'), inf(a,e', q,e'#+)}, supfinf(a,e', p,e!”2), inf(ase's, qae'¥2)}, 
inf{sup(a3e!, p,e!*) , sup(age!, q3e's)}) 
d, = (sup{inf(b,e'%, pye'“*), inf(bye'*, q,e'7)}, sup{inf(b2e'”, pre'“?), inf(bse'75, qre'*2)}, 
inf{sup(b3e'73, p3e!3 ) , sup(bee!, qze'#3 )}) 
dz, = (sup{inf(ce'+, pre'*) , inf(cye"”*, q,e'*+)}, supfinf(c,e'°2, pre'), inf(cse'?5, qne'¥2)}, 
inf{sup(c3e'”2, pze!*) , sup(cge!?*, qge'®2)}).” 


Example 6. Let us consider two matrices given below 


(: ios 2 i 1 ) é io 2 iF 1 *) 


ge ge ge *) (pense t+75 


4 
| Oe rn Mra ee a Aa 1 grt lo sz 10 10 10 
Sa = (el7, es, T0° T)(—e Orage f5 et) ; i= 1 123 


Des 1 »522 iz Ts 9 iz 1 310 
(el Geese’) (spel agesse*) 


1 oz 1 Jina 3 1) ae a 
(supper? gets}, sup[rget-ge'*} inf ae’ age 4) 


We. cinta Me 121 = 9 wt1 « 
SEL ee (sup fel, ce}, sup fee's, ell int — elt = eI) 


1 io2 1 ios a ee 7 3 Oe 
(sup{fre ee },sup{ae eh ‘f, inf|-Tels, 0° I) 
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1 i0. 1 21 2) 


Definition 4.3. The identity element for addition 
Consider two neutrosophic matrices S3x2 and [2x2 respectively, where [2,2 is an identity 


matrix. Then, 


( 1 13,7 oi zels) @ ina ele e's) 
Sox = 10 10 5 10 5 10 
x sy 4 5a 1 230 3. 1 «m2 30 
Ear) een 
_ [(0,0,1e'°) (0,0,1e"°) 
2 |(0,0,1e) (0,0,1e'°) 
d d 
S2x2 + Iox2 = Fa = S2x2 
where, 
1 7 i 1 «sa 1 7 «1 5a 
y= (sup (=e e 0), sup (—e's,0), int(Se", 1)) = (=e 3, celts e+ | 
7 3 st 1 wt 7, 3 ot 1 wt 
a= (sup (=e, 0), sup (=e', 0), int (e's, 1)) = (el, cc's, e's) 
1 STC 1.32 aoe 4 5a 1 532 
i= (sup (=e'°2,0), sup (=e', 0), int(Se",1)) = (gel, =e' sel) 
wT 2.3% ach 1 «a2 30 
d= (sup (=e z 0), sup (5e%, 0) ,int(Ze'*,1)) = (=e? =e ef) 


5. Norm Convergence for Complex Neutrosophic Matrix 
This section includes the norm convergence of the complex neutrosophic matrix, followed 


by some basic properties, definitions and theorem. 


Definition 5.1. [35] “Suppose F = R_ or C,V in linear space over F. If the real vector 
function ||*|| on Vverify the properties given below: 

a) For arbitrary u € V,|lu|| = 0, and |lu|| =0 ou =0. 

b) For arbitrary ae F,u eV get |laul| = |lall|lull, 

c) For arbitrary u,v €V, get ||Ju+v|| < |lull + Ilvll, 


Then ||w|| is called the vector norm of X in V.” 


Definition 5.2. Consider ||*|] is a non-negative real function on F”", if 
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cor (Gu) | < [18 Gs) [8 Os) 
cor (5Gu)) | s [[o*Es))] [or Es) 


where R (I (x; i)) &t (Is (x; )) is the real and imaginary part of the complex neutrosophic 
matrix. 


Similarly, for Is (xij) &Is (2x4; ).Then, this known as ||*|| is CNFM(n,m). 


Definition 5.3. “Suppose (V, ||*||) is a n-dimensional normed linear space, 11, D2, +) Ds 
is a vector sequence of V,6 isa fixed vector V, if 


lim |[px — 4] = 0 

k-0o 
Then called vector sequence convergence in the norm, M is a limit of a sequence, note as: 
lim py = 6 or py > 6 
k->0o 


The vector sequence does not converge called divergence.” 


Definition 5.4. “Suppose (V, ||*||) is a n-dimensional normed linear space, 11, D9, «Dis 
where p, = (3 (xij), 1p (xij), Mp (xi))) P. = (13 Cay )slp ea) ls (x), .. is a complex 
neurotrophic matrix sequence of V, p(k) = (r} (xij), 1K (xij), OK (x i)) constitutes a 


complex neutrosophic function 6 = (T5 (xij), 1s (xi), Me (xi )) is a fixed complex 
neutrosophic matrix of V, if 

jim [pr G (xi) — OR (I (xi))|| = 0, lim [pc (ie (x,)) — ot (I (xi))|| =0 
where R (r (xi) ,R (I (x:;)) &t (r} (xi) ee (I (x:;)) is the real and imaginary part of 
the complex neutrosophic matrix and function respectively.” 
Similarly, for the case of indeterminacy and falsity components of the matrix i.e. 


jim | pR (1 (x) — 6R (Is (xis)) pe (1 (x,)) ~ 5t (Is (x)) 


= 0, lim 
k->00 


: 


tn, fo (8) —aR (MCs) = 0 2 re(H8Ce,)) ~Fe (sa) =0 


Then, it is known as complex neutrosophic matrix sequence, 71,P2,..,Px, +. Converges in 


the norm, 6 = (I (xij) 1s (xij), Ms (xi;)) is the limit of the sequence. 
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5.1. The Convergence of Power of Complex Neutrosophic Matrix 

Definition 5.1.1. Consider M (Pre(xij), Ine (xij), Mye(xi;)) € CNFM(n,n) power K of M 
is defined as M*, among them M1 = M, M* = M*'M. 

Theorem. Consider M (Me(xij), Ine (xij), Me (xij) € CNFM(n,n), there exists a positive 


integer a and K, such that Vk > K has M*** = M*. 
Proof. Suppose Vk > 1, 


M (Pe(xij), Inc (xi;), Me (xij) 


= (a (Pre(xij), Ine (xij), Mae (xis)) + i(z (Pe(xij), Ine (xis), Mae(xy))) ) 


nxn 


mk = (a (Me(xij), Ine (xij), Me (xij) +i (« (Pe(xij), Ine (xij), Mae(xis)) ) 


nxn 


= (Rk (Me(xis), Ine (xij), Tne (xis)) + i(c* (Me(xis), Ine(xi;), Mae(xi))) ) 


nxn 


R (Me(xij), Inc (xi;), Me (xij) 


as . W (R (Cre %ip,) Ane (ip, )s Hse (%ip,)) A» 


1S)1,..Pk-15N 


AR (Me ie): In (i 3 Tae(Xipe-s))) 
{3 (Me (xij), Inc (xy), Mae (xij)) 
= A (« (Tre(xip,), Ine(Xip, ), Mae (Xip,)) Mise 


1SP1,.4.PK-15N 


VT (I Cee) lne(%ip,_.)> Mae(Xipe-1))) 


It is known that V&A are closed, therefore, the number of the elements of {M*,k > 1} 
will not be greater than (n*")”. 


Then there exists a positive integer a and K,s.t. M kta — Me thus k > K has 
mkta = Mik-K)tk+a = mk-kpykta = mMk-k yk = mM. 


6. Conclusions & Future Work 

In the current study, a novel concept of complex neutrosophic matrices is presented and 
explained with the help of a few algebraic operations and properties, which will be of great 
help for the researchers to understand the basics of the concept. The outcomes of these 
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operations will lay the foundation of the fundamental rules to solve or design methodology 
to solve a complex problem. The numerical examples presented in the current manuscript 
will be of great help to understand the process more clearly. This could be the initial 
research in the direction of the novel concept. Further, the matrix norm convergence and 
power convergence of the complex neutrosophic matrix is discussed thoroughly. These 
results can be applied in further study of the complex neutrosophic theory. In future, the 
complex neutrosophic matrices concept may be applied to various applications related to 
pattern recognition, decision-making, medical diagnosis etc. 
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Abstract: In this article, the main definitions and differentiation concepts of neutrosophic fuzzy 
environment will be reviewed. This article will introduce an analytical methodology for solving 
the second-order linear ordinary differential problem with neutrosophic fuzzy boundary values, 
this analysis will be under generalized Hukuhara differentiability to show the analytical solutions 
from a different point of view for the uncertain system, some of these solutions may be decreasing 
in uncertainty or maybe reflecting the behavior of some real-world systems better. Some 
applications and numeral examples will be solved to show the behavior of the solution. 


Keywords: Fuzzy; neutrosophic fuzzy number; Hukuhara differentiability; neutrosophic fuzzy 
differential equation. 


1. Introduction 


The fuzzy differential equation as a topic has been developed in last years so rapidly and it can 
be used as a suitable way to model dynamic systems under possible uncertainty. The concept of 
fuzzy and fuzzy derivative was initiated by Zadeh and Chang [1] then it was followed up by a wide 
group of researchers to develop many different methods as Dubois, Prade, Puri, Goetschel, and 
Voxman [2]. After Kaleva [3] formulated the first concept of differential equations in a fuzzy 
environment, Hukuhara changed the concept of difference and differentiability, and to overcome 
the difficulty of no solution for BVPs, the generalized Hukuhara differentiability was developed by 
Stefanini and Bede [4:6]. 

As time goes, the definition of the possible uncertainty was developed and generalized, which 
was firstly introduced by Atanassov [7,8] and it is called intuitionistic fuzzy which generalized the 
definition of the fuzzy environment from depending on the definition of the membership only into 
definition depends on membership degree and non-membership degree which summed to less than 
one to highlight the non-belongingness and add too many questions on the degree of hesitation. 
Wide applications are solved by Mondal and Roy [9,10]. 

It is fact that the world is always searching for a more generalized definition for the fuzzy 


environment to model more reliable systems. So it was important to find a more generalized fuzzy 
set and functions that depend not only on the membership and non-membership but also describe 
the degree of hesitation, and it was firstly initiated by Smarandache [11:15] who calls it a 


neutrosophic fuzzy set which is considered as a generalization for fuzzy set and intuitionistic fuzzy 
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set because it adds the concept of indeterminacy. As an extension of the neutrosophic Logic, A. A. 
Salama introduced the Neutrosophic Crisp Sets Theory as a generalization of crisp sets theory and 
developed, inserted, and formulated new concepts in the fields of mathematics, statistics, computer 


science, and information systems through neutrosophic [16:21 ]. 

In this paper, the second-order homogenous ordinary differential equation via generalized 
neutrosophic fuzzy numbers as boundaries will be solved under strongly generalized Hukuhara 
differentiability. And the solution will be applied to numeral problems. 


2. Definitions and theories 


We begin this section by defining the notation and theories we will use in this paper. 


2.1. Definition [11] neutrosophic memberships 

Let X be universe set and a neutrosophic set A on X is defined as A = {(T,(x), 14 (x), Fa(x)): xeX} 
represents the degree of membership T,(x), the degree of indeterministic [,(x) and the degree of 
non-membership F,(x). Such that 0 < T,(x) + ,(x) + Fu(x) S 3. 


2.2. Definition [11](a, 8, y)-cuts 
The (@,f,y)-cuts are fixed values on setA where Aggy = {(T,(*), 14 (x), Fa(x)): xeX, T(x) = 
a,I,(x) < B, F(x) Sy} which define each of T,(x),1,(x),F,(x) in terms of lower and upper 


functions of (a, 8, y)-cuts. 


2.3. Definition [11,12] neutrosophic number 
A neutrosophic set A defined on a universal set of real numbers R is said to be a neutrosophic 


number 
i) A is normal if xgéR T,(%g) = 1,14(%q) = Fu(%q) = 0. 
ii) A is a convex set on truth function T7,(x)where T,(Ax,+(1—A)x2)2= 
min(T, (%1),T4(*2)) 
iii) A is a concave set on indeterministic and falsity functions I, (x), F,(x)where 


I4(Axy + (1 — A)x2) = max(I4(%1), 14 (%2)) 
Fy(Ax, + (1 — A)x2) 2 max(F4(%1), Fa(%2)) 
2.4. Definition Triangular neutrosophic number 


Let A be a Generalized triangle neutrosophic number Agry = (a,b,c: ,7,€) 


fw a<x<b 


b-a 
Ty(x) =< w x=b_ and zero otherwise 
c-x 
—w b<x<c 
c—b 
=n asxx<b 
L(xw=47 x=b_ and 1 otherwise 
b-x 
ae b<x<ec 
a a<xx<b 
b-a 
Fi(x) =4 € x=b_ and 1 otherwise 
P*E bex<ec 
b-c 


And we can represent (a, 6, y)-cuts on the generalized triangle neutrosophic number as 
Aapy = [A@, A@], [A AB]. [409,47] 
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—— a a 
|AC@), A(@)| = (« +—(b- 0) (< = Gs ») 


Lae 1-8 
(«+ Fe 0), (e--Fe-m} 


= 1- 1- 
|4@).4@)] = («+ 2o-),(e-t 2-0) 


2.5. Definition Trapezoidal neutrosophic number 


46), 4@)] = 


Let A be a generalized Trapezoidal neutrosophic number Agrry = (a,b,c, d: w,7, €) 


T,(x) = a : b<x<-c and zero otherwise 
—w cs<x<d 
=n asx<b 

I(x) =4n b<x<c and1 otherwise 
—n c<xx<d 
id a<x<b 

Fy(x) =4€é b<x<cc and1 otherwise 
—é c<x<d 


And we can represent (a, 6, y)-cuts on the generalized trapezoidal neutrosophic number as 


Aapy = |A@,A@], [AB 4B], [4.40] 


——_ a a 

|A@), 4@)| = («+Se -«)),(a -—(d- 0) 
1-8 1-8 

(2+ =Fe-0),(«-ha-o)| 
1-y 1-y 

(2+ =46-a),(a--%a-o) 


2.6. Definition [4,6]Let F: (a,b) > F(R), if the next limits 


46), 4@)] = 


[4M,40)] = 


li F(%) +h) Ou F(%) _ F(X) Ou F(X — A) 
im : lim 


h>0+ h h>0+ h 


exist and equal some elements F'},(xo) € F(R), then F is Hukuhara differentiable at x), and F’ (Xo) 


is its derivative at xo. 


Theorem 1 [7,8] Let F: (a,b) > F(R) be a generalized Hukuhara differentiable Function if and only 
if (a) or (b) are satisfied 


(a) si a(x) is increasing and Pi (x) is decreasing 


(b) Ee a(x) is decreasing and fe (x) is increasing 


Then, 


[Fon @], = mn (r:, (x), F400) ymax (a 0, F,0)} 
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This concept is so near to the generalized differentiability, but may be it focuses on the 
cases of the function and both of these differentiability change the concept of derivatives, so let us 
show these changes in the next definition of generalized Hukuhara derivatives. 


2.7. Definition [8,9]The ieee Hukuhara first derivative of a fuzzy parametric function is 
+ 
defined as; f’(xo) = lim CES SASL) , From the definition, we have two classes: 


(i)-differentiable at x9 : [f'(xo)]a = [f! Go), fq (%0)] 


(ii)-differentiable at xq : [f'(xo)]a = [f'g@o)f’ o)] 


2.8. Definition [8,9]The generalized Hukuhara second derivative of the fuzzy function is defined as 


Ff (5) = lim? + ae f'(%o) 


According to the last definitions, we have the following classes: 
[a (x0), F740) | if f is @) — dif ferentiable 
class(1,1) 


Polit” (x0) if f is (ii) — dif ferentiable 
class (2,2) 


f' (Xo) is @-differentiable if: f"(x9) = 


[F".@o).f" (o)| if f is (() — dif ferentiable 
class(1,2) 

LF" 0), F"q(%0)| if f is (ii) — differentiable 
class(2,1) 


f' (Xo) is (ii)-differentiable if: f (x9) = 


2.9. Definition The solutiony(t,a,B,y) of the neutrosophic fuzzy differential equation is strong 


only if, > 0,2 2 <Obut 2 <0, 7>0and 2<0,2>0. 


3. Methodology 
As it is defined before both Hukuhara theory and neutrosophic fuzzy definition, so we can deal 
with differential problems by applying the generalized Hukuhara differentiability on Neutrosophic 


Fuzzy differential equations 


3.1 Neutrosophic second order differential equation under generalized Hukuhara: 


Choosing second order differential equation in linear homogenous form with full terms of 
differentiability in different cases of coefficients signs. 

y' (0 = tpy ©) + av) 
Neutrosophic boundary conditions 

H(t.) =a HT) =b 


Using (a,B,y) — cut to apply generalized Hukuhara differentiability classes. Where a and bare two 
generalized trapezoidal neutrosophic numbers. 

& = (Gy, A, 43,44; w, 7,8) 

b = (by, bz, bg, ba; 0, €) 
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3.1.1. Case (1): Positive sign for p and q (+ +) 


The analysis and solution will be introduced in case of positive signs of p,q. 


According to generalized Hukuhara, the problem will be studied in 4 classes 


Class (1,1) Class (1,2) 


y (48,7) = p.y'(t,a,B,y) + 4.¥(t,@, BY), y'(ta, By) =p.y(t,a,B,y)+q.y¥(t,a,B,y), 


y : y"(taBy)=p.y'(taBy)+q.y(ta,B,y), 
y"(t,@,B,y) =p.y'(t,@,B,y) + ¢-y(.,B,Y), VGaBY=pD.yCaBy)+q.y¥CaB,y) 


Class (2,1) Class (2, 2) 
y (ta,B,y) =p.y'(ta, By) + 4-y(t,a, By), Y &aBY) =p.y6GBY +4648) 
V"COBY=PYCGBN+GICGBY,  y"(eaby=py baby +qytaby 


to find the solution of each class as a function in the general values of coefficients p and q, the 
methodology of getting the analytical solution of this system will be described in class(1,1) in detail 
as an example. 


Class (1,1) 


V"EaBY)=P.yCaByY+qI6aB,y), FVtraB,y) =a4y(T,a,B,y) =b 
VEaBY=pyYGaBY+ayEaBy), you By) =ay(T,a,B,y) = b 
Let 
Mae Y= 
z" = pz' +qz zi=v 
x" = px’ + qx x’ =u 
xy! 0 1 0 O};x 
ul __|@a P 0 H 
Z 0 0 0 1]}z 
v 0 0 q pitv 


From this system, the eign values of the matrix will appear in the solution, so these definitions will be used 
d, =pt+ yp? +4q dz=pt+ p*—4q d3=p—yp?+4q dy=p—yp’?—4q 
General solution: 


(dy)t (d3)t 
x=y(t,a,B,y)= ce 2 +c4e 2 


Zs (dy)t (d3)t 
z= y(t,a,B,y)=cje 2 +c3e 2 


By using the boundary condition to get c,,C2,c3and cy: 


Att =ty 
(dy)to (d3)to 
y(to,@,B,y)=a= coe 2 +c4e 2 
oa aa (dy)to (d3)to 
V(t, a, By) =A=cye 2 +c3e 2 
Att=T 
(d4)T (d3)T 
y(T,a,B,y)=b= cC2e 2 + cye 2 
a = (dy)T (d3)T 


WT.@8.y) Hb=cje 2 +e3e 2 
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(d,)to (d3)to 
a 0 e 2 0 e 2 |e 
= (dito (d3)to 
a) _e 2 0 e 2 0 C2 
b ~ (dT (d3)T |C3 
b e 2 0 e 2 C4 
(dy)T (d3)T 
e 0 e 0 
The solution of C's: 
_ @3)T ~ (3)to (d3)T (da)to 
—(ae 2 —be 2 —(ae 2 —be 2 
C= ee Cc. — eae 
A. (d1)T (d3)to (dz3)T (dy)tp ’ (d4)T (dg)to (d3)T (dy)to ’ 
(e 2 e 2 -e 2 e 2 ) (e 2 e 2 -e 2 e 2 ) 
_ G@)T ~ Gy)to (d,)T (dy)to 
Ge? —be 2”) (ae? —be 2”) 
Gh a ne Se 
3 (d4)T (dz)to (d3)T (dy)t) ’ ~* (d)T (d3)to (d3)T (di)to 
(e 2 e 2 -e2e 2 ) 2e 2 —-e 2 e 2 


By using the value of c,a,a,b andb then get y(t, a, B,y) and y(t, a, B,y) 


Then, the other classes can be obtained by the same method. 


3.1.2. Case (2): Positive sign for (+p) but the negative sign for (-q) 


Also, any case of negative sign of the coefficient is needed to be shown to realize the effect of the 
negative sign on the generalized Hukuhara differentiability definition for the system. 


y(t) = py'(t) — qy(t) 


According to the Hukuhara definition, it is known that the negative sign turns the lower term into 
the upper term and vice versa. 
Class (1, 2) 
Class (1, 1) 
y"(t,a, By) =p.y'(t,a,B,y) —4.y(t,a,B,y) 
y" (ta, By) = p-y' (tea, By) — 4. H(t,a,B,y) 


y (4,B,y) =p.y'(6a,B,v) —4.y(t,a,B,Y) 


y"'(t,a, BY) = p.y'(t,a,B,y) _ q. y(t, a, B,y) 


Class (2, 1) Class (2, 2) 


y Ct, a, B, y) = p.y'(t, a, B,y) oo q- V(t, a, B, y) y(t, a, B,y) = p.y'(t, a, Bp, y) _ q. y(t, a, B, y) 


y(t, a, B,Y) = Pp. y(t, a, B, Y) _ q. y(t, a, B,Y) “4 (6, @, BY) = ei yite, a ”) 7 a y(t, oe ”) 


Also to find the analytical solution of each class, the same methodology will be used and it will be 


described in solving first class as an example 


Class (1, 1) 


y"(t,@,B,y) =p.y'(t,a,B,y) — q. y(t, B,Y) 


y"(t,@, By) =p.y'(t,a,B,y) — q.V(t,@, BY) 
Lety =x, y=z 
x" =_ px’ —qz 
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x'=u 
= pz' — qx 
zi=v 
x4! 0 1 O O};x 
ul _|0 p -q O}lu 
z| 10 0O O 1]]z 
v -q 0 O pitv 


The solution 


fa fa fa fa 
x = y(t, a) = cye2"? + c2e2"1 + cz3e2°* + c,e2"3 


fa fa fa fa 
Z= Y(t,a) = cye2* — c,e2"1 + c3e2"* — cye2"3 


After studying all classes of all cases of different signs of coefficients, a table of collected general 


solutions of all cases will be introduced to help in solving applications by substituting 


Table 1. General solutions of N.F Differential equations 


Class(1,1) Class(1,2) Class(2, i Class(2,2) 
0 


y(ta,B,y) y(ta,B,y) y(t,a,B,y) 


(dy)t (d3)t ty 


t t 
fd fd 4 d. 
=c,e 2 +c4e 2 ager To 4 er = c,e2"? + c2e2°1 + c3e2"* 


-t t 
= pees +c ,e2"3 
y(t,a,B,y) + C3 ents + cert 

(d4)t (d3)t y(t, a, ) = = 
=cye 2 +c3e 2 cmaearias p y(t, a, B,y) y(t, a, B,y) 

7 d,( bay 


= = cet ze 
1- d(?/q) 


t 
+ c4e2% + C3 ez 2 + Cy ext 


t t -t t 
5d 5a Fa 5a 
+ ce? = —c,e2"? + c,e2"1 = —cye2% + c,e2%3 


La, 


-t t 
Ha fd 
~ cse2* +4 ez3 —c3e2°1 + c4e2"4 


xt xt (d4)t -t -t 
Sa sa ete arGz/t Ha Sa 
=cje2 *+0c3e2 * = ce 2 e = ce? +c,e7% =cye2°*+c,e2"1 


Stig 


t t -t -t 
5d 5d a sta fd Fa Fa 
+ c4e2"3 + c,e2"4 y(t,a,B,y) +c3e2°7 + cye2"* +c3e2°4+c,e2"% 


x(t, ap Y= (<dg)t 2 
/ =cye 2 y(t, a, B,y) y(t, a, B,y) 


iy -t 
= —c,e2 + cnet =cyez™ — cert 


Fay 74 
+ c3e2°* — c4e2 


y(t, By) y(t, a, B,y) y(t, B,y) y(t, B,y) 


t =ty ta (dg)t (d4)t fa a) 
= c,e2 + c,e2% 3 =cye2 + c,e2 =c,e 2 +c,e 2 = cye2" + c,e2% 
Las me fay — fay stay 
+cyez3 +c3e2°* + cye2"* y(t, a, B,y) +c3e2°4 + cye2 

(da)t (da)t 
=cje 2 +0c3e 2 


G. 

S 

G y(t, a, B,y) y(t, a, B,y) y(ta,B,y) y(t, a, B,y) 
S 

-t 
t a 
2 a. 

+p 

q 
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y(t,a,B,y) 


y(t,a,B,Y) 

= eer ray C2 ett 
+ cet a c4e2 ds 
y(t, a, B,y) 

= cert - cert 


-t t 
d3 i d3 
+ c3,e2 — cye2 


4. Applications 


4.1. Example 1 


Solution: 


t t t 
fa fd Sd 
= c,e2"? — c,e2"1 + c3e2"* 


y(t,a,B,y) 
-t t 
= “Gee + C2 er 


~c,eF 24 + Cy ent 


y@a,B,y) 


= age + C2 ert 


sta 
Seer 24 Cy e2"t 


y(t, a, B,y) 
ot -t 
= ee +c,e2% 


~c,eF 282 + Cy ert 


186 


y(t, a, B, y) 
= ~eete (1 1- au(?/q)) 


y(t,a, B,y) 

= eset + c,ext 

+c3e z Za3 4 C4 ert 
y(t, a, B,y) 
= cye2® (1-4,(?/q)) 
+ cert! (41 - d,(?/q)) 


-t -t 
+ce3,e2 + cye2z™ 


y(t) = Sy'(t) + 49(t), 


@ = (0.8,1,1.4; 0.8,0.2,0.3) 
b = (2.6,3,3.1, ; 0.8,0.2,0.3) 


e First step: Analyzing the neutrosophic boundary points 


According to Definition 4 the generalized NF triangle point, then 


aco) WH] = [(09+%).(14-9) 


|a(), a(B)| = loos Ss 


|e~),a@)] = (os + a) ; (1.4 _ 


—B) (1 —£) 
oe ee 


a) 


[aco 5] = (26 +8). (34-8) 


[>(8), b@®)| = (2.6 + 


(1-8) (1-8) 
rar) 


on =[(25+48=P) (21-129) 


e Second step: Solving the problem according to methodology or use Table 1 


For positives signs of coefficients and substituting the values of p and q 
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Class (1, 1): 


(5+V41)t (5-V41)t 
y(t,a,B,y) = coe 2 +cye 2 


(5+V41)t (5-V41)t 
yta,B,y)=cje 2  +c3e 2 


To find the values of constants for each a, B,y, then use the boundary points 


(S+V4I)to — (S~VAI)to 


Y(to,@,B,y) = c2@ 2 +e4e 2 =[08+£,08+ 2°" 084-0) 
Wto.By) = eB toe = [LA 514 - c . Sr “ Ym; 
y(T, a, B,y) = ce + ee = [2.6+ =, 2.6 ” CP 2.6 cn s0-vy 
W(T.a,Py) = ce 2 tee 2 = [34 — a ei 


Table (2): The Results of Upper and Lower for (a, B,y) at t = 0.5 
a y(05,a) y(05,a2) B YO5,8) yO05,B) y yO5yY) yO5,y) 


0.0 0.685682 0.713451 0.2 0.843218 0.843218 0.3 0.843218 0.843218 
0.2 0.725066 0.745893 0.4 0.803834 0.912266 0.5 0.798207 0.922130 
0.4 0.764450 0.778334 0.6 0.764450 0.981315 0.7 0.753197 1.001043 
0.6 0.803834 0.810776 0.8 0.725066 1.050363 0.9 0.708187 1.079956 


0.8 0.907334 0.907334 1.0 0.685682 1.119412 1.0 0.685682 1.119412 


N 


Upper and Lower (Alpha) 


0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 


> 
* 
z. 
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N 
tn 


ie} 


= 
u 


Upper and Lower (Beta) 


05 
0 


nN 
ui 


Upper and Lower (Gamma) 
in 1 


05 ! ! 1 L L L 1 1 1 
0 01 0.2 0.3 04 05 0.6 0.7 08 0.9 1.0 


t- Axis 


Fig. 1: The Results of Upper and Lower for (a, 8, y) of Class(1,1). 


Class (1, 2) 


wae ca (s-V41)t (5+V41)t 
y@a,B,y)=cye™ +(cg)e*+c3e 2 +c,e 2, 


(5-V41)t (5+V41)t 
y(t, a, B,y)= ce" (-C/,)) +c,e"(-9) +e3e 2 +c4e 2 


To find the values of constants for each a, B,y, then use the boundary points 


(5-V41)to (5+V41)to 


y(toa,B,y) = cre" + (gle +e,e 2 tae 2 =08+5,08+—" 08+22Y 
Flay @t,B,y) = —1.Seye~* — 9eqe-€ + eye 2 + eo =14- : a 5 14- _ v 
y(T,@,B,y) = eye" + (cg)e" + a ee “26+? 264+? 
F(T, a,,B,y) = -1.8cye” —9eneT tee tye = 31 - ee eee 
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Table (3): The Results of Upper and Lower for (a,f,y) at t = 0.5 


a y(05,a) y(0.5,a) B Y(05,8) y0O5,8) vy yO5,y) y(0.5,y) 


0.0 0.525047 1.265411 0.2 0.843218 0.843218 0.3 0.843218 0.843218 
0.2 0.604589 1.159863 0.4 0.763675 0.948766 0.5 0.752312 0.963844 
0.4 0.684132 1.054314 0.6 0.684132 1.054314 0.7 0.661406 1.084471 
0.6 0.763675 0.948766 0.8 0.604589 1.159863 0.9 0.570500 1.205098 


0.8 0.907334 0.843218 1.0 0.525047 1.265411 1.0 0.525047 1.265411 


we 
T 


‘) 
we 


Upper & Lower Sol. with Alpha 
# h 
wu n 


t-Axis 


N 
la 


Upper & Lower Sol. with Beta 


i 


Upper & Lower Sol. with Gamma 
uy 


I 1 
0 01 0.2 03 04 05 0.6 0.7 08 09 1.0 
t- Axis 


Fig. 2: The Results of Upper and Lower for (a, 8, y) of Class(1,2). 
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Class (2, 1) 
(5+V41)t (5-V41)t 
y(t,a,B,y)=cye*+ce,e 2 +c3e'+cye 2, 
(5+V41)t (S-V41t 
y(t,a,B,y)=—cye**+c,e 2 —cze'+cye 2 
To find the values of constants for each a, B,y, then use the boundary points 
(s+v41)to (s-V41)to _ = 
(to, @ By) = cre +e,¢ 2 +cze+eye 2 =0.8+=,084+ a 0.8 + ac 
(5+V41)to (5-V41)to a 1- AQ1 — 
V(to,a@,B,y) =—cye*** +e,e 2 —cge+eye 2 =14- re A) a4 Gan 
Vo Y 1 2 3 4 7 2 
(5+V41)T (5—V41)T 7 _ 
y(T,a,B,y)= ce +e, 2 +e,e"+e4e 2 =26+%,26+—" 26+4*Y 
(5+V41)T (5-V41)T 7 a” 
y(T,a,B,y) = —cye*7 +c2.e 2 —c3e’ +c4e 2 =3.1- a 3.1- aE 3.1 - = 


Table (4): The Results of Upper and Lower for (a,f,y) at t = 0.5 


a y(05,a) y(05,a2) Bp y(05,8) 05,8) y yO5,y) 


y(0.5,y) 


0.0 0.470499 1.334594 0.2 0.843218 0.843218 0.3 0.843218 
0.2 0.563679 1.211750 0.4 0.750038 0.966062 0.5 0.736727 
0.4 0.656859 1.088906 0.6 0.656859 1.088906 0.7 0.630236 
0.6 0.750038 0.966062 0.8 0.563679 1.211750 0.9 0.523745 


0.8 0.907334 0.843218 1.0 0.470500 1.334594 1.0 0.470499 


0.843218 
0.983611 
1.124004 
1.264398 
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Fig. 3: The Results of Upper and Lower for (a, 8, y) of Class(2,1). 


Class (2, 2) 


-(5-V41)t (5-V41)t —(5+V41)t (5+V41)t 
y(t,a,B,y)=c,e 2 +c,e 2 +6¢3e 2 +cye 2, 
—(S-V41)t (s-v41)t —(5+V41)t (s+V41)t 
y(t,a,B,y)=—cye 2 +c,e 2 —c3e 2 +cye 2 


To find the values of constants for each a, B,y, then use the boundary points 


-(5-V41)to (5-V41)to —(5+V41)to (5+V41)to 


Vto@By)= ce 2 +e,e 2 +¢;e 2 +ee 2 =08+" 08+ oP 0.8472 
—(s-Vai)t (s—-V41)t -(s+v4i)t (5+V41)t _ = 
Wty, @,B,y)=—cye 2 +ege 2 —c3e 2 tye? = 14-£,14- 29 14-4 
-(5—V41)T (5-V41)T —(5+V41)T (5+V41)T Po (a-p) 4(1-v) 
VT.aBy)= ce 2 +e,e 2 “+e3e 2  +e4e 2 = 2.645,26+——55, 26+ — 
—(s-V41)T (5-V41)T —(5+V41)T (5+V41)T és (1p) 
W(T,a,B.y)= -cye 2 ~+e,e 2 -cge 2 +ege 2 =3.1-2,31--3.1- = 
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Table (5): The Results of Upper and Lower for (a,f,y) at t = 0.5 


a y05,a) yO5,a) B yO5,8) O58) vy yOS5y) yO5,y) 


0.0 0.716735 1.088359 0.2 0.843218 0.843218 0.3 0.843218 0.843218 
0.2 0.748356 1.027074 0.4 0.811597 0.904503 0.5 0.807080 0.913258 
0.4 0.779976 0.965788 0.6 0.779976 0.965788 0.7 0.770942 0.983298 
0.6 0.811597 0.904503 0.8 0.748356 1.027074 0.9 0.734804 1.053339 


0.8 0.843218 0.843218 1.0 0.716735 1.088359 1.0 0.716735 1.088359 
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Fig. 4: The Results of Upper and Lower for (a, 8, y) of Class(2,2). 
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In this example, All the last figures which describe the upper and lower solution of each class for 
each a, B, y gave a notification that the solutions bands are the strong solutions because there was 
no overlapping between the bands, Also by applying the meaning of strong solution from 
definition 11, the tables show that the solution values at t = 0.5 are strong because it is observed 
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that the lower solution is increasing ascending with @ but the upper is descending with it, and the 
lower solution is decreasing with B and y but the upper is increasing with them. 


4.2. Example 2 


Class (1, 1) 


y(t,a,B,y)=ce7*+0,€ 2 


y(t) = 3y'(t) — 290) 


H(t) = 0) = a= (0.8,1,1.4; 0.8,0.2,0.3) 


HT = 1) = b = (2.6,3,3.1,; 0.8,0.2,0.3) 


(34+V17)t 


(34+V17)t 


y(t,a,B,y) =c,e2"-c,e 2 


(3-V17)t 
+c3@6+c,€ 2 

(3-V17)t 
+c3,e6-c,@ 2 


To find the values of constants for each a, B,y, then use the boundary points 


y(to, @, B,Y) =C,+e,+¢,; += 0.8 +5, 0.8 

a 
V(t, a, B, VY) = Cy —Cg +03 —Cg = 14-25,14- 
y(T,a,B,y)=ce*+ce 2 


y(T, a, B,y) = cre" — ce 


(3+V17) 


(3+V17) 
2 


+c3e1 + c,e 


2 


(3-v17) 


ul 
+ c3e° — Cye 


(3-V17) 


(1-8) 


(1-8) 
2 


] 


¢) ge4 2 
4 7 


, 14 


ee 2) 


7 


2 = 2.6+5,2.6+ 


Table (6): The Results of Upper and Lower for (a,f,y) at t = 0.5 


Fo SSS Bt ees 
8 8 


cats 76420) 
2 7 


7 


a y(05,a) y05,a) B yO5,6) yO5,p) y yO5,y) yO.5,y) 
0.0 1.543156 2.019864 0.2 1.713232 1.713232 0.3 1.713232 1.713232 
0.2 1.585675 1.943206 0.4 1.670713 1.789890 0.5 1.664639 1.800841 
0.4 1.628194 1.866548 0.6 1.628194 1.866548 0.7 1.616045 1.888450 
0.6 1.670713 1.789890 0.8 1.585675 1.943206 0.9 1.567452 1.976059 
0.8 1.713232 1.713232 1.0 1.543156 2.019864 1.0 1.543156 2.019864 
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Fig. 5: The Results of Upper and Lower for (a, 8, y) of Class(1,1). 


Class (1, 2) 
y(t, a) = ce" + coe** + cze* + eye" 
V(t, a) = —c,e77* + c,e”" — c,e7* + cye® 
To find the values of constants for each a, B,y, then use the boundary points 


y(to, @, B,Y) =C, +¢C2+¢c3; += 08+=,084+—" 0.840 


a 1- 401 — 
V(to, a, B, VY) = -Cy +02 —C3 +04 = 14-£ 14-F 59) 4 MOY 
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y(T,a,B,y) = ce? + ce? +c3e71 + ce? == 2.64 a 26464 << 


2 y 


VW(T,a, B,y) = —c,e7? + coe? — c3e-1 + eget = 3.1 - _ 3.1 - cf 3.1 - —t 


Table (7): The Results of Upper and Lower for (a,B,y) at t = 0.5 


a yO5,a) y05,a) Bp yO56) yO5,8) y yO5,y) y(0.5,y) 


0.0 1.456247 2.106772 0.2 1.713232 1.713232 0.3 1.713232 1.713232 
0.2 1.520493 2.008387 0.4 1.648986 1.811617 0.5 1.639808 1.825672 
0.4 1.584740 1.910002 0.6 1.584740 1.910002 0.7 1.566383 1.938112 
0.6 1.648986 1.811617 0.8 1.520493 2.008387 0.9 1.492959 2.050552 


0.8 1.713232 1.713232 1.0 1.456247 2.106772 1.0 1.456247 2.106772 
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Fig. 6: The Results of Upper and Lower for (a, 8, y) of Class(1,2). 


Class (2, 1) 
y(t,a) = c,e7* + cye! 
V(t,a) = c,e7* + c3e° 


To find the values of constants for each a, B,y, then use the boundary points 


y(to,a,B,y) = e+ ¢e4=08+£,08+5" 0.8 +22P 


a 1+ 4(1 — 
(toa B,y) = ey +e 14-5 ,14-S a ee 


y(T,a,B,y) = cge? +c4e1 = 2.64 a 2.6 + oP) 2.6+ a 


V(T,a,B,y) =cye? + ce" = 3.1-4 31-5" 34-=% 


Table (8): The Results of Upper and Lower for (a,f,y) at t=0.5 


a yO5,a) yO05,a) pB yO56) yo5,8) y yO5y) y(0.5,y) 


0.0 1.416384 2.146636 0.2 1.713232 1.713232 0.3 1.713232 1.713232 
0.2 1.490596 2.038285 0.4 1.639020 1.821583 0.5 1.628418 1.837062 
0.4 1.564808 1.929934 0.6 1.564808 1.929934 0.7 1.543604 1.960891 
0.6 1.639020 1.821583 0.8 1.490596 2.038285 0.9 1.458790 2.084721 


0.8 1.713232 1.713232 1.0 1.416384 2.146636 1.0 1.416384 2.146636 
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Fig. 7: The Results of Upper and Lower for (a, 8, y) of Class(2,1). 


Class (2, 2) 


-(34V17)t -(3-Vvi7)t 
y(t,a,B,y) =cye"*+ce,e 2 +c3;e' +c,e 2 
_ = a ae ek —(34V17)t _ -(3-V17)t 
y(t,a, B,y) = —cye*'(—2) — cze"(-5) —c,e 2 ce 2 


To find the values of constants for each a, B,y, then use the boundary points 


y(to, @,B,y) = cr + C2 + 3 + C4 = 0.845, 0.8+ cf 0.8 +-0 
V(to, a, B,y) = 2c, + 8e3 — cz —cy=14—* 14-2 4 4-P 
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y(T, a, B,y) = cye* + ce 


y(T, a, Bp, Y) = —c,e*(—2) _ c3e''(—5) — €2e 


—(3+V17) 


2 


+ c3e1+ c4e 


-@3-vi7) ee 
7 She 2964 
2 2 
—(3+V17) —(3-v17) 
2 _ c4e 


Table (9): The Results of Upper and Lower for (a,f,y) at t = 0.5 


B) 26+ “cr 


7. Se ee 
8 8 


1-y 
7 


a y05,a) yO5,a) B yO5,8) 05,8) vy yO5y) yO5,y) 
0.0 1.787831 1.775188 0.2 1.962740 1.463724 0.3 1.962740 1.463724 
0.2 1.831558 1.027074 0.4 1.919013 0.904503 0.5 1.912766 1.552714 
0.4 1.875285 0.965788 0.6 1.875285 0.965788 0.7 1.862792 1.641703 
0.6 1.919013 0.904503 0.8 1.831558 1.027074 0.9 1.812818 1.730693 
0.8 1.962740 1.463724 1.0 1.787831 1.775188 1.0 1.787831 1.775188 
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415 
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Fig. 8: The Results of Upper and Lower for (a, 8, y) of Class(2,2). 


In this example, we noticed that classes (1,1), (1,2), and (2,1) have no overlapping between uppers 


and lowers cuts also it is approved from the tables of these classes have the strong solution, But 


Class (2,2) in Fig. 8 for a, 8 and y have very clear overlapping between uppers and lowers and it can 


dy 


5 a 
be observed easily from class(2,2) table of solution values at t = 0.5 that a 0,2 >0 but oa > 


ay 
0, ap ” ay 


3 _ 
<0,2> 0,2 <0, y(0.5,a,B,y) < y(0.5, a, B,y) which approve that class(2,2) solution is weak. 


5. Conclusions 


In this paper, after solving the neutrosophic fuzzy boundary value problem by analytical solution 
we conclude that it is a generalization of the fuzzy boundary value problem solution by 
determining the degree of membership a, the degree of indeterministic B and the degree of non- 
membership y and it is discussed clearly in applications where the solution of each class founded 
by constructing an algorithm using Matlab and graphical representation is also interpreted. 
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Abstract: The purpose of the paper is to introduce a new class of sets namely bipolar single-valued 
neutrosophic generalized closed sets and bipolar single-valued neutrosophic generalized pre- closed 
sets in bipolar single-valued neutrosophic topological spaces. Also we analysis the properties and its 


applications. 


Keywords: Bipolar single-valued neutrosophic generalized closed sets, bipolar single-valued 
neutrosophic generalized pre- closed sets, and bipolar single-valued neutrosophic generalized pre- 
open sets, BSVN 7,,,space, BSVN_,7,,, space, BSVN ,,/\; space, BSVN ,,7,, space. 


1. Introduction 


Zadeh [37], the Father of the Fuzzy Logic who imported the fuzzy sets in 1965 where the 
Fuzzy logic feature the human decision making technique and it is a tool in research logical subject. 
The concept of fuzzy sets is to deal with contrasting types of uncertainties. Fuzzy topology was 
introduced by Chang [5] in 1967 after the introduction of fuzzy sets. In 1970, Levine [21] studied the 
generalized closed sets in general topology. In 1991, Binshahan [4] introduced and investigate the 
notion of fuzzy pre-open and fuzzy pre-closed sets. The concept of generalized fuzzy closed set was 
introduced by Balasubramanian and Sundaram [3]. Fukutake et al. [19] gave the generalized 
pre-closed fuzzy sets in fuzzy topological spaces. 

In 1994, Zhang [38] introduced the notion of a bipolar fuzzy set. Azhagappan and Kamaraj [2] 
investigated bipolar valued fuzzy topological spaces. Bipolar fuzzy topological spaces were 
proposed by Kim J, Samanta S. K, Lim P. K, Lee J. G and Hur K[20]. An intuitionistic fuzzy set was 
introduced by Atanassov [1] in 1986 as the extension of Zadeh’s Fuzzy Sets besides the degree of 
membership and degree of non-membership. Dogan Coker [18] who gave introduction to 
intuitionistic fuzzy topological spaces. Rajarajeswari and Senthil Kumar [29] introduced Generalized 
pre-closed sets in Intuitionistic fuzzy Topological spaces. 

Smarandache [31] introduced the neutrosophic set which is the base for the new mathematical 
theories. Neutrosophic set has the capability to induce classical sets, fuzzy set, Intuitionistic fuzzy 
sets. Introducing the components of the neutrosophic set are True (T), Indeterminacy (I), False (F) 
which represent the membership, indeterminacy, and non-membership values respectively. The 
notion of classical set, fuzzy set, interval-valued fuzzy set, Intuitionistic fuzzy, etc were generalized 
by the neutrosophic set. Neutrosophic topological spaces were presented by Salama et al. [30]. The 
concept of generalized closed sets and generalized pre-closed sets in neutrosophic Topological 
spaces were introduced by Wadei Al-Omeri et al.[33]. The neutrosophic pre-open and pre-closed 
sets in neutrosophic topology were extended by Venkateswara Rao et al.[32] who introduce 
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neutrosophic topological space and open sets, closed sets, semi-open and semi closed sets. 
Generalized neutrosophic closed sets was introduced and some of their characterizations were also 
discussed by Dhavaseelan and Jafari [17]. Many Researchers [6-15, 26] have studied Neutrosophic in 
different areas with applications and the results. 

Deli et al.[16] developed bipolar neutrosophic sets and study their application in decision 
making problem. The notation of bipolar neutrosophic soft set was proposed by Mumtaz Ali et 
al.[27]. Single-valued neutrosophic sets (in sort, SVN) were proposed by Wang et al.[35] by 
simplifying the Neutrosophic set. Single-valued neutrosophic topological space was given by YL Liu 
and HL Yang [22] and discussed the relationships between single valued neutrosophic 
approximation spaces and single valued neutrosophic topological spaces. Many researchers have 
studied the applications of SVNSs as well as theory. Ye [36] proposed decision making based on 
correlation coefficients and weighted correlation coefficient of SVNSs, and gave the application of 
proposed methods. Majumdar and Samant [23] studied distance, similarity and entropy of SVNSs 
from a theoretical aspect. Bipolar single-valued neutrosophic set was introduced by Mohana et al. 
[25] and also they give bipolar single-valued neutrosophic topological spaces. 

In the paper, we introduce a new class of sets namely bipolar single-valued neutrosophic 
generalized closed sets and bipolar single-valued neutrosophic generalized pre-closed sets in 
bipolar single-valued neutrosophic topological spaces. Further we examine the interesting 
properties and some applications with counter examples. 


2. Preliminaries 


2.1 Definition [31]: Let a universe U of discourse. Then K={<x, Tx(x), Ik(x), Fx(x)>x€X} defined as a 
neutrosophic set where truth-membership function Tx, an indeterminacy-membership function Ik 
and a falsity-membership function Fx. Tx, Ik, Fx are real or non-standard elements of ] 0-, 1* [. 
No restriction on the sum of Tx(x), Ik(x) and Fx(x), so 0- <sup Tx(x) ssup Ik(x) $ sup Fx(x) < 3*. 


2.2 Definition [30]: A Neutrosophic topology [NT for short] is a non-empty set X is a family of 
Neutrosophic subsets in X satisfying the following axioms: 

(NT1) On, 1n € 1, 

(NT2) GinGz € t, for any G1, G2 €t, 

(NT3) UGi € 1, for every {Gi:i € J} t. 

The pair (X, t) is called a Neutrosophic topological space (NTS for short). The elements of t are 
called Neutrosophic open sets [NOS for short]. A complement C(A) of a NOS A in NTS (X, 17) is 
called a Neutrosophic closed set [NCS for short] in X. 


2.3 Definition: [30]: Let (X, t) be NTS and A = {(x, pa(x), oa(x), va(x)): x € X} be a NS in X. Then the 
Neutrosophic closure and Neutrosophic interior of A are defined by NCI(A) = {K : K is a NCS in X 
and A K} NInt(A) = {G: G is a NOS in X and G A} It can be also shown that NCI(A) is NCS and 
NiInt(A) is a NOS in X. a) A is NOS if and only if A = NInt(A), b) A is NCS if and only if A = NCI(A). 


2.4 Definition: [34]: A Neutrosophic set A = {(x, p1a(x), oa(x), va(x)): x € X} in a NTS (X, 7) is said to be 
(i) Neutrosophic regular closed set (NRCS for short) if A = NCI(NInt(A)), 
(ii) Neutrosophic regular open set (NROS for short) if A = NInt(NCI(A)), 
(iii) Neutrosophic semi closed set (NSCS for short) if NInt(NCI(A)) & A, 
(iv) Neutrosophic semi open set (NSOS for short) if A © NCI(NInt(A)), 
(v) Neutrosophic pre closed set (NPCS for short) if NCI(NInt(A)) & A, 
(vi) Neutrosophic pre-open set (NPOS for short) if A © NInt(NCI(A)), 
(vii) | Neutrosophic a- closed set (NSCS for short) if NCI(NInt(NCI(A))) & A, 
(viii) | Neutrosophic a- open set (NSOS for short) if A © NInt(NCI(NInt(A))). 
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2.5 Definition: [33]: Let (X, t) be NTS and A = {(x, pa(x), oa(x), va(x)): x € X} be a NS in X. Then the 
Neutrosophic pre closure and Neutrosophic pre interior of A are defined by NPCI(A) = {K: Kis a 
NPCS in X and A& K}, NPInt(A) = {G: Gis a NPOS in X and Gg A}. 


2.6 Definition: [28] :A Neutrosophic set A = {(x, a(x), oa(x), va(x)): x € X} ina NTS (X, 7) is said to 
be a Neutrosophic generalized closed set (NGCS for short) if NCI(A) U whenever A U and U is a 
NOS in (X, t). A Neutrosophic set A of a NTS (X, Tt) is called a Neutrosophic generalized open set 
(NGOS for short) if C (A) is a NGCS in (X, 7). 


2.7 Definition: [33]: A Neutrosophic set A = {(x, UA(x), dA(x), VA(x)): x € X} ina NTS (X, 7) is said to 
be a Neutrosophic a- generalized closed set (NaGCS for short) if NaCl(A) U whenever A U and U is 
a NOS in (X, t). A Neutrosophic set A of a NTS (X, 7) is called a Neutrosophic a- generalized open 
set (NaGOS for short) if C (A) is an NaGCS in (X, 7). 


2.8 Definition: [24]: A Neutrosophic set A = {(x, uA(x), dA(x), VA(x)): x € X} ina NTS (X, 7) is said to 
be a Neutrosophic regular generalized closed set (NRGCS for short) if NCI(A) U whenever A U and 
U is a NROS in (X, t). A Neutrosophic set A of a NTS (X, t) is called a Neutrosophic regular 
generalized open set (NRGOS for short) if C(A) is a NRGCS in (X, 7). 


2.9 Definition: [33]: A Neutrosophic set A = {(x, uA(x), dA(x), VA(x)): x € X} ina NTS (X, 7) is said to 
be a Neutrosophic generalized pre closed set (NGPCS for short) if NPCI(A) U whenever A U and U 
is a NOS in (X, t). A Neutrosophic set A of a NTS (X, 7) is called a Neutrosophic generalized 
pre-open set (NGPOS for short) if C(A) is a NGPCS in (X, 7). 


2.10 Definition [35]: Let a universe X of discourse. Then Ans={<x,Ta(x),IA(x)Fa(x)>x€X} defined as a 
single-valued neutrosophic set(SVNS in short) where truth-membership function Ta:X->[0,1],an 
indeterminacy-membership function Ia: X—[0,1] and a falsity-membership function Fa: X — [0,1].No 


restriction on the sum of Ta(x), Ia(x) and Fa(x), so OSsup Ta(x) <sup Ia(x) <supFa(x) $3. A =<T, I, F> is 
denoted as a single-valued neutrosophic number. 


2.11 Definition [22]: A Single-valued neutrosophic topology on a non-empty set U is a family t of 
SVNSs in U that satisfies the following conditions: 


(T) 6, U ex 


~ ~ 


(T2) An B €t forany A, Bet, 


(Ts) U;2; A, € t for any A, € 1, i€ I, where Tis an index set 

The pair (U,t) is called Single valued neutrosophic topological space and each SVNS A inc is 
referred to as a single valued neutrosophic open set in (U, t). The complement of a single valued 
neutrosophic open set in (U, 7) is called a single valued neutrosophic closed set in (U, tT). 


2.12 Definition [16]: In X, a bipolar neutrosophic set B is defined in the form 

B=<x, (T*(x), I*(x), F*(x), T-(x), I(x), F(x)):xEX> 

Where T*, I, F*: X= [1, 0] and T-, 1-, F': X [-1, 0].The positive membership degree denotes the truth 
membership T*(x), indeterminate membership I* (x) and false membership F* (x) of an element xE€X 
corresponding to the set A and the negative membership degree denotes the truth membership T(x), 
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indeterminate membership I(x) and false membership F(x) of an element x€ X to some implicit 
counter-property corresponding to a bipolar neutrosophic set . 


2.13 Definition [25]: A Bipolar Single-Valued Neutrosophic set (BSVNs) S in X is defined in the form 
of BSVN (S) =<v,(Tssvn*, Tasvn_), (Ipsvn*,Ipsvn), (Fesvn*,Fasvn’):vVEX> > (I) 

where (Tssvn*,Ipsvn*,Fesvn*):X—[0,1] and (Tssvn;Issvn,Fesvn’):X— [-1,0] .In this definition, there Tpsvn* 
and Trsvn are acceptable and unacceptable in past. Similarly Issvn* and Issvn are acceptable and 
unacceptable in future. Fssvnt and Fesvn are acceptable and unacceptable in present respectively. 


2.14 Definition [25]: Let two bipolar single-valued neutrosophic sets BSVNi(S) and BSVN2(S) in X 
defined as 
BSVN1 (S)=<v,(Tssvn*(1),Tesvn-(1)), (Ipsvn*(1),Ipsvn-(1)),(Fesvn*(1),Fesvn(1)):veEx> and 
BSVN2(S)=<v,(Tasvn*(2),Tasvn-(2)), (IBsvn*(2),Ibsvn-(2)),(Fesvn*(2),Fesvn(2)):vEX>. Then the operators 
are defined as follows: 
(i) Complement 
BSVN((S)= {< v,(1-Tssvn*), (-1-Tasvn’), (1-Issvn*), (-1-Issvn’), (1-Fesvn*), (-1-Fesvn’): vEX >} 
(ii) Union of two BSVN 


BSVNi(S)UBSVN2(S)= 
1), Tygyy(2)),min(Toyy (1), L poy (2))min(Foyy (1), Fesry 2 
max(T spy (1), T3svN (2)), min psy (Dit acca (2)), min Frsyy (1). Pasvy (2)) 


(iii) Intersection of two BSVN 


BSVNi(S)nBSVN2(S)= 
ee (1), Tysrv(2)),max(Lpsyy(1)L psy (2))-max( Fy spy (L), Fesiv 
min(Tpsyy (1), T svn (2)),max(L ppv (1).L spy (2)),max( Frspy (1), Faspn (2)) 


2.15 Definition [25]: Let two bipolar single-valued neutrosophic sets be BSVN: and BSVNz in X 
defined as 
BSVNi(S)=<v,(Tasvnt(1),Tasvn-(1)),(Issvn*(1),Ipsvn-(1)),(Fasvn*(1),Fesvn(1)):vEX> and 
BSVN2(S)=<v, (Tasvn*(2),Tsvn-(2)),(Ipsvn*(2),Ipsvn-(2)), (Fasvn*(2),Fsvn(2)):vEX>. 
(i) Then S18: if and only if 
Tasvn*(1) < Tasvn*(2) , Ipsvnt(1) 2 Ipsvn*(2) , Fasvn*(1) 2 Fesvnt(2) , 
Tasvn-(1) < Tasvn-(2) , Insvn-(1) = Issvn-(2) , Fesvn-(1) 2 Fasvn (2) for all vex. 
(ii) Then S1=S2 if and only if 
Tssvn*(1) = Tasvn*(2) , Ipsvn*(1) = Ipsvn*(2) , Fasvn*(1) = Fesvn*(2) , 
Tasvn'(1) = Tasvn (2) , Ipsvn-(1) = Issvn-(2) , Fesvn-(1) = Fasvn(2) for all vex. 


2.16 Definition [25]: A bipolar single-valued neutrosophic topology (BSVNT) ona non-empty set X is 
at of BSVN sets satisfying the axioms 

(i) Ossvn , 1Bsvn € T 

(ii) 51M S2 € t for any S1,S2 € t 

(ili) USi € t for any arbitrary family {Si :i€ j} € t 
The pair (X,7) is called BSVN topological space(BSVNTS). Any BSVN set in 7 is called as BSVN open 
set(BSVNOs) in X. The complement S¢ of BSVN set in BSVN topological space (X, T) is called a BSVN 
closed set(BSVNCs). 
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2.17 Definition [25]: Let (X,t) be a BSVN topological space (BSVNTS) and 
BSVN (S) =<v, (Tssvnt,Tssvn’), (Issvn*,Ipsvn’),(Fesvn*,Fasvn’):vEX> be a BSVN set in X. Then the closure 
and interior of A is defined as 
Int (S) = U {F: Fis a BSVN open set (BSVNOs) in X and FSS} 
Cl (S) =n {F: Fis a BSVN closed set (BSVNCs) in X and SCF}. 
Here cl(S) is a BSVNCs and int (S) is a BSVNOs in X. 
(a) Sisa BSVNCs in X iff cl (S) =S. 
(b) Sis a BSVNOs in X iff int (S) =S. 


2.18 Proposition [25]: Let BSVNTS of (X,t) and 5,T be BSVNs’s in X. Then the properties hold: 
i. int (S) Sand S€cl(S) 


ii. S&S T >int(S) € int(T) 
SE T >cl(S) & cl(T) 
iii. int(int(S))=int(S) 


cl(cl(S))=cl(S) 
iv. int(SNT)=int(S)nint(T) 
cl(SUT)=cl(S)Ucl(T) 
Vv. int(1Bsvn)=1BsvNn 
cl(Ossvn)=OBsvn 


3. Bipolar Single-Valued Neutrosophic Generalized Closed Sets 


For our convenience, we take (I) as S = {<x, (T (x), ie (x), FS (x), T 5 (x), Ts (0), F 5 (x))>: x € X}. 


3.1 Definition; A BSVNs S of a BSVNTS (X, 7) is said to be bipolar single-valued neutrosophic 
generalized closed set (BSVNGCs) if BSVN cl (S) GC U wheneverS c U and U is BSVNOs in X. 


3.2 Definition: Let Ossvn and 1ssvn be BSVNS in X defined as 
Ossvn = {<x, 0, 1, 1, -1, 0, 0: x € X >} is said to be Null or Empty bipolar single-valued neutrosophic set. 
lssvn = {<x, 1, 0, 0, 0, -1, -1: x € X >} is said to be Absolute or Unit bipolar single-valued neutrosophic 


set. 


3.3 Example: Let X ={p, gq} and 


< p,(0.3,0.5,0.1,—0.2,—-0.4,-0.3) > < p,(0.4,0.4,0.1,-0. 1,-0.5,-0.4) > 
~ |< q,(0.2,0.8,0.2,-0.4,-0.6,-0.9) >| ~— |<q,(0.3,0.7,0.1,-0.3,-0.6,-0.9) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


( p,(0.2,0.3,0.7,—0.8,—0. 1,-0.3) > 


is BSVNGCs in X. 
< q,(0.3,0.8,0.3,-0.4,—0. 1,-0.4) | 


3.4 Definition: A BSVNs S = {<x, (T ¢ (x), 1 § (x), Fé (x), T < (0), 15 (x), Fg (x))>: x € X} in BSVNTS 
Ss Ss Ss Ss Ss Ss 


(X, T) is said to be 
(1) Bipolar single-valued neutrosophic semi closed set (BSVNSCs) if BSVN int (BSVN cl (S)) < S, 
(2) Bipolar single-valued neutrosophic semi open set (BSVNSOs) ifS Cc BSVN cl (BSVN int (S)), 
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(3) 
(4) 


(9) 


Bipolar single-valued neutrosophic pre-closed set (BSVNPCs) if BSVN cl (BSVN int (S)) ¢ 5, 
Bipolar single-valued neutrosophic pre-open set (BSVNPOs) if S C BSVN int (BSVN cl (S)), 
Bipolar single-valued neutrosophic a-closed set (BSVN aCs) if 
BSVN cl (BSVN int (BSVN cl (S))) ¢ S, 
Bipolar single-valued neutrosophic a-open set (BSVN aOs) if 
S Cc BSVN int (BSVN cl (BSVN int (S))), 
Bipolar single-valued neutrosophic semi pre-closed set (BSVNSPCs) if 
BSVN int (BSVN cl (BSVN int (S))) < S, 
Bipolar single-valued neutrosophic semi pre-open set (BSVNSPOs) if 
Sc BSVN cl (BSVN int (BSVN cl (S))), 
Bipolar single-valued neutrosophic regular open set (BSVNROs) if S = BSVN int (BSVN cl (S)), 


(10) Bipolar single-valued neutrosophic regular closed set (BSVNRCs) if S = BSVN cl (BSVN int (S)). 


3.5 Definition: Let (X, t) be BSVNTS and S be BSVNs in X. Then the bipolar single-valued 
neutrosophic generalized interior and bipolar single-valued neutrosophic generalized closure are 
denoted by 


(1) 
(2) 


BSVNG int (S)= U {G/ Gis a BSVNGOs in X and G CS} 
BSVNG cl (S) = A{K/ Kis a BSVNGCs in X and ScK} 


3.6 Definition: Let (X, t) be any BSVNTS and let S and T be BSVNs in X. Then the bipolar 


single-valued neutrosophic generalized closure operator satisfies the properties: 


1. S c BSVN cl(S) 

2. BSVN int(S) cS 

3. SCT =BSVN cl(S) ¢ BSVN cl(T) 

4. SCT => BSVN int(S) Cc BSVN int(T) 

5. BSVN cl(SUT)=BSVN cl(S) U BSVN cl(T) 

6. BSVN int(SM T)= BSVN int(S) ™BSVN int(S) 
7. (BSVN cl(S))° = BSVN int(S*) 
8. (BSVN cl(S))*= BSVN int(S*) 


1. BSVN cl(S)= O{K/ Kis aBSVNGCs in X and S cK}. ThusS c BSVN cl(S). 
2. BSVNG int (S)= U {G/GisaBSVNGOs in X and GCS}. Thus BSVN int(S) CS. 
3. BSVN cl(T)= A{K/ Kis aBSVNGCs in X and T cK}, 
D O{K/ Kis a BSVNGCs in X and S cK}, 
> BSVN cl(S). Thus BSVN cl(S) < BSVN cl(T). 
4. BSVN int (T)= U {G/Gisa BSVNGOs in X and GcT}, 
>VU {G/GisaBSVNGOs in X and GCS}, 
> BSVN int (S). Thus BSVN int (S) Cc BSVN int (T). 
5. BSVNcl(SUT)= M{K/ Kis aBSVNGCs in X andSUT CK}, 
(O{K/ Kis a BSVNGCs in X and SCK}) U( {K/ K isa BSVNGCs in X and T CK}), 
=BSVN cl(S) U BSVN cl(T). Thus BSVN cl(SU T)= BSVN cl(S) U BSVN cl(T). 
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6. BSVN int(SMT)= U {G/GisaBSVNGOs in X andGc SMT}, 
(U {G/GisaBSVNGOs in X andGc S}) A(U {G/GisaBSVNGOs in X and GET}), 
= BSVN int(S) ™BSVN int(S). Thus BSVN int(S 7 T)= BSVN int(S)_ ™BSVN int(S). 
7. (BSVN cl(S))= O{K/ Kis aBSVNGCs in X and S cK}, 
(BSVN cl(S))© = {Ks / K* is a BSVNGCs in X and S°¢c K4, 
= BSVN int(S‘). Thus (BSVN cl(S))°= BSVN int(S*). 
8. BSVNG int (S)= U {G/GisaBSVNGOs in X and GCS}, 
9. (BSVNG int (S))"= U {G/ Gis a BSVNGOs in X and G°CS‘}= BSVN int(S*) 
Thus (BSVN cl(S))¢ = BSVN int(S*). 


3.6 Definition: Let (X, t) be a BSVNTS and S be a BSVNs in X. The bipolar single-valued 
neutrosophic pre interior of S and denoted by BSVN pint (S) and bipolar single-valued neutrosophic 
pre-closure of S is denoted by BSVN pcl (S). 

(1) BSVN pint (S)= U {G/GisaBSVNPOs in X and GCS} 

(2) BSVN pel (S)= M{K/K is a BSVNPCs in X and SCK} 


3.7 Result 3.21: Let A be BSVNs of a BSVNTS (X, 7), then 
(1). BSVN pel (S)=S UBSVN cl (BSVN int (S)), 
(2). BSVN pint (S)=S (| BSVN int (BSVN cl (S)). 


3.8 Definition: Let S be BSVNs of a BSVNTS (X, 1). Then the bipolar single-valued neutrosophic 
semi interior of S (BSVN sint (S)) and bipolar single-valued neutrosophic semi closure of S (BSVN scl 
(S)) are defined by 

(1) BSVN sint (S)= U {G/Gis a BSVNSOs in X and GCS} 

(2) BSVN scl (S)= O{K/ Kis aBSVNSCs in X and ScK} 


3.9 Result: Let S be BSVNs of a BSVNTS (X, 1), then 
(1) BSVN scl (S)=SU BSVN int (BSVN cl (S)), 
(2). BSVN sint (S)=S [| BSVN cl (BSVN int (S)). 


3.10 Definition: Let S be BSVNs of a BSVNTS (X, t). Then the bipolar single-valued neutrosophic 
alpha interior of S (BSVN aint (S) and bipolar single-valued neutrosophic alpha closure of S (BSVN 
acl (S)) is defined by 

(1) BSVN aint (S)= U {G/GisaBSVNaOs in X and GCS} 

(2) BSVN acl (S)= O{K/Kis a BSVNaCs in X andScK} 


3.11 Result: Let S be BSVNs of a BSVNTS (X, 7), then 
(1) BSVN acl (S)=S U BSVN cl (BSVN int (BSVN cl (S))), 
(2) BSVN aint (S)=S ()BSVN int (BSVN cl (BSVN int (S))). 
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3.12 Definition: Let A be BSVNs of a BSVNTS (X, 1). Then the bipolar single-valued neutrosophic 
semi-pre interior of S (BSVN spint (S)) and bipolar single-valued neutrosophic semi-pre closure of S 
(BSVN spcl (S)) are defined by 

(1) BSVN spint (S)= U {G/GisaBSVNSPOs in X and GCS} 

(2) BSVN spel (S)= M{K/ Kis a BSVNSPCs in X and S CK} 


3.13 Definition: A BSVNs S of a BSVNTS (xX, 7) is said to be bipolar single-valued neutrosophic 
generalized semi closed set (BSVNGSCS) if BSVN scl (S) GU whenever SCU and U is BSVNOs in 
X. 


3.14 Definition: A BSVNs S of a BSVNTS (X, 7) is said to be bipolar single-valued neutrosophic 
alpha generalized closed set (BSVN aGCS) if BSVN acl (S) GC U whenever S c U and U is 
BSVNOs in X. 


3.15 Definition: A BSVNs S of a BSVNTS (xX, 7) is said to be bipolar single-valued neutrosophic 
generalized semi-pre closed set (BSVNGSPCs) if BSVN spcl (S) CG U whenever S c U and U is 
BSVNOs in X. 


3.16 Definition: Let {Ai:i¢ J} be an arbitrary family of BSVNs in X. Then 


(1). (|S {<x, min (T 5, (x)), max (I ei (x)), max (F 5 (x)), 
min (T s, (x)), max (I s, (x)), max (F s, (x))>} 
(2). U A {<x, max (T 5, (x)), min (I 5, (x)), min (F j (x), 


max (T  (x)),min (I; (x)), min (F  (x))>} 


3.18 Corollary: Let S, T, M and N be bipolar single-valued neutrosophic set in X. Then 
(1)SCTandMCN =>SUM c TUNandS{\M c Tf\N 

(2)ScTandSCM=> SCT{\M 
(3)SCMandTCM>SUTCM 
(4)ScTandTCM> SCM 
(5) (SUT )c=Sef] Te 
(6) (S()T )=ScU T « 
(SCT ST«cs: 
(8) (S95 


Cc 
(2) Opsyy =1 esyy 


Cc 
(10) lasyy =9 gsyy 
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Proof: The proof is obvious. 


3.19 Theorem: Every bipolar single-valued neutrosophic closed set is bipolar single-valued 
neutrosophic generalized closed set. 

Proof. Let S be BSVNCs in X. Suppose U is BSVNOs in X, such thatS ¢C U. Then 

BSVN cl (S)=Sc U. Hence S is BSVNGCs in X. 


3.20 Remark: The converse of the above theorem is not true which is shown in the example. 


3.21 Example: Let X ={p, g} and 


< p,(0.3,0.5,0.1,—0.2,—-0.4,-0.3) > < p,(0.4,0.4,0.1,-0. 1,-0.5,-0.4) > 
~ |< q,(0.2,0.8,0.2,-0.4,-0.6,-0.9) >| |<q,(0.3,0.7,0.1,-0.3,-0.6,-0.9) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.2,0.3,0.7,-0.8,-0.1,-0.3) > 
< q,(0.3,0.8,0.3,-0.4,—0. 1,-0.4) > 


is BSVNGCs in X but not BSVNCs in X. 


3.22 Remark: The Intersection of two BSVNGCs is need not be true. Shown in the following 


example. 


3.23 Example: Let X ={p, g} and 


< p,(0.3,0.5,0.1,—0.2,—-0.4,-0.3) > < p,(0.4,0.4,0.1,-0. 1,-0.5,-0.4) > 
~ |< q,(0.2,0.8,0.2,-0.4,-0.6,-0.9) >| |<q,(0.3,0.7,0.1,-0.3,-0.6,-0.9) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< ps(0.2,0:3,0.T,-08,-0.1,-0.3) >| [< p4(0.6,0.6,0.9,-0.9,-0.5,-0.6) > 
~ |< g,(0.3,0.8,0.3,-0.4,-0.1,-0.4) > ~  \<q,(0.7,0.3,0.9,-0.7,-0.1-0.)>{ 


BSVNGCs in X but RnV is not BSVNGCs in X. 


3.24 Proposition: Let (X, t) be BSVNTS. If S is a bipolar single-valued neutrosophic generalized 
closed set and SCT CBSVN cl (S) then T is bipolar single-valued neutrosophic generalized closed 
set. 

Proof: Let G be a bipolar single-valued neutrosophic open set in (X, 1), such that T CG. Since SCT, 
SCG. Now S is a bipolar single-valued neutrosophic generalized closed set and BSVN cl (S) CG. 
But BSVN cl (T) © BSVN cl (S). Since BSVN cl (T) € BSVN cl (S) GG. BSVN cl (T) GG. 


Hence T is a bipolar single-valued neutrosophic generalized closed set. 
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3.25 Proposition: Let (X, t) be BSVNTS and a BSVNs S is a bipolar single-valued neutrosophic 
generalized open if and only if T GBSVN int (S) whenever T is bipolar single-valued neutrosophic 
closed set and TCS. 
Proof: Let S is a bipolar single-valued neutrosophic generalized open set and T be a bipolar 
single-valued neutrosophic closed set, such that T CS. Now T Cc S=>>S° CT and Sis a bipolar 
single-valued neutrosophic generalized closed set implies that BSVN cl (S*) CT*. (i.e) 
T=(T:)¢c (BSVN cl(S*))« But (BSVN cl (S*))* = BSVN int (S). Thus T CBSVN int (S). 

Conversely, suppose that S be a bipolar single-valued neutrosophic set, such that TCBSVN 


int(S) whenever T is bipolar single-valued neutrosophic closed and TGS. Let S°CT whenever T is 


bipolar single-valued neutrosophic open. Now SSCT =>Te CS. Hence by the assumption, 
Ts © BSVN int (S). (i.e) (BSVN int (S))*« ¢ T. But (BSVN int (S)):= BSVN cl (S*). Hence 
(BSVN int (S)): CG BSVN cl (S9) . (i.e) S* is bipolar single-valued neutrosophic generalized closed set. 


Therefore, S is bipolar single-valued neutrosophic generalized open set. Hence proved. 


3.26 Proposition: If BSVN int (S) CT CS and if S is bipolar single-valued neutrosophic generalized 
open set then T is also bipolar single-valued neutrosophic generalized open set. 

Proof: Now St ¢ Tec (BSVN int (S))*= BSVN cl (S‘). As S is a bipolar single-valued neutrosophic 
generalized open, S¢ is bipolar single-valued neutrosophic generalized closed set. Then by the 


proposition 3.24, T is bipolar single-valued neutrosophic generalized open set. Hence Proved. 
4. Bipolar Single-Valued Neutrosophic Generalized Pre-Closed Set 


4.1 Definition: A BSVNs S is said to be bipolar single-valued neutrosophic generalized pre-closed 
set (BSVNGPCs) in (X, t) if BSVN pel (S) CG U wheneverS ¢€ U and U is BSVNOs in X. The family 
of all BSVNGPCs’s of a BSVNTS (X, Tt) is denoted by BSVNGPC (X). 


4.2 Example: Let X ={p, gq} and 


< p.(0.1,-0.7),(0.3,-0.8),(0.5,-0.1) >] {< p,(0.1,0.2,0.3,-0.7,-0.9,-0.9) > 
~ |< q,(0.2,0.4,0.6,-0.8,-0.2,-0.4) > ~ |< q,(0.4,0.3,0.6,—-0. 1,—0.3,-0.5) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


( p(0.8,0.7,0.8,—-0.7,—0.2,-0.3) > 


is BSVNGPCs in X. 
<q,(0.1,0.7,0.9,-0.2,-0.7,-0.2) | 


4.3 Theorem: 
(1) Every bipolar single-valued neutrosophic closed set is bipolar single-valued 
neutrosophic generalized pre-closed set. 
(2) Every bipolar single-valued neutrosophic generalized closed set is bipolar 


single-valued neutrosophic generalized pre-closed set. 
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(3) Every bipolar single-valued neutrosophica closed set is bipolar single-valued 
neutrosophic generalized pre-closed set. 
(4) Every bipolar single-valued neutrosophic regular closed set is bipolar single-valued 
neutrosophic generalized pre-closed set. 
(5) Every bipolar single-valued neutrosophic pre-closed set is bipolar single-valued 
neutrosophic generalized pre-closed set. 
(6) Every bipolar single-valued neutrosophica generalized closed set is bipolar 
single-valued neutrosophic generalized pre-closed set. 
(7) Every bipolar single-valued neutrosophic generalized pre-closed set is bipolar 
single-valued neutrosophic semi-pre closed set. 
(8) Every bipolar single-valued neutrosophic generalized pre-closed set is bipolar 
single-valued neutrosophic generalized semi-pre closed set. 
Proof. (1) Let S be BSVNCs in X and let S CU and U be BSVNOs in X. Since BSVN pel (5S) © 
BSVN cl (S) and S is BSVNCs in X, BSVN pel (S) GC BSVN cl (S)=S C U. Therefore S is BBVNGPCs 
in X. 


(2) LetS be BSVNGCs in X and letS Cc U and U is BSVNOs in (X, tT). Since 
BSVN pel (S) € BSVN cl (S) and by hypothesis, BSVN pel (S) ¢ U. Therefore S is BSVNGPCs in X. 


(3) Let Sbe BSVN aCS in X and letS € U and U be BSVNOs in X. By hypothesis, 

BSVN cl (BSVN int (BSVN cl (S))) ¢€ S.SinceSc BSVN cl (5); 

BSVN cl (BSVN int (S)) c BSVN cl (BSVN int (BSVN cl (S))) c S. Hence BSVN pel (S) CS Cc U. 
Therefore S is BSVNGPCs in X. 


(4) Let S be a BSVNRCs in X. By Definition S = BSVN cl (BSVN int (S)). This implies 
BSVN cl (S) = BSVN cl (BSVN int (S)). Therefore BSVN cl (S) = S. (i.e) S is BSVNCs in X. S is 
BSVNGPCs in X. 


(5) Let S be BSVNPCs in X and letS GC U and U is BSVNOs in X. By Definition, BSVN cl (BSVN int 
(S)) ¢ S. This implies BSVN pcl (5S) =S U BSVN cl (BSVN int (S)) ¢ S. Therefore 
BSVN pel (S) ¢ U. Hence S is BSVNGPCs in X. 


(6) Let Sbe BSVN aGCs in X and letS GC U and U is BSVNOs in (X, 7). By Result 3.11, 

SU BSVN cl (BSVN int (BSVN cl (S))) CU. This implies BSVN cl (BSVN int (BSVN cl (S))) < U 
and BSVN cl (BSVN int (S)) © U. Thus BSVN pel (S)=SU_ BSVN cl (BSVN int (S)) CU. Hence S is 
BSVNGPCs in X. 

(7) Let S be BSVNGPCs in X,, this implies BSVN pcl (S) GC U wheneverS c U and U is BSVNOs in 
X. By hypothesis BSVN cl (BSVN int (S)) ¢ S. Therefore 

BSVN int (BSVN cl (BSVN int (S))) <C BSVN int (S) ¢ S. Therefore 

BSVN int (BSVN cl (BSVN int (S))) CS. Hence S is BSVNSPCs in X. 
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(8) Let s be BSVNGPCsin X and letSc U and U is BSVNOs in X. By hypothesis 

BSVN cl (BSVN int (S)) < S c U. Therefore 

BSVN int (BSVN cl (BSVN int (S))) < BSVN int (S) ¢ U. This implies BSVN spcl (S) c U 
whenever S < U and U is BSVNOs in X. Therefore S is BBVNGSPCs in X. 


4.4 Remark: The converse of the above theorem 4.3 (1-8) is not true which is shown in the example. 


4.5 Example: 

(1) Let X ={p, q} and 
< p,(0.1,0.3,0.5,—0.7,—0.8,—0.1) > 
< q,(0.2,0.4,0.6,—0.8,—0.2,—0.4) > 


< p,(0.1,0.2,0.3,-0.7,-0.9,-0.9) > 
< q,(0.4,0.3,0.6,-0.1,-0.3,-0.5) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.8,0.7,0.8,—0.7,—0.2,—0.3) > 
is BSVNGPCs in X but not BSVNCs in X. 
< q,(0.1,0.7,0.9,—0.2,—0.7,-0.2) > 


(2) Let X ={p, q} and 


< p,(0.1,0.3,0.2,-0.3,—-0.4,-0.6) > < p,(0.1,0.3,0.4,-0.4,-0.1,-0.4) > 
~ |< q,(0.2,0.4,0.5,—-0. 1,-0.1,-0.3) > 


<q,(0.2,0.5,0.6,-0.3,-0.1,-0.1) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


( p,(0.1,0.5,0.4,-0.5,—0.3,-0.1) > 


is BSVNGPCs in X but not BSVNGCs in X. 
< q,(0.1,0.6,0.5,-0.2,—0. 1,-0.3) | 


(3) Let X ={p, q} and 


< p,(0.5,0.4,0.1,-0.6,-0.5,-0.4) > < p,(0.4,0.5,0.3,-0.6,—0.3,-0.1) > 
~ |< q,(0.5,0.1,0.1,-0.3,-0.1,-0.2)> | |<, (0.2,0.3,0.6,-0.4,-0.2,-0. 1) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.1,0.5,0.5,—0.7,—0.3,—0.4) > 
= is BSVNGPCs in X but not BSVNaCs in X. 
< q,(0.5,0.9,0.2,—0.3,-0.2,—0.1) > 


(4) Let X ={p, q} and 


< p,(0.1,0.3,0.2,-0.3,—-0.4,-0.6) > < p,(0.1,0.3,0.4,-0.4,-0.1,-0.4) > 
~ |< q,(0.2,0.4,0.5,-0.1,-0.1,-0.3)>{ ~— |<gq,(0.2,0.5,0.6,-0.3,—-0. 1,-0.1) > 
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Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.1,0.5,0.4,-0.5,-0.3,-0.1) > 
is BSVNGPCs in X but not BSVNRCs in X. 
<q,(0.1,0.6,0.5,-0.2,—0. 1,-0.3) > 
(5) Let X ={p, q} and 


< p,(0.5,0.4,0.3,-0.6,-0.4,—0.2) > < p,(0.6,0.2,0.1,-0.5,-0.6,-0.8) > 
< q,(0.2,0.5,0.1,-0.5,-0.3,-0.1)> | |<q,(0.3,0.1,0.1,-0.4,-0.4,-0.3) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


( p,(0.5,0.3,0.2,—0.1,-0.7,-0.3) > 


= is BSVNGPCs in X but not BSVNPCs in X. 
< q,(0.2,0.4,0.1,-0.3,-0.4,-0.1) > 


(6) Let X ={p, q} and 


< p,(0.1,0.3,0.6,-0.2,-0.4,-0.5) > < p,(0.1,0.3,0.6,-0.7,-0.3,—0.2) > 
~ |< q,(0.2,0.4,0.5,-0.1,-0.9,-0.5)>{ — |<q,(0.2,0.6,0.7,-0.8,-0.4,-0. 1) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


( p,(0.1,0.4,0.7,-0.8,—0.2,-0.1) > 


is BSVNGPCs in X but not BSVN aGCs in X. 
< q,(0.2,0.7,0.7,-0.9,-0. 1,-0.1) | 


(7) Let X ={p, q} and 


< p,(0.1,0.5,0.5,—0.5,-0.1,-0.4) > < p,(0.3,0.2,0.3,—-0.2,-0.3,—-0.5) > 
~ |< q,(0.3,0.5,0.6,-0.7,-0.1,-0.2)>{ — |<gq,(0.4,0.3,0.1,-0.1,-0.4,-0.5) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.1,0.3,0.5,-0.4,—-0.1,-0.5) > 
~ | <q,(0.4,0.3,0.1,-0.1,-0.2,-0.3) > 


is BSVNSPCs in X but not BSBVNGPCs in X. 


(8) Let X ={p, q} and 
< p.(0.4,0.7,0.4,-0.5,-0.4,-0.2) >| __ [< p,(0.3,0.8,0.8,-0.7,-0.3,-0.1) > 
~ |< q,(0.3,0.2,0.4,-0.3,-0.1-0.1)> | — |<q,(0.2,0.3,0.7,-0.4,—0.1,-0. 1) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 
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< p,(0.3,0.8,0.5,—0.6,-0.3,—-0.2) > 
= is BSVNGSPCs in X but not BSVNGPCs in X. 
< q,(0.2,0.3,0.7,-0.3,-0.1,-0.1) > 


4.6 Proposition: BSVNSCs and BSVNGPCs are independent to each other which are shown in the 


example. 


4.7 Example: Let X ={p, gq} and 


< p,(0.5,0.4,0.2,-0.1,-0.2,-0.7) > < p,(0.8,0.3,0.1,-0.1,-0.3,-0.8) > 
~ |< q,(0.7,0.6,0.3,-0.6,-0.1-0.5)>{  |<g,(0.8,0.2,0.3,-0.4,-0.5,-0.6) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.2,0.5,0.3,—0.1,-0.1,-0.7) > 
~ |< q,(0.6,0.7,0.4,-0.7,-0. 1,-0.2) > 


is BSVNGPCs in X but not BSVNSCs in X. 


4.8 Example: Let X ={p, gq} and 


< p,(0.1,0.7,0.6,—-0.8,-0.2,—0.5) > < p,(0.9,0.5,0.5,—-0.3,—0.4,-0.7) > 
~ |< q,(0.3,0.7,0.7,-0.8,-0.2,-0.2) >| ~~ |<q,(0.5,0.5,0.3,-0.2,-0.7,-0.8) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


( p,(0.2,0.6,0.5,-0.7,—0.3,—0.5) > 


is BSVNSCs in X but not BSVNGPCs in X. 
< q,(0.3,0.7,0.7,—0.8,—0.2,—0.2) ‘| 


4.9 Proposition: BSVNGSCs and BSVNGPCs are independent to each other which are shown in the 


example. 


4.10 Example: Let X ={p, g} and 


< p,(0.9,0.5,0.6,—0.3,-0.8,-0.5) > < p,(0.8,0.7,0.7,—0.4,—0.8,-0.5) > 
~ |<q,(0.9,0.1,0.3,-0.2,—0.6,-0.6) > 


< q,(0.8,0.8,0.7,-0.3,-0.5,-0.4) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


( p,(0.9,0.8,0.7,-0.6,-0.5,—0.4) > 


is BSVNGPCs in X but not BSVNGSCs in X. 
< q,(0.3,0.2,0.3,-0.2,-0.3,-0.4) > 
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4.11 Example: Let X ={p, q} and 


< p,(0.1,0.6,0.9,-0.9,-0. 1,-0.1) > 
~ | <q,(0.2,0.8,0.9,-0.8,—0.3,—0.2) > 


< p,(0.2,0.5,0.8,-0.8,-0.1,-0.2) > 
<q,(0.4,0.7,0.8,—-0.8,—0.3,-0.4) > 


Then t= {Ossvn, lssvn, 5, T} is a BSVNT on X. The BSVNs 


( p,(0.2,0.5,0.8,—0.8,—0. 1,-0.2) > 


= is BSVNGSCs in X but not BSVNGPCs in X. 
< q,(0.4,0.7,0.8,-0.8,—-0.3,-0.4) } 


Figure 1: The Diagram represents the implication of the above theorem 4.3. 
1.BSVNGPCs  2.BSVNCs_  3.BSVNGCs_ 4.BSVNaCs_ 5.BSVNaGCs 6.BSVNRCs 
7.,BSVNPCs 8.BSVNSPCs 9.BSVNGSPCs — 10.BSVNSCs_ 11.BSVNGSCs. 


Lo 
a 


Figure 1 


4.12 Remark: The union of any two BSVNGPCs’s is not BSVNGPCs in general as seen in the 
following example. 


4.13 Example: Let X ={p, q} and 


< p,(0.1,0.5,0.5,-0.7,-0.3,-0.4) > 
~ |< q,(0.5,0.9,0.8,—0.3,-0.2,—0.1) > 


< p,(0.4,0.5,0.4,-0.5,-0.3,-0.6) > 
<q,(0.7,0.6,0.5,-0.2,-0.4,-0.3) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 
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< p,(0.2,0.5,0.4,-0.6,-0.2,-0.6) > < p,(0.1,0.6,0.7,-0.8,-0.3,-0.3) > 
~ 1 <q,(0.7,0.9,0.8,-0.9,-0.2,-0.2)>[ ’ °  ]<q,(0.4,0.9,0.9,-0.3,-0.2,-0.1)>f 7" 


BSVNGPCs in X but RU V is not BSVNGPCs in X. 
5. Bipolar Single-Valued Neutrosophic generalized Pre-Open Set 


5.1 Definition: A BSVNs S is said to be bipolar single-valued neutrosophic generalized pre-open set 
(BSVNGPOs) in (X, t) if the complement S¢ is BSVNGPCs in (X, t). The family of all BBVNGPOs’s of 
BSVNTS (X, t) is denoted by BSVNGPO (X). 


5.2 Example: Let X ={p, gq} and 


< p,(0.1,0.5,0.8,-0.9,-0.4,-0.2) > < p,(0.3,0.3,0.8,—-0.2,-0.5,-0.3) > 
~ |< q,(0.2,0.6,0.7,-0.9,-0.3,-0.4)>| ~— |<q,(0.4,0.5,0.5,—-0.1,-0.4,-0.4) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


p,(0.7,0.5,0.3,—0.2,—0.5,—0.7) > 


is BSVNGPOs in X. 
< q,(0.7,0.4,0.3,—0.1,-0.7,-0.6) > 


5.3 Theorem: For any BSVNTS (X, 7), we have the following results. 
(1). Every BSVNOs is BSVNGPOs. 

(2). Every BSVNROs is BSVNGPOs. 

(3). Every BSVN aOs is BSVNGPOs. 

(4). Every BSVNPOs is BSVNGPOs. 


5.4 Remark: The converse of the above theorem need not be true which can be seen from the 


following examples. 


5.5 Example: Let X ={p, q} and 


< p,(0.1,0.5,0.8,-0.9,-0.4,-0.2) > < p,(0.3,0.3,0.8,—-0.2,-0.5,-0.3) > 
~ |< q,(0.2,0.6,0.7,-0.9,-0.3,-0.4)>| — |<q,(0.4,0.5,0.5,—-0.1,-0.4,-0.4) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.7,0.5,0.3,—0.2,—0.5,—0.7) > 
is BSVNGPOs in X but not BSVNOs in X. 
< q,(0.7,0.4,0.3,—0.1,-0.7,—0.6) > 


5.6 Example: Let X ={p, gq} and 
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< p,(0.5,0.4,0.5,-0.7,-0.2,-0.3) > < p,(0.5,0.3,0.4,-0.5,-0.3,-0.5) > 
< q,(0.2,0.4,0.5,-0.3,-0.1,-0.4)> | — |<q,(0.5,0.3,0.4,-0.2,—0. 1,-0.5) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.5,0.5,0.5,—0.3,-0.9,-0.4) > 
= is BSVNGPOs in X but not BSVNROs in X. 
< q,(0.8,0.5,0.4,-0.7,-0.9,-0.5) > 


5.7 Example: Let X ={p, gq} and 


< p.(0.5,0.4,0.5,-0.7,-0.2,-0.3)>|___ [< p,(0.5,0.3,0.4,-0.5,-0.3,-0.5) > 
~ |< q,(0.2,0.4,0.5,-0.3,-0.1-0.4)>{ — |<q,(0.5,0.3,0.4,-0.2,-0.1,-0.5) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.5,0.5,0.5,—0.3,-0.9,—0.4) > 
= is BSVNGPOs in X but not BSVNaQOs in X. 
< q,(0.8,0.5,0.4,—-0.7,—0.9,—0.5) > 


5.8 Example: Let X ={p, gq} and 


< p,(0.7,0.6,0.5,—0.8,-0.9,-0.7) > < p,(0.7,0.8,0.6,-0.9,-0.9,-0.6) > 
~ |< q,(0.4,0.6,0.7,-0.8,-0.9,-0.8)>{ — |<g,(0.3,0.7,0.8,-0.9,-0.9,-0.7) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


< p,(0.3,0.3,0.5,-0.3,-0.1,-0.3) > 
~ | <q,(0.5,0.5,0.3,-0.2,-0. 0.1) > 


is BSVNGPOs in X but not BSVNPOs in X. 


5.9 Remark: The intersection of any two BSVNGPOs’s is not BSVNGPOs in general and it is shown 


in the following example. 


5.10 Example: Let X ={p, g} and 


< p,(0.8,0.4,0.3,-0.1,-0.3,-0.5) > 
< q,(0.5,0.4,0.3,-0.8,-0.5,-0.6) > 


< p,(0.4,0.6,0.7,-0.9,-0.2,-0.4) > 
<q,(0.4,0.5,0.4,-0.9,-0.4,-0.5) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 
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< p,(0.7,0.3,0.3,—0.1,-0.2,-0.8) > < p,(0.6,0.4,0.1,-0.1,-0.2,-0.9) > 
~ | <q,(0.7,0.4,0.3,-0.1,-0.7,-0.7)>/ ’ — l<g,(0.9,0.2,0.6,-0.1,-0.6,-0.7)>[ 


BSVNGPOs in X but RnV is not BSVNGPOs in X. 


5.11 Theorem: Let (X, t) be BSVNTS. If S€ BSVNGPO(X) then Vc BSVN int (BSVN cl (S)) 
whenever V c Sand Vis BSVNCs in X. 

Proof. LetS © BSVNGPO(X). Then Sc is B3VNGPCs in X. Therefore BSVN pcl (Ss) c U whenever 
Sc ¢ Uand U is BSVNOS in X. That is BSVN cl (BSVN int (S*)) c U. This implies Us Cc BSVN int 
(BSVN cl (S)) whenever Us € S and Us is BSVNCs in X. Replacing Uc by V, we get VC BSVN int 
(BSVN cl (S)) whenever V ¢ Sand V is BSVNCs in X. 


5.12 Theorem: Let (X, t) be BSVNTS. Then for every S€ BSVNGPO(X) and for every T € BSVNs(X), 
BSVN pint (S) C Tc Simplies TC BSVNGPO(X). 

Proof. By hypothesis S° C T*c (BSVN pint (S))*. Let T° C U and U be BSVNOs. Since St CTs, S¢ 
CU. But St is BBVNGPCs, BSVN pel (S*) € U. Also T°<(BSVN pint (S))*= BSVN pel (S‘). Therefore 
BSVN pel (Ts) € BSVN pel (S*) CU. Hence T* is BSVNGPCs. Which implies T is BBVNGPOs of X. 


5.13 Theorem: A BSVNs S of BSVNTS (X, t) is BSVNGPOs if and only if FC BSVN pint (S) 
whenever F is BSVNCs and Fc S. 

Proof. Necessity: Suppose S is BBVNGPOs in X. Let F be BSVNCs and Fc S. Then Fe is BSVNOs in X 
such that Sc CF. Since S: is BSVNGPCs, we have BSVN pel (S‘) € F*. Hence (BSVN pint (S))* CFs. 
Therefore FC BSVN pint (S). 

Suffciency: Let S be BSVNs of X and let F € BSVN pint (S) whenever F is BSVNCs and F cS. Then 
S* ¢ Fe and F* is BSVNOs. By hypothesis, (BSVN pint (S))*X CF‘. This implies BSVN pel (S‘) C Fe. 
Therefore S* is BSVNGPCs of X. Hence S is BSVNGPOs of X. 


5.14 Corollary: A BSVNs S of a BSVNTS (X, t) is BBVNGPOs if and only if 

F CBSVN int (BSVN cl (S)) whenever F is BSVNCS and Fc 5S. 

Proof. Necessity: Suppose S is BSVNGPOs in X. Let F be BSVNCs and F CS. Then F* is BSVNOs in X 
such that Sec Fe. Since Sc is BBVNGPCs, we have BSVN pel (S‘) € Fe. Therefore 

BSVN cl (BSVN int (S*)) ¢ Fe. Hence (BSVN int (BSVN cl (S)))*: © F*. This implies 

Fc BSVN int (BSVN cl (S)). 

Suffciency: Let S be BSVNs of X and let FG BSVN int (BSVN cl (S)) whenever F is BSVNCs and 
FCS. Then S¢c Fand Fcis BSVNOs. By hypothesis, (BSVN int (BSVN cl (S)))*§ CFs. Hence 

BSVN cl (BSVN int (S*)) CFs, which implies BSVN pel (S*) € Fe. Hence S is BSVNGPOs of X. 


5.15 Theorem: For a BSVNs S, S is BBVNOs and BSVNGPCs in X if and only if S is BBVNROs in X. 
Proof. Necessity: Let S be BSVNOs and BSVNGPCs in X. Then BSVN pel (S) ¢ 5S. This implies 
BSVN cl (BSVN int (S)) €S. Since S is BSVNOs, it is BBVNPOs. Hence SC BSVN int (BSVN cl (S)). 
Therefore S = BSVN int (BSVN cl (S)). Hence S is BSVNROs in X. 
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Suffciency: Let S be BSVNROs in X. Therefore S = BSVN int (BSVN cl (S)). Let SCU and U is 
BSVNOs in X. This implies BSVN pel (S) ¢ S. Hence S is BSVNGPCs in X. 


6. Applications Of Bipolar Single-Valued Neutrosophic generalized Pre-Closed Sets 


6.1 Definition: A BSVNTS (X, Tt) is said to be bipolar single-valued neutrosophic T ,,, space 


(BSVN T ,,, space) if every BSVNGCs in X is BSVNCs in X. 


6.2 Definition: A BSVNTS (X, 7) is said to be bipolar single-valued neutrosophic , T ,,, space 


(BSVN ,T,,, space) if every BSVNPCs in X is BSVNCs in X. 


6.3 Definition: A BSVNTS (X, t) is said to be bipolar single-valued neutrosophic ,, T ,,, space 


(BSVN ,,, T;;2 space) if every BSVNGPCs in X is BSVNCs in X. 


6.4 Definition: A BSVNTS (X, t) is said to be a bipolar single-valued neutrosophic ,, T , space 


BSVN ..T. space) if every BSVNGPCs in X is BSVNPCs in X. 
&§P Dp Pp FY: 


6.5 Theorem: Every BSVN T,,, space is BSVN ,, T , space. 


Proof. Let X is BSVN T,,, space and let S be BSVNGCs in X, we know that every BSVNGCs is 


BSVNGPCs; hence S is BSVNGPCs in X. By hypothesis 5S is BSVNCs in X. Since every BSVNCs is 
BSVNPCs, S is BSVNPCs in X. Hence X is BBVN a T » Space. 
6.6 Remark: The converse of the above theorem is not true which is shown in the example. 


6.7 Example: Let X ={p, q} and 


< p,(0.1,0.3,0.5,—0.3,—0.5,-0.1) > < p,(0.3,0.2,0.4,—-0.2,-0.6,-0.3) > 
~ |< q,(0.2,0.4,0.6,-0.4,-0.6,-0.3)>{ |<, (0.3,0.3,0.5,-0.2,-0.7,-0.3) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 
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< p,(0.3,0.4,0.5,—0.6,-0.6,-0.3) > 
< q,(0.2,0.4,0.3,-0.3,—0. 1,-0.2) > 


| . Then (X, t) is BSVN ,, T,, space. But not BSVN T,,, 


space. Since R is BSVNGCs but not BSVNCs in X. 


6.8 Theorem: Every BSVN ,, T,,,spaceisBSVN ,,T, space. 
Proof. Let X is BSVN i T » Space and let S be BSVNGPCs in X. By hypothesis S is BSVNCs in X. 


Since every BSVNCs is BSVNPCs, S is BSVNPCs in X. Hence Xis BSVN ,,T , space. 


6.9 Remark: The converse of the above theorem is not true which is shown in the example. 


6.10 Example: Let X ={p, q} and 


< p,(0.2,0.4,0.7,-0.5,-0.3,-0.4) > < p,(0.3,0.3,0.6,—-0.3,-0.4,—-0.5) > 
|< q,(0.6,0.9,0.8,-0.7,-0.1,-0.2)>| — |<q,(0.7,0.8,0.7,-0.6,—0.1,-0.3) > 


Then t= {Ossvn, lssvn, S, T} is a BSVNT on X. The BSVNs 


gp 21/2 Space. 


( p,(0.1,0.5,0.2,—0.7,—0.3,—0.6) > 


= . Then (X, t) is BSVN ,, T , space. But not 
< q,(0.4,0.8,0.9,—0.2,—0.4,—0.5) > ee 


Since R is BSVNGPCs but not BSVNCs in X. 


6.11 Theorem: Let (X, t) be BSVNTS and Xis BSVN__,,, T;,) space then, 


(1). Any union of BSVNGPCs’s is BSVNGPCs. 
(2). Any intersection of BSVNGPOs’s is BBVNGPOS. 


Proof. 


(1). Let {Ai}i€j is a collection of BSVNGPCs’s in BSVN ,, T,,. space (X, 1). Therefore every 


gi 


BSVNGPCs is BSVNCs. But the union of BSVNCs is BSVNCs. Hence the union of BSVNGPCs is 
BSVNGPCs in X. 
(2). Take complement of (1) to prove. 


6.12 Theorem: A BSVNTS X is BSVN__,, T |, space if and only if BBVNGPO(X) = BSVNPO(X). 


Proof. Necessity: Let S be BSVNGPOs in X, then S* is BSVNGPCs in X. By hypothesis S¢ is 
BSVNGPCs in X. Therefore S is BSVNPOs in X. Hence BBVNGPO(X) = BSVNPO(X). 
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Sufficiency: Let S be BSVNGPCs in X. Then S* is BSVNGPOs in X. By hypothesis S* is BBVNGPOs in 


X. Therefore S is BSVNPCs in X. Hence X is BSVN_ ,, T,,. space. 


7. Conclusions 


We introduced a new class of sets namely bipolar single-valued neutrosophic generalized closed sets 
and bipolar single-valued neutrosophic generalized pre- closed sets in bipolar single-valued 
neutrosophic topological spaces. We also analyzed the properties and its applications with some 


examples. 
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Abstract 

Multi-level programming problems (MLPPs) are considered very large decentralized decision 
problems, occur in hierarchical decision-making organizations where a decision maker (DM) is 
present at each decision-making level and is assigned the task of optimizing one or more 
objective functions. In this paper, a new computational algorithm using neutrosophic technique 
to solve bi-level multi-objective non-linear programming (BL-MONLP) problem is presented. 
Neutrosophic set theory is played an important role for dealing the inaccuracy and complexity of 
data found in solving real life problems. We compared also the performance of the optimal 
solution between fuzzy and neutrosophic optimization techniques through numerical example 
which has demonstrated the evolved algorithm. 

Keywords: Multi-level programming with multiple objectives; Non-Linear programming 
problems; Fuzzy Programming; Neutrosophtic set; Satisfactory solution. 

1. Introduction 

In a_ hierarchical organization with several interacting decision-makers, multi-level 
programming problems (MLPPS), which are the primary mathematical optimization problems 
for representing large decentralized decision problems, commonly used in industry [1], 
agriculture [2], transport [3], public policy [4], finance [5], planning [6], municipal waste system 
[7] and supply chain management [8]. Decision makers make decisions in order from the top to 
the bottom level. The upper-level is a priority over the lower- level, but it still depends on 
reactions at the lower- level. Furthermore, the objective function is optimized by each decision- 
maker to the extent possible. 

In particular, many authors have researched bi-level programming problems (BLPPs) [9-11] and 
tri-level programming problems (TLPPS) [12-13], noted that MLPPS was NP-hard and when the 
number of levels was greater than two, the decent method [14], the approach based on the 
conditions of Karush-Kuhn-Tucker [15], the cutting plane algorithm [16], the penalty function 
approach [17], the heuristics technique [18] and the vertex enumeration [19] are represented six 
main approaches for solving MLPPS. 

There is a possibility that their methods lead to undesirable solutions due to the differences 
between fuzzy goals of objective functions and decision variable. An 
interactive fuzzy programming (FP) for MLPPS was presented to solve this situation with the 
elimination of the fuzzy goals of decision variables [20-21]. 

Although fuzzy set theory (FST) is very helpful for dealing the uncertainties, it does not resolve 
certain instances of uncertainty where it is difficult to use a special value to define the degree of 
membership. The intuitionistic fuzzy set (IFS) is considered an extension of FST to solve the non- 
member degree knowledge lake [22-23]. The membership grade and the non-membership grade 
in IFS [24] are attached to each variable in a collection, where the sum of these two grades is 
limited to less than or equal to one. For a specific element, the degree of non-belonging is equal to 
1 minus the degree of belonging [25]. 
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Moreover, some researchers have used IFS for different types of decision-making problems. IFS 
has been applied to the multi-attribute decision making model and methodology in recent years 
[26-27]. The problem of multi-objective optimization of reliability [28-30], the problems of 
transport [31-32], the problem of multi-level programming [33]. Although the development of 
FST and IFS still lacks a general framework in which indeterminate information cannot be 
handled to deal with all kinds of uncertainty in different areas. | This problem is beyond the 
scope of FST and IFS, so dealing with a kind of infinite situation of unknown data is certainly a 
real problem. 

The neutrosophic set studied by FST and IFS has recently been a generalized form of 
[34]. It offers a more general framework and a more suitable shape to solve the existing problem. 
Neutrosophic means neutral information, and the primary difference between fuzzy and 
intuitionist fuzzy logic is this neutral. The neutrosophic Set (NS) is created on a logical basis in 
which elements of the universe are presented in three degrees. That is, the degree of truth, the 
degree of indeterminacy and the degree of falsity, they are somewhere between [0,1]. It differs 
from the intuitionist fuzzy sets, where the uncertainty involved depends on the degree of 
belonging and non-belonging, here the uncertainty present, i.e., the component of indeterminacy 
is independent of the values of truth and falsity. Some emphasis has been built on optimization 
aspects since its inception by [34-36]. 

The main purpose of the solution proposed is to include a general framework to help deal with 
the impressions and uncertainties of the knowledge available. In addition, managing model 
memberships will produce the best compromise outcome that not only meets the desires of the 
decision-maker, but it also makes an undominated contribution to deal with experiences by 
considering the membership of truth, indeterminacy membership and falsity membership 
associated with satisfaction to some degree and dissatisfaction with objectives in finding the best 
compromise solution (BCS) respectively. It can also be done to cover a broad range of BCSs by 
interactively managing the membership functions. This is first time that the best of our 
experience is to broaden the principles of Zimmermann to solve the problem of BL-MONLP. 
This paper focuses on exploring the best compromise solution to the problem of bi-level mullti- 
objective non-linear programming (BL-MONLP) under neutrosophic compromise programming 
approach (NS-CPA). The proposed NS-CPA is built by expanding the principles of Zimmermann 
[37] to the neutrosophic environment and a new neutrosophic BL-MONLP is provided by using 
three memberships to obtain the best compromise solution: membership of truth, membership of 
indeterminacy, and membership of falsity. NS-CPA is a modern way of dealing with unreliable, 
ambiguous, incomplete and contradictory data that is very common in science and engineering 
situations. 

The paper is structured as follows: Section 2 outlines some fundamental principles applicable to 
the neutrosophic set; Section 3 presents the technique of neutrosophic optimization to solve the 
problem of bi-level multi-objective non-linear programming; Section 4 explains in a numerical 
example the new approach and compares this new strategy with the problem of fuzzy 
programming, we present the conclusion and future direction of research in section 5. 

2. Prerequisite Mathematics 
Definition-1 (Fuzzy set) [37] 

Le X be fixed set. The fuzzy set A of X is defined the set of an object that has the form 
A=((x,4(x)), xe X} where the function s4(x):X —[0,l]determines the element's 
x © _X true membership to the set A. 

Definition -2 (Intuitionistic fuzzy set) [22] 

Let X be fixed set. The set of the form 
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A! = f X, MW 4(x), v4 (x) > XE x} is defined an intuitionistic fuzzy set (IFS) in X 


where 4d 4(x): X — [0,1] and va(x):X — [0,1] are called the Truth-membership and Falsity- 
membership respectively, for every element of x € X,0 < w4(x)+04(x) <1. 
Definition -3 (Neutrosophic set) [34] 


Let X be a set of objects and defined as x ¢ X¥, A neutrosophic set A” in X is defined by a truth- 
membership function /44(X),an indeterminacy membership function o 4(x)and a falsity- 
membership function UD 4(X) , having the form: 

At s {x X, L4(x),04(x), v4(x) >|x aor 
L4(x),0 4(x) and v4(x) are real standard or non-standard elements of 

0-0" |, that is: 12 4(x): X > Te OGY X-> ber Lone: es o-a*| 

There is no limit to the sum of 42 4(x),04(x) and U4(x), so 

~O <sup w4(x)+supo 4(x) +sup v4(x) < 3° 
Definition -4 (Complement) [38] 
A single valued neutrosophic set A is called complement, denoted by C(A) if is defined by 
Hc A) (x) = v4(X) , OC( 4) (x) = 1-4 (X) , UCC 4) () = HQ) 

for all x’s in X. 

Definition -5 (Union) [38] 

A single valued neutrosophic set C is union of two single valued neutrosophic sets A and B, 

written as C = AUB, having the functions of truth-membership, indeterminacy- membership and 
Mc(A)(x) = max (414 (x), 4B (X)) 

falsity-membership defined by: OC( A(X) = max (6 4(x),0 R(x) 
vc 4) (x) = min(v4(x),vg(x)) forall x in X 

Definition-6 (Intersection) [38] 

The intersection of two single valued neutrosophic sets A and B is a single valued neutrosophic 
set C written as C = Af)B, having the functions of truth-membership, indeterminacy- 
membership and falsity-membership defined by: 

Hc(A)(x) = min (4.4 (x), 4p (x) = min (6 4(x),o8(%)) 

0c 4) (X) = max (oy, vp(x)) 
Here, we note that single valued neutrosophic sets satisfy the most characteristics as the classic 
set, fuzzy set and intuitionistic fuzzy set by the concept of complement, union and intersection of 
single valued neutrosophic sets. The Fuzzy collection does not satisfy the middle exclusion 
principle. 
3. Neutrosophic technique to solve bi-level multi-objective non-linear programming (NS- 
BLMONLP) Problem. 
3.1. Problem Formulation 
In the problem of bi-level multi-objective non-linear programming (BL-MONLP), multiple 
decision-makers (DMs) exist at each decision-making level and are known to optimize one or 
more objective functions as bi-level multi-leader and / or multi-follower decision problem. The 
BL-MONLP problem's mathematical formulation can be written as: 


min Fy(x) = (F(x), Fy (x), Fin (X)) (The upper-level (UL)) (1) 
X1X 5 
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where xX solves: 


min Fy (x) = (Fini (0)s Fine (X)s05 Fy (x) (The lower-level (LL)) (2) 
*9 
S.t. 
Gj =|x|e, (x) $b; ; j= led] (3) 


where x; = {x}, i=1,2andr=1,2,...., m, x; @R™, (x,x)) CR and F(x)are 
the decision variables and the objective functions of the UL and LL respectively. G is the 
feasible set of problem form [(1) — (3)]. 
3.2. Neutrosophic Optimization Technique for solving MONLP problem. 

Consider the following MONLP problem represented by problem from (1) or (2) and 
(3). For all objectives as F;, (x) ,A =1,2,...,m, find firstly the best values ¢; (minimum 


values) and the worst values uw; (maximum values). So, ¢; can be calculated by: 


é, = min F;(x) (4) 
xeG 
If the feasible set G is bounded, then u; can be derived by: 
uz = max F;(x) (5) 
xEG 


Otherwise, let the solutions of (4) are x; then u;, are calculated by: 
uz, = Max Fy (Xz )s (6) 
k 
_ fz2x [0,1] . : : 
Now, a mapping’ * is known as the membership function and the acceptable 
degrees of decision makers for a solution can be expressed. It is possible to state a 
membership function as: 


1 > Fy (x) Sey 
u, —F, 
uy (Fy) = ©, 0 Sx) Sy (7) 
up —ly 
0, F(x)>uy 


Here, we present a new approach under the set of constraints centered on a 
neutrosophic set to solve the MONLP problem. A creating information into 
indeterminacy treatment is introduced by the neutrosophic approach (NSA), which is 
described in the main optimization problem as the aim of maximizing the degree of truth 
(T) at the same time and minimizing the degrees of falsity (F) and indeterminacy (Dof a 
neutrosophic decision set (Ds). 

Generally, we describe what is called a combination of neutrosophic objectives and 
constraints as: 


m J 

D, = f Az a | ate 1 = (x, 7p. (2), Ing ().Fg @)} (8) 
k=l j=l 

where, T Ds (x): the function of truth membership, / Ds (x):the function of 

indeterminacy membership andF Dg (*) :the function of falsity membership of 


neutrosophic decision set D, which is defined as: 
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3 T, (x) ? T,5 (x) ? ees ’ Te, (x); 
Tp, (x) = min Ome ho eee is ee for allx eX (9) 
r, (x) 5) 1) (x) 5) ass 5) l, COE 
Ip, (x) = max Lo Gr i re Te (x) for allx eX (10) 
Fr, (x) 4 Fy (x) 5) se ’ Fey (x); f ll 
Fp, (x) = max Fu) 5 Foy) ym Re, (x) ( forall xe x (11) 


To formulate the membership functions for NS-MONLP problem, we evaluate firstly 
the lower (¢;.)and upper (u;) bounds for each objective function by using (4) and (6), 
then the bounds for NS can be determined as: 


up =u, and ra =, , for truth membership (7; (F; )) (12) 

ub =H +5, (ud —21 Jand if =if , for indeterminacy membership (J; (F; ) (13) 
k ~'k kk k k ~¢k K\*k 

ur =yF and Z = IT ty (ul =i) for falsity membership (F; (F; )) (14) 


where ¢; and s;,real numbers are predetermined in (0,1). 
We can define now the membership functions (7) according to the above bounds as: 


1 if Fy(x)<ip 
T 
uz, —F,(x F 
Ty (F(x) =) 2 EO ig iP <x <ul (15) 
uz —& 
0 if F(x) >up 
0 if Fy(x)<if 
FeG@yat.. 
IF) =) AOE it if < Fy) <u} (16) 
Uz — lx 
1 if F,(x)>uf 
0 if F(x) < lf 
Rest. 
F;, (F;(x)) = —_ +. Jif 1 < Fy (x) Sut (17) 
sf eae 
1 if Fy (x)>up 
The problem with NS-MONLP can be stated as: 
max min 7;(F;(x)) (18) 
=1,2,...m 
min max = IJ;(F;(x)) (19) 
=1,2,...m 
min max F;(F;(x)) (20) 
=1,2,...m 
st. 
xEG (21) 


Problem from [(18) — (21)] can be taken the following form as: 
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max @ (22) 
miny (23) 
min £ (24) 
S.t. 

Te (Fe (x) 2 @ sD FEO SY» Fe Fe) SB, (25) 
*xeG(x),x20, (26) 
at+yv+BS3 ,azPp,azyvy,a,y, BP €[0l]. (27) 


Problem from [(22) — (27)] can be simplified to non-linear programming (NLP) problem 
by using neutrosophic model as: 


max a-y-—£ (28) 
S.t. 

F(x) + uf -IT a <u, (29) 
F,()-(uf if }y <i, (30) 
F(x) (uf -1F ) p <i, (31) 
xeEG(x) , x20, (32) 
Gty+Ps3 a2 8 a2, 0,7, fs [0A] (33) 


3.3. Algorithm (ALG (1)) for solving NS-ULMONLP problem 
In this section, a new approach which discussed above is simplified to find the 
neutrosophic optimal solution of UL-MONLP problem. 

Step1: Solve each UL-MONLP problem form (1) and (3) individually as a single 
objective NLP problem. Let x;,4 =1,2,...,m, be the respective optimal solution 
for the k" different objective F(x), k =1,2,...,mand calculate each objective 
value for each these k™ optimal solutions. If two optimal solutions are different 
and far from the set of optimal solution and has the different bound values, then 
go to step2. Otherwise, if allF,(x)have the same _ solution, 
X] =X =...=x,,then choose one of them as the optimal compromise solution 
and go to step 6. 

Step 2: Find lower and upper bounds for all objectives by using (4) and (6). 

Step 3: Calculate the NS bounds for each objective F; (x) to find the lower bound /; and 
the upper bound wu;,k=1,2,....m. for truth membership (7; Fy )), 
indeterminacy membership (I b (F.)), and falsity membership (F, (F;.)), of 
objectives as (12), (13) and (14). 

Step 4: Use step (3) to construct the membership functions as (15), (16) and (17). 

Step 5: Define and solve NS for UL-MONLP problem as in [(28)-(33)] to get the best 
compromise solution. Also, find the values of the Fi, (x),k =1,...,m.at the best 
solution. 

Step 6: stop. 

3.4. Algorithm (ALG (2)) for solving NS-LLMONLP problem 

As in the previous section considers LL-MONLP problem is (2) and (3). The 
procedures for using the neutrosophic technique for solving LL-MONLP problem to get 
the NS optimal solution can be summarized as: 
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Step1: Solve the problem LL-MONLP (2) and (3) as a single non-linear (NL) objective 
problem k times, 4 =m +1,...,N, for each problem by taking one of the goals at 
a time and ignoring the others subject to the set of constraints G in order to 
obtain the set of solutions x,,4 =m+l,...,N, and calculate the values of each 
objectives at x;. 

Step2: If all F,(x),k =m+l,...,N, have the same solutions, then select and stop one of 
them as the optimal compromise solution. Otherwise, proceed to step 3. 

Step3: Calculate the NS boundaries for each objective F;, (x),k =m+l,...,N, in order to 
find the lower /;, and upper uz,,k=m-+1,...,N, boundaries for 7; (F;,),1, (F7) 
and F; (F;,) as in (12), (13) and (14). 

Step 4: Use step (3) to construct the membership functions as (15), (16) and (17). 

Step5: Solve NS for LL-MONLP problem as [(28) — (33)] to find the best compromise 
solution. Also, find the values of Fi, (x),4 =m +1,...,N, at the best solution. 


3.5. Algorithm (ALG (3)) for solving NS-BLMONLP problem 

To solve a bi-level multi-objective non-linear programming problem with a linear 
membership function by neutrosophic methodology, the following algorithm steps are 
used to find an optimal compromise solution. 


Step 1: Substitute by optimal compromise solution sty of NS-ULMONLP problem 
inF, ,k=m+l1,...,N, and it is denoted by u,,k =m+l,...,N. Also, 
substituting by optimal compromise solution te of NS-LLMONLP problem in 
F,.,k =1,...,m, to obtain u,,k =1,...,m. 

Step 2: Use the optimal decision x” of NS-ULMONLP problem as a control factor for 


NS-LLMONLP problem. It is not practical, so we find some tolerance that gives 
the NS-LLMONLP problem a feasible region to search for his/ her optimal 


solution. The range of the decision variable x should be found around xY with its 
maximum tolerances k. 


Step 3: Formulate the following membership function which specify xU as: 


U 
ee Saif xe ke < xX <xY, 
U pene 
Ty (x)= wait Sif <x <x 4k (34) 
0 , otherwise 
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— U _ 
pos) < ee ee er 
U co 
ly (x)= a gut Beye ag (35) 
0 , otherwise 
U 
a a ee ee eo 
U x py 
pps’ = aE es eee (36) 
0 ; otherwise 


where x¥ is the most preferred solution [39]. 
Step 4: Construct the membership functions of NS-ULMONLP problem at all F; where 


I, < Fy Sul, ul =Fy(x”), k =1,2,...m, as: 


1 , if Fy(xy<if 
'T 
up —FL(x . : 
T;, (Fy) = a red 1 , if Uf <F,(x)<uZ (37) 
up — ly 
0 , if Fy(x)>ule 
0 , if F(x<if 
F,(x)-U 
Ty (Fe) =3— 4 if GarGsuy (38) 
up Eh 
1 , if Fix>ulf 
0 a “Fee 
Fy (x) -1F 
F, (Fy) = —— , if UP <mis<ul (39) 
up UK 
1 , if Fj (x>ur 


Step 5: Define the membership functions of NS-LLMONLP problem for all goals Fy 


where J, < Fy Stip , Uy =F, (x), k=m41...., N, as: 


1 , if — F(x)<IP 
AT 
uj, — Fx (x) c 
T, (Fe) =; >—— > if <<a, (40) 
ad aS 
0 , if F(x) >a 
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0 , if F(x)<if 
Fi (x)-if : 7 
Fy) =O , it smRosal (41) 
Uk —tk 
1 , if Fy(x)>at 
0 , if F(x)<if 
FG sie : 5 
Fy (Fy) = ae , if if <Fy(x)<af (42) 
Uz —lx 
1 , if Fy(x>ap 


Step 6: Generate a suitable solution that is also a pareto optimal solution for both 
decision makers (DMs) with an overall satisfaction by solving the following 
Tchebycheff problem [40] which is considered NS-BLMONLP problem as: 
Maxa-y-f (43) 


t. 
epee (x +4) x] /K 2a], 
ly—@Y —w|/K <7, (x4 +a) —x|/K E71, (44) 


ly-@Y -a|/K< pt, (xY +ay—e]/K < BL 


( 
( 
F(x) -(uiF IF )ps Pk =1,2,....m, 
| 
| 
| 


‘ (45) 

Fi (x) + a? 17 \a< i, , k=mtl,..N, 

Fi (x) - ali! )y< iV, k=m4+,..,N, 

Fy (x) - af iF \p< IP k=mt4l,..,N 
CEG a- Ke 0; (46) 
a+B+ys3,a2f, a2y,a,f,y [0,1] (47) 


where a, / and y are the overall satisfaction and I, with all elements = | and the same 
direction as x, is the column vector. 
4. Numerical Example 

An example in [41] is used to explain and comparison of optimal solutions by fuzzy 
programming (FP) for BL-MOGPP and NS for BL-MONLP problem. 
Let us consider BL-MONLP problem as: 
(UL-MONLP): min F(x) = 20 xp 1x5?x5° +60 x7! xq! 

x] 
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min F(x) =50 xy ix5 2x37 + 60 re one 
xX 
- : 
G(x) = X1Xpx4 +X9x3 $3, 
x= (x1,.x2,%3) >0 
where x2 and x3 solve LL-MONLP problem as: 
(LL-MONLP): min F(x) =x;,7 +0.25 x3 x3!, 
X2 0X3 
min F4(x)= 2x, 1x51x3! + 2x1x9 
X23 
S.t. 


Gy (x)= oxfay? +oax} att 


x= (x1 5%25%3)> 0. 
First: For UL- MONLP problem 
é;= min Fj, (x1) = 20.666 for xy =(1.952, 4.462, 0.384) 
GC] 


x, € 
05 = min Fy(x7)=18.207 for xy =(0.471, 11.442, 0.236) 
x2 €G] 
uy = max F;(x7) = F,(0.471, 11.442, 0.236) = 49.891 
uy = max F(x) = F>(1.952, 4.462, 0.384) = 404.016 
“. 20.666< F, < 49.891 and 18.207< Fy < 404.016 
Here the upper and lower bounds for NS can be calculates from [(12)-(14)] as: 
For Fi: [7 =20.666, uf =49.891, 1/ =20.666, 
uf =20.666+29.25s,,// =20.666+ 29.2251, , uf =49.891. 
For F2: // =18.207, ud = 404.016, 14 =18.207, 


us =18.207+385.809s,,/4 =18.207+385.80%,, us =404.016. 
Neutrosophic optimization method for UL-MONLP problem can be constituted from 
[(28) — (33)] as: 
max a — 7 — By 
s.t. 
=]53 =5 = oe 
box; Xy~X3°> +60 xy x2 ).29.225 ay, < 49.891, 


box; !x53x55 +60 xplxg!)|- 29.225 S1Y < 20.666 , 
booxytx53x55 +60 xplagt (29.225- 29.22 5 t1) B, < 20.6664 29.225t, 
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(soxy!x32x3? + 60x7.x3 7x3” +385.809a, < 404.016, 


(s0xp!xp2x5? + 60x3x72x;3) 385,809 sy, <18.207, 


(S0xp!xp2x3 + 60x} x 


18.207+ 385.8092, 


Si523 
2 *3 


X1 X92 x3 +X7X3 53 , (%1,%2,%3) > 90, 


at+yt+fh <3 


)—(485.809- 385.8094) By < 


, 2h, m2 and a,7,f, €[0,1]. 


234 


The solution of the above problem can be given as the comparison of optimal solutions 
between the solution by using fuzzy programming problem (FPP) and neutrosophic 


technique (NS) as: 
Optimization a (YY x”) Fu = (eY | a; a Br Sum of optimal 
technique objective values 
x¥ =1.072595 | AY =23.25882] a =091127 | 991127 
x¥ =5.0157517 | Fy’ =52.44017 
x =0.4053974 
Ne x¥ =1.07258 FY =23.259 | a =0.911273 — 9-82255 
oY =5.157534 | FY =5244 | 7; = 0.088724 
* 
x =0.4053977 A, = 0.0000 


and si = 1.000 , t: = 0.4622 
Second: for LL-MONLP problem 


3¢€ 


f3= min F3 (x3) =1.172 ; 
x3€G2 


x3 =(1.24, 1.27, 0.775) 


C4 = min Fy(x4) =3.504 , x4 =(0.623, 1.206, 1.33) 
x4€G92 
uz =max F3(x4)=2.852 , ug =max Fy (x3) = 4.789 
“LATS Fy $ 2.852 ,3.504< Fy < 4.789 
For F3: 4 =1.172 , ud =2.852 , 4 =1.172, 
ud =1.17241.6895, 4 =3.50441.285t) , uf =2.852 
For Fa: 1f =3.504, uf = 4.789, If =3.504,u4 =3.504+1.285 55, 


IF =3.50441.285t) , uf =4.789 
Neturosophic optimization method for LL-MONLP problem from [(28)-(33)] can be 


simplified as: 
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max @—72 — fo 
st 


xp? +0.25 x4 x3) 41.68 a < 2.852 

xp 7 +0.25 x5 x3)-1.68 sy7> $1,172 

xy? £0.25 x5 x3) —(1.68-1.68%5) By $1.17241.68 ty, 

Qaq beg! x3) + 2xyx9 +1.285 ay < 4.789 

Qaq txg! x3) + 2xyx9 1.2855 79 <3.504 

Qxp les! x3! + 2xpxy —(1.285-1.285 ty) By < 3.50441.2855, 


Dn) 
> x1 x2 
4 


adg+72 + Bo <3, a2 = Po » a2 = V2 and 07,7%2,P2 €[0,1]. 
The comparison of optimal solution between FPP and NS technique can be summarized 


3 
+2345 <1 , (%5%25%3) > 0, 


as: 
Optimal iB a saa E t) Fee (et FE) * * * | Sum of optimal 
technique pees oat nae 02572, P2 objective values 
me xf =0.8932686 | FE =1.54057499 = 9.78044} = 0.91127 
x¥ =1.135477 | FE =3.786324 
xf =1.121792 
NS xf = 0.8932 FE =1.54 a =0.7805 0.82255 
= 0.2195 
x4 =11355 | FE =3.786 | 7? 
7 By =0.000 
x¥ =1.1219 
and s2=1.000 , t2=0.242 


Azza H. Amer and Mahmoud A. Abo-Sinna, A New Approach for Solving Bi-Level Multi-Objective Non-Linear 
Programming Model under Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 47, 2021 236 


Third: Substituting by optimal compromise solution (cz xy x in F; and F2 


respectively, we get: 
32.259 < F, <67.764 and 52.44 < F) < 54.25 


We are also substituted by optimum compromise solution (wu ee oe in F3 and Fy, 


respectively we get: 
1.54<F3 < 17.237 and 3.786 < F4< 11.956 


Application of steps algorithm (3) and assuming the control decision is i with 
tolerance k = 1 of NS-UL-MONLP problem. The NS-BLMONLP problem from [(43) — 
(47)] can be generated as: 


MAX, 03 = 735 (3 


S.t. 

x] —0.07= a3 3 2.07 — x1 2 a3; 
xy —0.07< 73 > 2.07 — x1 < 73> 
xX] —0.07< 3 > 2.07 — x1 < p3 > 


20x, 1x57°x3° +60 x; 1x51 4+.44.505a3 <67.764, 

50xj 1x57x37 +60 xPx57x3° +1.81a3 <54.25 , 

xp > + 0.25 x5x3 1 +15.733 a3 <17.273 

2x txg lez) +2 xpx> +8.17 a3 < 11.956 

20xy xz ?xz° +60 xp x7! —44.5055373 $23.259, 

50xq x27x37 +60 xf.xz 7x57 - 1.8153 73 $52.44, 

x7 £0.25 x$.x31 -15.73353 73 < 1.54, 

2ay xz lazy! +2 xpx7 -8.1753 73 < 3.786, 

20x; 1x57x3° + 60 xj 1x9! -(44.505-44.505r3) Bz <23.259+ 44.505t3, 
50x, 1x7 7x37 +60 xpxp 7x3 —(1.81-1.8143) B3 <52.4441.8143, 

xy > +0.25 x5.x3! —(15.733-15.733 f3)B3 <1.54415.733t3, 

Dx, xp ey) 4 2xxy — (B17 =8.1 7) By <3.7864817%, 

XXgX4F +X1X7 $3, 

oxpxy? + ee <1, (x1,%2,%3)>9, 

a3 +73 + B3 <3, a3 2 f3 ,a32 73 and a3,73, 3 €[0,l]. 


The comparison of optimal solutions between FPP and NS-technique can be summarized 
as: 


Azza H. Amer and Mahmoud A. Abo-Sinna, A New Approach for Solving Bi-Level Multi-Objective Non-Linear 
Programming Model under Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 47, 2021 


237 


Optimization * = aed pe (x EF Fj] ae ane Sum of optimal 
technique a cea. ee A3a she objective values 
ed x, =1.071753 | Fy =33.9266984 0=0.77 0.7 
xy =2.114856 | Fy =53.86580161 
x3 =0.7749304] F; =2.318923741 
Fy = 5.665864 
NS xt =1.071751 | Fy =33.9267 | a3 =0.7691842| 9.538368 
x> =2.114812 | F> =538658 ~—(|_73 = 0.230815 
F; =2.3189 B3 = 0.000 
Fy = 5.6659 
and s3=1.000 , t; =0.287599 


Here, we demonstrate that the technique of neutrousophic optimization results better than 
the problem of fuzzy programming. 
5. Conclusions and research directions 

Neutrosophic set theory considers an important role in resolving the inaccuracy and 
uncertainty of data in solving real-life problems. The known methods as fuzzy theory, not 
sufficient in many bi-level programming situations for dealing with these situations in which 
indeterminacy is necessarily involved. This paper introduces a new neutrosophic compromise 
programming strategy (NS-CPA) to resolve the problem of bi-level multi-objective non-linear 
programming (NS-BLMONLP) under fuzziness. 

At the same time, this method is characterized by maximizing the degree of truth 
(satisfaction), minimizing the degrees of both falsity (dissatisfaction) and indeterminacy 
(satisfaction to some extent) of neutrosophic decision-making. The analysis of the results 
obtained for the problem undertaken clearly indicates that neutrosophic optimization is superior 
to fuzzy optimization. To apply the steps of the NS-CPA, a numerical problem is solved. 

We hope that in the neutrosophic setting, the bi-level non-linear programming technique can 
open a new avenue of study for future neutrsophic researchers. In addition, we agree that the 
propose neutrosophic compromise programming solution can be useful in addressing multi- 
objective geometric programming, Multi-objective decentralized bi-level 
programming, multi-objective decentralized multi-level non-linear programming, multi-objective 


non-linear 


non-linear programming problems based on priority, real-world decision-making problems such 
as agriculture, production of bio-fuels, selection of portfolios, transport. 


References 
[1] Nicholls, M.G. (1996), The application of non-linear bi-level programming to the aluminum industry, 
Journal of Global Optimization, 8 (3), 245-261. 


Azza H. Amer and Mahmoud A. Abo-Sinna, A New Approach for Solving Bi-Level Multi-Objective Non-Linear 
Programming Model under Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 47, 2021 238 


[2] Candler, W., Fortuny-Amat, J., & Mc Carl, B.(1981), The potential role of multilevel programming in 
agricultural economics, American Journal of Agricultural Economics, 63 (3), 521-531. 

[3] Suh, S., & Kim, T.J. (1992), Solving nonlinear bi-level programming models of the equilibrium network 
design problem, A Comparative Review Annals of Operations Research, 34 (1), 203-218. 

[4] Amouzegar, M.A., & Moshirraziri, K. (1999), Determining optimal pollution control policies, An 
application of bi-level programming, European Journal of Operational Research, 19 (1), 100-120. 

[5] Bard, J.F., Plummer. J., & Sourie, J. C. (2000), A bi-level programming approach to determining tax 
credits for bio-fuel production, European Journal of Operational Research, 120 (1), 30-46. 

[6] Hobbs, B. F., & Nelson, S.K. (1992), A nonlinear bi-level model for analysis of electric utility demand-side 
planning issues, Annals of Operations Research, 34 (1), 235-274. 

[7] Saranwong, S., & Likasiri, C. (2016), Product distribution via a bi-level programming approach: 
Algorithms and a case study in municipal waste system, Expert Systems with Applications, 44, 78-91. 

[8] Gao., Y., Zhang. G., Lu., J.& Wee, H.M. (2011), Partial swarm optimization for bi-level pricing problems 
in supply chains, Journal of Global Optimization, 51 (2), 245-254. 

[9] Bialas, W.F., & Karwan, M.H. (1984), Two-level linear Programming, Management Science, 30 (8), 1004- 
1020. 

[10] Dempe, S. (2002), Foundations of bi-level programming, Springer Science & Business Media. 

[11] Zheng., Y., Liu., J, & Wan, Z. (2014), Interactive fuzzy decision-making method for solving bi-level 
programming problem, Applied Mathematical Modelling, 38 (13), 3136-3141. 

[12] Lu., J., Han., J., Hu., Y., & Zhang, G. (2016), Multilevel decision-making: A survey, Information Sciences, 
346, 463-487. 

[13] Blair, C. (1992), The computational complexity of multi-level linear program, Annals of Operations 
Research, 34 (1), 13-19. 

[14] Kolstad, C. D., & Ladson, I. S. (1990), Derivative evaluation and computational experience with large 
bi-level mathematical programs, Journal of Optimization Theory and Applications, 65 (3), 485-499. 

[15] Lu., J., Shi, C., Zhang, G., & Dillon, T. (2007), Model and extended kuhn-Tucker approach for bi-level 
multi-follower decision making in referential uncooperative situation, Journal of Global 
Optimization, 38(4), 597-608. 

[16] Bard, J.F. (1984), An investigation of the linear three level programming problem, Systems, Man and 
Cybernetics, IEEE Transactions, 5, 711-717. 

[17] White, D. (1997), Penalty function approach to linear tri-level programming, Journal of Optimization 
Theory and Applications, 93 (1), 183-197. 

[18] Hosseini, E., & kamalabadi, I.N. (2014), Line search and genetic approaches for solving Linear tri-level 
programming problem, International Journal of Management, Accounting and Economics, 1 (4). 

[19] Han, J., Lu. J., Hu., Y., & Zhang, G. (2015), Tri-level decision-making with multiple followers: Model, 
algorithm and case study. Information Sciences, 311, 182-204. 

[20] Sakawa, M., Nishizaki, I, & Uemura, Y. (1998), Interactive fuzzy programming for multilevel linear 
programming problems, Computers & Mathematics with Applications, 36 (2), 71-86. 

[21] Arora, S., & Gupta, R. (2009), Interactive fuzzy goal programming approach for bi-level programming 
problem, European Journal of Operational Research, 194 (2), 368-376. 

[22] Atanassov, K.T. (1986), Intuitionistic fuzzy sets, Fuzzy Sets and Systems, 20, 87-96. 

[23] Atanassov, K.T. (1999), Intuitionistic fuzzy sets, Springer. 

[24] Dubey, D., Chandra, S., & Mehra, A. (2012), Fuzzy linear programming under interval uncertainty 
based on IFS representation, Fuzzy Sets and Systems, 188 (1), 68-87. 

[25] Deli., I. & Cagman, N. (2015), Intuitionististic fuzzy parameterized soft set theory and its decision- 
making, Applied Soft Computing, 28 (4), 109 -113. 

[26] Chen, T.Y. (2012), Multi-criteria decision-making methods with optimism and pessimism based on 
Atanassov’s intuitionistic fuzzy sets, International Journal of Systems Science, 43 (5), 920-938. 

[27] Hajiagha, S. H., Mahdiraji, H. A., Hashemi, S.S., & Zavadskas, E. K. (2015), Evolving a linear 
programming technique for MACDM problem with interval valued intuitionistic fuzzy information, 
Expert Systems with Application, 42 (23), 9318-9325. 


Azza H. Amer and Mahmoud A. Abo-Sinna, A New Approach for Solving Bi-Level Multi-Objective Non-Linear 
Programming Model under Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 47, 2021 239 


[28] Garg, H., Rani, M., Sharma, S., & Vishwakarma, Y. (2014), Intuitionistic fuzzy optimization technique 
for solving multi-objective reliability optimization problems in interval environment, Expert Systems 
with Applications, 41 (7), 3157-3167. 

[29] Rani, D., Gulari, T. R., & Garg, H. (2016), Multi-objective non-linear programming problem in 
intuitionistic fuzzy environment: Optimistic and pessimistic view point, Expert Systems with 
Applications, 64, 228-238. 

[30] Razmi, J., Jafarian, E., & Amin, S. H. (2016), An intuitionistic fuzzy goal programming approach for 
finding pareto-optimal solutions to multi-objective programming problems, Expert Systems with 
Applications, 65, 181-192. 

[31] Gourav, G., Kumaari, A. (2017), An efficient method for solving intuitionistic fuzzy transportation 
problem of type-2, International Journal of Applied Computer Mathematics, 3 (4), 3795-3804. 

[32] Beaula, T., Priyadharsini, M. (2015), A new algorithm for finding a fuzzy optimal solution for 
intuitionistic fuzzy transportation problems, International Journal of Applied Fuzzy Sets Artificial 
Intelligent, 5, 183-192. 

[33] Zhao, X., Zheng, Y., & Wan, Z. (2017), Interaction intuitionistic fuzzy methods for multilevel 
programming problems, Expert Systems with Application, 72, 258-268. 

[34] Smarandache, F. (1999), A unifying field in logics, Neutrosophy: neutrosophic probability, set and logic, 
Rehoboth: American Research Press, U.S.A. 

[35] Kar., S., Basu, K., & Mukherjee, S. (2015), Application of neutrosophic set theory in generalized 
assignment problem, Neutrosophic Sets and Systems, 9, 75-79. 

[36] Rizk, M. R., Aboul Ella, H., & Mohamed, E. (2018), A multi-objective transportation model under 
neutrosophic environment, Computers and Electrical Engineering, 69, 707-719. 

[37] Zimmermann, H. J. (1978), Fuzzy programming and linear programming with several objective 
functions, Fuzzy Sets and Systems, 1, 45 — 55. 

[38] Wang, H., Smaranduch, F., Zhang, Y., & Sunderraman, R. (2010), Single valued neutrosophic sets, Multi 
space and Multi structure, 4, 410 - 413. 

[39] Zimmermann, H. J. (1990), Fuzzy Set Theory and Its Application, 2™4 ed., Kluwer Academic Publishers, 
Dordrecht-Boston. 

[40] Sakawa, M. (1993), Fuzzy Sets and Interactive Multi-objective Optimization Plenum press, New York. 

[41] Azza, H.A. (2017), Implementation of the € -constraint method in special class of multi-objective fuzzy 
bi-level non-linear problems, Pak.J. Stat. Oper. Res., Vol. XIII, No. 4, pp. 739-756. 


Received: Aug 20, 2021. Accepted: Dec 6, 2021 


Azza H. Amer and Mahmoud A. Abo-Sinna, A New Approach for Solving Bi-Level Multi-Objective Non-Linear 
Programming Model under Neutrosophic Environment 


TOQ*0) 
Ye N SS Neutrosophic Sets and Systems, Vol. 47, 2021 


Ual, 
Wyi University of New Metco <p 


Split Domination in Neutrosophic Graphs 


M. Mullai!*, S. Broumi ”, R. Jeyabalan’?, R. Meenakshi* 


«Department of Mathematics, Alagappa University, Karaikudi, Tamilnadu, India. 


E-mail: mullaim @alagappauniversity.ac.in!* 


?Laboratory of Information processing, University Hassan II,B.P 7955, Sidi Othman, Casablanca, Morocco. 
E-mail: broumisaid78 @ gmail.com? 


3Department of Mathematics, Alagappa University, Karaikudi, Tamilnadu, India. 


E-mail: jeyabalanr @alagappauniversity.ac.in® 


4Department of Mathematics, Seethalakshmi Achi College for Women Pallathur, Tamilnadu, India. 


E-mail: meenakshi.sac @rediffmail.com* 


“Correspondence: M. Mullai (email: mullaim @alagappauniversity.ac.in) 


Abstract: This paper demonstrates a concept of split domination in neutrosophic graphs.Minimal split domination, 
lower and upper split dominations in neutrosophic graphs are discussed. Theorems are derived for minimal split 
domination in neutrosophic graphs with suitable examples. 


Keywords: Neutrosophic graph, Domination in neutrosophic graph, Split domination, Cardinality, Split domination 
number, Isolated vertex. 


1 Introduction 


A mathematical frame work to describe the phenomena of uncertainly in real life situation is first suggested 
by L.A.Zadeh in 1965[26]. Rosenfeld[16] introduced the notion of fuzzy graphs and several fuzzy analogs 
of graph theoretic concepts such as path, cycle and connectedness. The study of dominating sets in graphs 
was begun by Orge and Berge. Many authors discussed the concept of various dominations in graph, fuzzy 
and intuitionistic fuzzy graphs in [2,7,6,9,10,11,14,15, 18,19,24]. Q.M.Mahyoub and N.D.Soner[8] initiate 
the split dominating set and split domination number in fuzzy graphs. Also, the split domination number 
and its properties in Intuitionistic Fuzzy Graphs (IFGS) were studied by [11]. Neutrosophic set proposed 
by Smarandache[1] is powerful tool for dealing incomplete and indeterminate problems in the real world. 
It is the generalization of fuzzy sets [3] and Intuitionistic fuzzy sets [4,5]. Fuzzy graph and Intuitionistic 
approaches are failed in some applications when indeterminacy occurs. So Smarandache defined four main 
categories of Neutrosophic graphs in [20,21,22,23]. M.Mullai [27] introduced the concept of domination 
in neutrosophic graphs. By considering the existing split dominating sets, in this proposed work, the split 
domination in neutrosophic graph is developed with suitable examples to know the advantages of neutrosophic 
split domination in real world applications than other existing split dominations. 
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2 Preliminaries 


Definition 2.1. [12]. 

An intuitionisic fuzzy graph is of the form G=(V, E) where 
CL VS Ariete Gees Un} such that 44: V — [0,1] and 71: V — [0,1] denote the degree of membership 
and non-membership of the element v; € V, respectively, and 0 < p4(v;)+71(u;) <1, for every v; € V,( 


(2) EC Vx V, where jig: V XV — [0,1] and y2: VxV — [0, 1] are such that 
[2 (vj, Vj) < min[p1y(v;),p41(v;)] and y2(v;, vj) > max[y71(v;),71(v;)] and 
O< po(v;,0;)+Y2(%4,0;)< 1, for every (v;,0;) CE, (Lj=1,2.......... wn). 


Definition 2.2. [4]. 


Let G =(V,E) be an intuitionistic fuzzy graph (IFG). Then the cardinality of G is defined to be 
IGj=| l+pi(vi)—yi(vi) y 1+ 12 (vi,¥j)—72(%i,%;) | 
2 2 : 


VieEV Ui,vjEV 


Definition 2.3. [6]. 
A vertex u € V of an IFG G = (V,E) is said to be an isolated vertex if p2(u, v) = 0 and yo(u, v) = 0 for all 
v € V. That is N(u)= 9). Thus, an isolated vertex does not dominate any other vertex in G. 


Definition 2.4. [6]. 
Let G= (V, E) be an IFG and let u,v € V, we say that u dominates v in G if there exists a strong arc between 
them. A subset D C V is said to be dominating set in G if for every v € V-D, there exists u € D dominates v. 


Definition 2.5. [4]. 

A dominating set D of IFG is said to be minimal dominating set if no proper subset S of D is a dominating 
set. Minimum cardinality among all minimal dominating sets is called the inituitionistic fuzzy dominating 
number, and is denoted by +; /(G). 


Definition 2.6. [12]. 

A dominating set D of a intuitionistic fuzzy graph G = (V,E) is a split dominating set if the induced fuzzy 
subgraph H = (< V — D >,V/, E/) is disconnected. The minimum fuzzy cardinality of a split dominating set 
is called a split domination number and id denotedby y,(G). 


Definition 2.7. {12}. 
A split dominating set D of a intuitionistic fuzzy graph G is said to be a minimal split dominating set if no 
proper subset of D is a split dominating set of G with |D’| < 1. 


Definition 2.8. [12]. 
Minimum cardinality among all minimal split dominating set is called lower split domination number of 
IFG of G and is denoted by D5(G). 


Definition 2.9. [12]. 
Maximum cardinality among all minimal split dominating set is called upper split domination number of 
IFG of G and is denoted by D5(G). 
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Definition 2.10. [16]. 

Let X be a space of points(objects) with generic elements in X denoted by X, then the neutrosophic sets A 
(NS A) is an object having the form 
A={< 2: T,4(a), I(x), Fa(x) >, x € X}, 
where the functions T, I, F: X— [0~,1*] define respectively the truth membership function, indeterminacy 
membership function , and a falsity membership function of the element x € X to the set A with the condition 
O-< T4(x) + I4(2) + F(a) sue 
the functions T4 (2), [4(a) and F'4(x) are real standard or nonstandard subsets of [0~, 1*]. 


Definition 2.11. [16]. 

Let X be a space of points (objects) with generic elements in X denoted by X. A single valued neutrosophic 
set A (SVNS A) is characterized by truth membership function 74 (X ), an indeterminacy membership function 
I4(X) and a falsity membership function F'4(X). For each point x in X, T4(X), [4(X) and F'4(X) € [0, 1]. 
A SVNS A can be written as 
A={<eirt Tale) tale), Pale) > ee th: 


Definition 2.12. [16]. 

Let A= (24, 4, F'4) and B = (78, Ip, F’g) be single valued neutrosophic sets on a set X. If A= (Z's, [4, F's) 
is a single valued neutrosophic relation on a set X, then A = ( 7'4, 4, F’4) is called a single valued neutrosophic 
relation on B = (Tz, Iz, Fg), if Ta(x,y) < min(T a(x), Ta(y)), [e(x,y) > max(La(x), La(y)), F(x, y) = 
max(F'4(x), Fa(y)) for all x,y in X. 

A Single valued neutrosophic relation A on X is called symmetric if, 
Taleo) = Dale); Lay) = 19,2). Paley) = Fay, ©) and 
Ta(a, y) = Tay, x), Ip(, y) = Iply, x) aa; y) = Fay, z), for all XY in X. 


Definition 2.13. [16]. 

A single valued neutrosophic graph (SVN- graph) with underlying set V is defined to be a pair G = (A,B) 
where, 
(1) The functions T, : V — [0,1], Ja : V — [0,1], F'a : V — [0,1] denote the degree of truth membership, 
degree of indeterminacy membership and degree of falsity membership of the element v; € V, respectively 
and 
0 < Ta(u;) + La(u;) + Fa(v;) < 8, for all vu; € V, @ = 1,2,3.......,) 
(2) The functions Tp: FE CVxV—->(0,1j,Jp: 2 CVxV —- (0,1) and Fp: ECVxV — (0,1 
are defined by T'p({v;, v;}) < min(Ta(v;), Ta(v;)), Ie ({ui, vj }) > max(La(u;), La(v;)) and Fe({ui, vj }) = 
max(F4(v;), Fa(v;)). 
denote the degree of truth membership, degree of indeterminacy membership and degree of falsity membership 
of the edge (v;, v;) € E respectively, where 
0 < Ta({u;, v;}) + Ip({vi, v;}) + Fe({ui, vj }) < 3 for all {u;, uj} € £,(ij = 1,,2.,....,n). 


Definition 2.14. [16]. 

Let G = (A,B) be a single valued neutrosophic graph on the vertex set V and x,y € V. x dominates y in G 
if T(x, y) = min{Tp(x), Ta(y)}, 
a(x, y) = min{Ip(x), Ip(y)} and Fa(a, y) = min{ p(x), Fp(y)}. A subset DY of V is called a dominating 
set in G if for every vertex vy € V-DN there exists u € D™ such that u dominates v. 


Definition 2.15. [16]. 
The minimum cardinality of a dominating set in a neutrosophic graph G is called the domination number 
of G and is denoted by y(G) (or) 7%. 
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Definition 2.16. [16]. 
Let G be a neutrosophic graph. A dominating set D of G is said to be a minimal dominating set if no 
proper subset of D’ is a dominating set of G 


Definition 2.17. [16]. 
A vertex x of a neutrosophic graph G is said to be an isolated vertex if, 
Tp(x,y) < min{T p(x), Tp(y)} 
Ip(x,y) < mar{Ip(x), Ip(y)} and 
Fp(x,y) < mar{F p(x), Fe(y)}, for all y € V-{z}, 
(ie)N(x) = @). 


Definition 2.18. [16]. 
A set of vertices DY of a neutrosophic graph G is said to be independent 
Ta(xy) < min{T a(x), Ta(y)}, 
Ia(zy) < mar{I,4(x), L4(y)} and 
F,(ry) < mar{F4(x), Fa(y)}, for all x,y € D. 


3 Split domination in neutrosophic graphs 


Definition 3.1. A dominating set D’ of a neutrosophic graph G = (A,B) is a split dominating set if the induced 
neutrosophic subgraph H = (< V — D >,V’, E’) is disconnected. The minimum neutrosophic cardinality of 
a split dominating set is called a split domination number and id denoted by 7 (G). 


Example 3.2. Here strong arcs €1, €2, €4 and &g. 
[ée, T (v1, U3) Se (v1, U3), T (v1, U2) sre (v1, U2), T (vo, v4) a hod (v2, U4) and T (v3, U4) Sure (v3, v4)]- 
Dominating set in neutrosophic is D% = [v2, v3, Us], V-D® = {v, va}. 


V5 (0.7, 0.3, 0. 
V3(0.3, 0.7, 0.6) 


Figure 1: Neutrosophic Graphs 


For every, v € V-DN, there exists u€ D™ and V-DN is a induced neutrosophic subgraph and it is disconnected. 
(i.e)There exists two isolated vertices v; and v4. The minimum cardinality of a split dominating set is called 
split domination number 74 (G) = 1.35 


Theorem 3.3. For any neutrosophic graph G = (A,B), 
(i)W(D®) > 6(G) 
(ii) W(D’ ) < A(G), where W(D™) is a weight of a split dominating set. 
Proof: 
Consider Fig.1, 
The strong arcs are €1,€2,€4 and eg. The minimum degree 6 is 
dr(G) = min{dr(u;)/v; € V} = 0.6 
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dr(G) = min{dz(v;) /v; E Vv} =0.8 

Or(G) = min{dr(v;)/v; € V} = 0.8 

The minimum degree of G is 6(G) = min{dr(v;), dr(vi), de(vi)/vi € V} = (0.6,0.8,0.8) 
The maximum T degree is 

Ar(G) = mar{dr(u;)/v; EV} = 0.9 

The maximum I degree is 

Ai(G) = mazr{d7(u;)/u; EV} = 1.6 

The maximum F degree is 

Ar(G) = mazr{dr(uj)/v; € V} = 1.6 

The maximum degree of G is 

A(G) = mazr{dr(v;), dr(uj), de(v;)/v; € V} = (0.9,1.6,1.6) 
W7(D) = Wr {ve, v3, Us} = Wr(v2) + Wr(v3) + Wr(vs) = 0.6 
W_(D) = Wr{ve2, V3, Us} = Wr(v2) + W7(v3) + W7(vs) =k? 
Wr(D) = Wr{ve, v3, Us} = Wr(v2) + We(v3) + We(vs) = 1.2 
W(D ) = (0.6,1.2,1.2) 

Also, 5(G) = (0.6,0.8,0.8) and A(G) = (0.9,1.6,1.6) 

Therefore, W(/D )> 6(G) and W(DN )< A(G). 

Hence the proof. 


Theorem 3.4. A dominating set D of a neutrosophic graph G is a split dominating set if and only if there 
exists two neutrosophic vertices u,v € V-D™ such that every u-v path contains an neutrosophic vertex of DN. 
Proof: 

Let D% be a split dominating set of a neutrosophic graph G. Then induced neutrosophic subgraph < V—D™ > 
is disconnected. Hence, there exist two vertices u,v € V-D™ such that every u-v path contains a neutrosophic 
vertex of DN. 

Let D™ be a dominating set. Then induced subgraph V-DN of a neutrosophic graph G is connected (or) dis- 
connected. 

If it is connected, then there exist two vertices u,v in V-D™ such that some u-v path does not contain a neutro- 
sophic vertex of DN, which is a contradiction. Hence V-D is disconnected, which implies D™ is a neutro- 
sophic split dominating set of G. 


Theorem 3.5. For any neutrosophic graph G = (A,B), y{(G) > 8(G), where B(G) is a fuzzy vertex covering 
number of G. 
Proof: 

Let S be a subset of A which is an independent set satisfying the condition Tp(u, v) < T??(u,v), Ip(u,v) < 
I (u,v) and Fp(u,v) < FR (u,v) for all uv € S. If S is maximal independent set then for every vertex v C V 
, § the set S U{v} is not independent. 
That is, there exists strong neighbor adjacent to every vertex in S. 
Hence, the minimum cardinality of a split dominating set is greater than maximum cardinality of independent 
set B(G), a vertex covering of neutrosophic G. Hence, y(G) > 8(G). 


Definition 3.6. A split dominating set DY of a neutrosophic graph G is said to be a minimal split dominating 
set if no proper subset of DY is a split dominating set of G with |D% ‘| aa 


Theorem 3.7. A split dominating set D™ of neutrosophic graph G is minimal if and only if for each vertex v € 
DN one of the following conditions holds, 
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(i) there exists a vertex u € V-DN such that N(uJUDN = {v}. 
(ii) v is an isolate in < DN >. 
(iii) < V — (DX)! >is connected. 
Proof: 
Suppose that DN is minimal and there exists a vertex v € D™ such that v does not satisfy any of the above 
conditions. 
(ie) by condition (i), there exists a vertex u € V-D™ such that N(uJUDN # {v} and by condition(ii), v is not 
an isolate vertex of the induced subgraph < DN >. 
Let (D‘)! = DN-{V}, then DN is a split dominating set, which satisfies above two conditions. 
Hence, the induced subgraph < V — (D%) > is disconnected. which contradicts the third condition. 
This implies a vertex v is in DN. 
Therefore, DN is minimal split dominating set, which satisfies one of the above conditions. 


Theorem 3.8. For any neutrosophic graph G = (A,B) with neutrosophic end vertex 3) (G) > yN (G), Further- 
more, there exists a split dominating set of G containing some vertices adjacent to neutrosophic end vertices. 
Proof: 

Let v be a neutrosophic end vertex of neutrosophic graph G, then there exists neutrosophic cut vertex ‘w' 
such that T(u,v) > 0, I(u,v) > 0 and F (u,v) > 0. 
Let DN be a dominating set of neutrosophic G. Suppose that w € DN, then D is a split dominating set of G. 
Repeating this process for all such cut vertices adjacent to neutrosophic end vertices, we obtain a split domi- 
nating set of G containing some vertices adjacent to the end- vertices. 


Definition 3.9. Minimum cardinality among all minimal split dominating set is called lower split domination 
number of neutrosophic graph G and is denoted by d¥(G). 


Definition 3.10. Maximum cardinality among all minimal split dominating set is called upper split domination 
number of neutrosophic graph G and is denoted by D3 (G). 


Example 3.11. Here, strong arcs are (€, €¢, €g, €9, €10) 
Let the neutrosophic dominating sets are DN = {v1, v2, v4, U5}; DY = {v1, v3, v4, v6}; 


7 
a 


€10(0.5, 0.5, 0.2) (0.6, 0.2, 0.2) 


“+, e9(0.5, 0.5, 0.3) 


V3 (0.3, 0.7, 0.5 
A 3( ,0.5) 


€5(0.4,0.3,0.2) - |& 
V5 (0.7, 0.2, 0.3) Vi (0.4, 0.3, 0.2) 


Figure 2: Neutrosophic minimal split dominating sets 


D3 a {U1, U2, U4, v6}; DY = {v1, U2, U5, U7} and DN = {v1, U3, Us, U7}... etc. 
Out of these neutrosophic dominating sets, minimal split dominating sets are 
DY = {v1, v2, 04,05}, V-DY = {us, v6, v7} 
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Therefore, ys (DY) = 2.55 

ro = {v1, V2, U4, ve}, v-DN = {vs, U5, U7} 

Therefore, ys(D2Y) = 2 

DS = {v1, U3, U5, 07}, V-D’ = {v2, v4, v6} 

Therefore, yg(D2’) = 2.1 

Here upper split domination number of neutrosophic graph G is D4(G) = 2.55 and lower split domination 
number of G is d¥ (G) = 2. 


Theorem 3.12. For any neutrosophic graph G = (A,B) 
(i) (G) > P/(Ar(G) + 1) 
(ii) y(G) > P/(Ar(G) + 1) (iil) y(G) => P/(Ar(G) + 1) where Ar(G) is the maximum T -degree of G and 
A71(G) is the maximum I - degree of G and Ap(G) is the maximum F- degree of G. 
Proof: 

(i) Let D® be a neutrosophic dominating set of G with |D™ | = > and since every vertex in V-D is adjacent 
to some vertices in DN, we have 


IV —D®| < Yo du) <7.A,(G) 


=> p— VG) <7.A=7(G).A,(G). 

= <4) +G).A,(G) = 1(G)-(1 + Ay): 
= P/(A,(G) +1) < 1G). 

Similarly, y(G) > P/(A,(G) + 1). 


Theorem 3.13. For any neutrosophic graph G = (A,B) 
(i) ys(G) 2 PA—T(G)/(Ar(G) + 1) 
(ii) ys(G) = P.A7(G)/(Ar(G) + 1) 
(ii) ys(G) = P.Ar(G)/(Ar(G) + 1) 
Proof: 
The proof is similar to the above theorem. 


Theorem 3.14. Jf neutrosophic graph G = (A,B) has one neutrosophic cut vertex v and at least two neutro- 
sophic blocks H, and Hz with v adjacent to all vertices of H; and Hg, then v is in every split dominating set of 
G. 
Proof: 

Let DN be a split dominating set of neutrosophic of G. 
Suppose v is a cut vertex does not belong to DN. 
This implies v € V-D, then each of H, and Hy contributes at least one vertex to D™ say u and w, which is 
adjacent to v. If V-D™ includes v then every V-DN is connected. 
This implies, D™ is not a split dominating set, which is a contradiction. 
Hence, v is in every split dominating set of neutrosophic of G. 


Example 3.15. In fig.3, strong arcs are €1, €3, €5, €g and €9. 

Let H, = v2,v3,Us,Ug and Hy = v3, V4, Ug be two blocks with one cut vertex v3, which is adjacent to all 
vertices of H, and Ao. 
Then v3 is in every split dominating set of neutrosophic of G. 


Theorem 3.16. Let v be a neutrosophic cut vertex of neutrosophic graph G, if there is a block H in G such 
that v is the only cut vertex of H and v is adjacent to all vertices of H. Then there is a split dominating set of G 
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€2(0.6, 0.2, 0.2) Va 


>> 
42X0.2, 0.3, 0.2) €5(0.2, 0.3, 0.1) V5 (0.7, 0.3, 0.2)e 


Ga 


Figure 3: Neutrosophic split dominating sets 


containing v. 
Proof: 

If there exists two blocks in neutrosophic graph G, satisfying the given condition, then by above theorem, v 
is in every split dominating set of neutrosophic graph G. 


Theorem 3.17. [f{'(G) < y(G), then for any split dominating set D™ of neutrosophic graph G, V-DN is a 
split dominating set of G. 
Proof: 

Since DN is minimal split dominating set in neutrosophic graph G, we know that V — DN is dominating 
set of Gand DN is a split dominating set, since < DN > is disconnected. 


Theorem 3.18. Let G be aneutrosophic graph such that both G and G are connected, then ys(G) + ys(G) > 
2|V |. 
Proof: 

We know that ys(G) > 6(G). Since both G and G are connected, A(G),A(G) > P. this implies 
ao(G), ao(G) < 0. Hence y5(G) = |v}. 
Similarly, y3(G) > p, which implies ys3(G) + ys(G) > |v| + |v] > 2Ie}. 
Hence the theorem 


Conclusion 


Neutrosophic set is the generalization of fuzzy set and intuitionistic fuzzy set. Neutrosophic models in real 
world applications are flexible and compatiblethan fuzzy and intuitionistic fuzzy models. In this proposed 
work, the definition of split domination number in a neutrosophic set is defined with suitable examples and 
some theorems in split domination in neutrosophic graph are developed. Also, the bound on split domination 
number related to the above concepts are studied.Neutrosophic split dominating set gives more efficient results 
than other existing split dominating sets. In future, the concept of split domination in neutrosophic graphs will 
be extented and applied to many real life situation problems. 
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Abstract: The fuzzy VIsekriterijumska optimizacija i KOmpromisno Resenje (VIKOR) has been used 
in solving various multi-criteria decision-making problems where triangular fuzzy numbers are 
utilized in defining decision-makers’ linguistic judgements. Most of the fuzzy VIKOR are built from 
linguistic variables based on fuzzy sets and its generalization such as intuitionistic fuzzy sets. 
Recent literature suggests that single-valued neutrosophic sets (SVNSs) can offer a better alternative 
particularly when fuzzy sets have some extent of limitations in handling indeterminacy and 
uncertainty. This paper proposes the SVNS-VIKOR where single-valued neutrosophic numbers are 
utilized in defining linguistic variables of VIKOR. Differently from the typical fuzzy VIKOR which 
directly utilizes fuzzy numbers with a single membership, the proposed method introduces three 
independent memberships of truth, indeterminacy and false to enhance judgments in the group 
decision-making environment. The obtained solutions would help policy makers in identifying the 
best solution that could enhance the efficiency of treating wastewater. 


Keywords: multi-criteria decision-making; single-valued neutrosophic; VIKOR; linguistic variables; 
wastewater treatment; compromise solution 


1. Introduction 


The multi-criteria decision-making (MCDM) methods are got significant consideration in 
decision sciences discipline. In recent years, the necessity of concurrent consideration to the criteria 
and alternatives in decision problems is more vital especially in presence of uncertain data sets. So, 
decision makers use subjective evaluation methods to deal with this obstacle. Zadeh [1] introduced 
Fuzzy Sets (FSs) theory to overcome on uncertain and imprecise data sets. Besides, generalized FSs 
such as interval-valued fuzzy set [2], fuzzy soft set [3], interval type-2 fuzzy set [4], hesitant fuzzy set 
[5], intuitionistic fuzzy set [6], [7], intuitionistic fuzzy soft set [8] and interval-valued intuitionistic 
fuzzy set [9] were developed for the same purpose of FS. Although FS theory has been developed 
and extended, it still cannot deal with all possible uncertainties. For instance, when a decision-maker 
is asked on the possibility of the true answer, he/she may think the possibility is equal to 0.5, the 
possibility of the false answer is 0.8 and the degree of uncertainty is 0.3. This problem is beyond the 
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scopes of FS and intuitionistic fuzzy set (IFS). Therefore, Smarandache [10] proposed the 
neutrosophic logic and neutrosophic set to generalized the concepts of the classic set, FS, IFS, etc. In 
neutrosophic set (NS), the truth-membership, indeterminacy membership, and false-membership are 
completely independent and lie in the nonstandard unit interval ]0~,1*[. From scientific point of 
view, neutrosophic set and set-theoretic view, it is difficult to apply in the real situation since 
operators need to be specified. Hence, Wang et al [11] defined a single-valued neutrosophic set 
(SVNS) and proposed the set theoretic operations and some properties of SVNSs. 

There are several researches about using the SVNSs with MCDM methods in the literature. For 
example, Biswas et al [12] extended the grey relational analysis method to the neutrosophic 
environment and applied it to the selection of the investment sector. In this study, neutrosophic grey 
relational coefficient is calculated by using Hamming distance between each alternative to ideal 
neutrosophic estimates reliability solution and the ideal neutrosophic estimates un-reliability 
solution. Then, Then, for ranking/ordering all alternatives, the neutrosophic relational degree is 
determined [12]. Gomes and Lima [13] developed TODIM (An acronym in Portuguese of interactive 
and decision-making method named Tomada de decisao interativa e multicrite’vio) method to 
consider the risk preferences of decision-makers. Xu et al. [14] continued the TODIM method to the 
MCDM with the single-valued neutrosophic numbers (SVNNs). The authors proposed the extended 
classical TODIM method to solve the selection of emerging technology enterprise with the SVNNs. 
The complete evaluation of the decision-makers' bounded rationality, which is genuine action in the 
decision-making process, is a significant element of this method [14]. Biswas, et al. [15] introduced a 
new approach for multi-attribute group decision- making problems by extending the technique for 
order preference by similarity to ideal solution (TOPSIS) method to single-valued neutrosophic 
environment. They used SVNS to rank alternatives based on the characteristic, which expresses the 
opinion of the decision-makers based on the information provided [15]. The applicability and 
effectiveness of the proposed approach are shown with the tablet selection case study. Stanujkij [16] 
applied SVNs with Multi-Objective Optimization by a Ratio Analysis (MULTIMOORA) method for 
selection of communication circuit designs case study. The proposed method has the potential to be 
more efficient in handling a large number of complicated decision issues involving imprecise and 
insufficient data sets [16]. Sahin and Yigider [17] used single valued neutrosophic information with 
the TOPSIS method for supplier selection decision problems. The author agreed about the usage of 
SVNS beside MCDM methods in vast knowledge domains of the real-life as business, management, 
environmental sustainability, financial, scientific, and engineering. They addressed wastewater 
treatment (WWT) decision problems from sustainability engineering processes which get 
considerable attention in the usage of SVNS with MCDM methods [17]. 

Various methods of MCDM in selecting WWT technologies have been extensively discussed in 
many literatures [18]-[22]. Kalbar [23] developed the multiple attribute decision-making 
methodology TOPSIS and applied it to the WWT selection. The four most commonly used WWT 
technologies for treatment of municipal wastewater in India are ranked in many scenarios. A 
commonly used compensatory method, TOPSIS has been most preferred as the best to rank the WWT 
alternatives [23]. Abdullah [24] selected the most suitable WWT technology with the participation of 
three decision makers for providing WWT information and evaluating criteria using Fuzzy simple 
additive weighting (SAW) method . Nangkumaran [25] recommended the best WWT technology 
using Fuzzy analytic hierarchy process (AHP) to assign the weights to the criteria and applying grey 
relation analysis technique to rank alternatives. Molinos-Senante [26] determined weights to the 
attributes and selected the most sustainable WWT technology using the AHP method. Abdullah and 
Rahman [27] implemented the analytic network process (ANP) to rank the alternatives and select the 
best WWT for the related case study. Zhou et al. [28] introduced a group decision-making model for 
WWT selection utilizing the intuitionistic fuzzy set to deal with uncertainties associated with the 
decision problem. 
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Apart from TOPSIS, AHP, ANP and SAW methods, VIKOR is another MCDM method which 
helps decision makers to solve MCDM problems in presence of conflicting and incommensurable 
criteria. VIKOR stands for VlseKriterijumska Optimizaciji I Kompromisno Resenje was translated in 
English as Multi-criteria Optimization and Compromise Solution. It was first developed in 1998 by 
Opricovic [29] that solves discrete decision problems with conflicting criteria) VIKOR rates 
alternatives by compromising solution from a set of conflicting criteria and comparing the proximity 
to the ideal solution [30]. The main advantage of the VIKOR method is its practicality in real case 
problems and the final results can be accomplished owing to the initial characteristics and 
capabilities. Moreover, regarding VIKOR ability is solving MCDM problems with discrete data sets 
and, the obtained compromise solution gives a maximum group utility for the “majority” and a 
minimum individual regret for the “opponent”. The multi-criteria ranking index is ranked based on 
the particular measure of ‘“closeness” to the ideal solution [30]. 

Recently, some approaches are introduced to generalize the crisp VIKOR method into fuzzy 
environment to cover uncertain information [31]-[33], however, there is a lack of a proper approach 
for solving the multi-criteria group decision-making with IFS. So, an extension of fuzzy VIKOR 
method, namely intuitionistic fuzzy VIKOR is proposed for handling fuzzy MCDM problems based 
on the IFSs [34]-[36], where the characteristics of the alternatives and attributes are represented by 
the IFS. The generalizing into interval-valued intuitionistic fuzzy VIKOR models was done [37]-[39] 
because the interval-valued intuitionistic fuzzy set (IVIFS) is more suitable for dealing with imprecise 
and uncertain information than FS or IFS. Although there is success in solving decision-making 
problems, still fuzzy-based VIKOR method cannot handle the problems with neutrosophic 
information. Therefore, it is essential to describe the generalization of the MCDM approaches under 
the NSs environment [40]-[44]. 

Since its introduction, the VIKOR method has received much attention from a number of 
scholars to solve MCDM problems. For instance, Ghorabaee [45] introduced VIKOR with interval 
type-2 fuzzy numbers to handle the robot selection decision problem. Liu et al [46] proposed an 
interval 2-tuple linguistic VIKOR method for solving the material selection under uncertain and 
incomplete information considering the subjective and objective weights of criteria simultaneously. 
The proposed method has exact characteristics and could avoid information distortion and loss in 
linguistic information processing. Devi [34] introduced an intuitionistic fuzzy VIKOR to solve robot 
selection problems and expressed the performance rating values as well as the weights of criteria 
with linguistic terms using triangular IFSs. Peng et al. [35] presented an efficient VIKOR method 
which optimizes multi-response problems in intuitionistic fuzzy environments. They evaluated the 
importance weights of various responses in terms of IFSs and applied the proposed approach in two 
case studies which are plasma-enhanced chemical vapor deposition and a double-sided surface 
mount technology electronic assembly operation. Other than that, VIKOR method has been widely 
applied in many other decision-making problems such as supplier selection [47]-[49], e-government 
website evaluation [50], doctor selection [51], robot selection [34], [45], renewable energy selection 
[52], [53], WWT technology [19], [54], insurance company selection [55], [56] and material selection 
[57]-[59]. 

To deal with imprecise and inconsistent information, we extend the crisp VIKOR method 
applying the SVNS environment, namely single-valued neutrosophic based VIKOR (SVN-VIKOR). 
The main advantage of the proposed method is dealing with imprecise and inconsistent information. 
Nowadays, the way of rating alternatives and selecting the best one based on uncertain conditions 
and given requirement based on SVNSs is an interesting and significant research topic that is 
motivated us to do this research. This paper has twofold purposes. Firstly, we would like to present 
the SVNSs into the VIKOR method as a new approach that is the extension of traditional FSs. 
Comparing results of crisp, fuzzy, IFS, and IVIFS with the results of SVNS provides significantly 
greater flexibility, which can be helpful to solve decision-making problems associated with ambiguity 
and uncertain. Secondly, the proposed approach contributes to ease the interpretation of a complex 


Nor Liyana Amalini Mohd Kamal, Lazim Abdullah, Fu Ming Yee, Ilyani Abdullah and Nazanin Vafaei, Single Valued 
Neutrosophic VIKOR and Its Application to Wastewater Treatment Selection 


Neutrosophic Sets and Systems, Vol. 47, 2021 253 


decision-making problems. For testing the proposed method, a case study of WWT selection problem 
is used to rate and select the best WWT technology. The paper is organized as follows. In second 
section, we review some basic concepts of NS and SVNS. The third section explains the proposed 
SVN-VIKOR. Subsequently, we illustrate a case study to show the decision-making steps and the 
applicability of the proposed method to WWT decision-making case study. The last section refers to 
the conclusion and future works. 


2. Preliminaries 


In this section, some definitions with regard to neutrosophic set, single-valued neutrosophic set and 
entropy are reviewed. These definitions can be retrieved from the references [51, 10]. 


2.1. Neutrosophic set [10] 


Let X be a nonempty set. A neutrosophic set A of X defined as A = {(x,T4(x),I4(%), Fa(x))|x € 
X,T(x),14(x), Fa(x) € ]°0,1*[}, where T,(x), I4(x) and F,(x) are truth membership function, 
indeterminacy-membership function, and falsity-membership function respectively. 


2.2. Single-valued neutrosophic set [11] 


Let X be a nonempty set. Single-valued neutrosophic set A of X is defined as 
A = {(x,T(x),14(x), F4(x))|x € X} where T,(x), I,(x) and F,(x) € [0,1] for each x € X and O< 
T(x) + I,4(x) + Fa(x) S3. 


2.2.1. Set theoretic operations and relations [11] 


The notion of union, intersection, inclusion and equality have been defined on single-valued 
neutrosophic sets as follows. 
Given that two SVNS sets H, and H, in U: 
1. Union of two sets formed H3 written as: 
H;=H,UH, 

Ty,(u) = max {TH, (u),T x, (u)}, 

Ty, (u) = min (ln, (u), Ty, (u)}, 

Fy,(u) = min (Fu, (u), Fy, (u)} 


2. Intersection of two sets denoted by Hy, defined as: 
H,=H,0H, 
Ty.) = min {Ty, (4), TH, (w)}, 
Ty, (u) = max (Tn, (u), Tp (u)}, 
Fy,(u) = max {Fu, (u), Fu, (u)} 


3. Inclusion of two sets denoted by H, © H2 defined as: 
TH, (uw) < TH, (u), Ty, (uw) = Ty, (QW), Fu, (uw) = Fy, (uw) for all ue U. 


4. Equality of two sets denoted by H, = H2 defined as: 
Ty, (4) = Ty, (W), In, QW) = Ty, (), Fu, = Fu, (u) forall ue U. 


2.2.2. Axiomatic of Entropy 
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Let N(X) be all SVNSs on x and A € N(x). An entropy on SVNSs is a function Ey: N(X) > [0,1] 
which satisfies the following axioms: 
The entropy of SVNS set A is: 

Ey(A) ==YRy (1 = Sof ian) ~ F(x, ||In@) — ae (i) [dx) for all x € X. 

1. Ey(A) = 0 if Ais crisp set. 

2. Ey(A) =1 if (Ta(x), n(x), Fa(x)) = (0.5, 0.5, 0.5) for all x € X. 

3. Ey(A) => Ey(B) if ACB. 

4.  Ey(A) = Ey(A°) for all A € N(X). 


3. Proposed SVN-VIKOR method 


MCDM evaluation is a complex, imprecise and time-consuming process. Moreover, it is a very 
significant process for choosing the best alternative. In this section, we extend the VIKOR method to 
solve MCDM problems in which all preference information provided by decision-makers are 
expressed as single-valued neutrosophic values, and the interaction phenomena among the 
preference of individual decision-makers and conflicting criteria are taken into account. To deal with 
vague and inconsistent information, we apply the SVN-VIKOR approach since it can compromise the 
multiple, conflict criteria and dealing efficiently with vague and inconsistent information. The SVN- 
VIKOR method is developed to provide a rational, systematic decision-making process by which one 
discovers the best solution and a compromise solution that can be used to resolve a MCDM problem 
in neutrosophic environment. The extended VIKOR decision procedure of MCDM based on SVNS is 
summarized as in Figure 1. 
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Figure 1 A general procedure of the proposed SVN-VIKOR method 


Step 1: Determine the criteria and establish measurement scales 


Step 2: Set up SVNN Direct Relation Matrix 


Step 3: Substitute the Direct Relation Matrix with SVNN linguistic information 


Step 4: Determine the weight of decision-makers 


Step 5: Construct an aggregated SVN decision-matrix 


Step 6: Obtain the optimal weights of criteria by considering subjective weight 
and objective weight. 


Step 7: Determine the neutrosophic value of PIS and NIS 


Step 8: Calculate the utility measure, S and regret measure, R 


Step 9: Compute the priority values, Q 


Step 10: Rank the values of S, R and Q according to the maximum criteria 


Step 11: Rank the alternatives and derive the compromise solution 
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Based on the Figure 1, the proposed method consists of eleven steps. Differently with other VIKOR 
based methods, the proposed SVN-VIKOR method has two types of optimal weights of criteria which 


are subjective weight and objective weight. 


Let D® be a committee of decision-makers where k = 1,2,..,p. Airepresents alternatives, where 
i = 1,2,..,m and Cj represents criteria, where j = 1,2,...,n. The criteria can be classified as cost 


criteria and benefit criteria. 
Step 1: Define criteria and establish measurement scales 
Step 2: Set up single valued neutrosophic number (SVNN) Direct-Relation Matrix [42] 


We will get a single-valued neutrosophic decision-matrix X;,(k = 1,2,..,p) for k th decision- 


maker as shown as follows: 


o6i im CG i C. 
Ay (th it, As) (tt, if, AS) we At elindtie 
Xe = Ac] ILA MA (ORI fi 
Am [tha tha fa) = (Epil BG) om (tant Fa) 


Step 3: Substitute the Direct Relation Matrix with SVNN linguistic information [12] 
Step 4: Determine the weight of decision-makers 


The weight of the k th decision-maker can be obtained through the following formula [17]: 


Trt+l Te 
i= k rar) ) ,where px = 0-3 WwW, = 1. (1) 


p Tk 
Baa Tete) 


and 


T, represents the truth-membership function of k th decision-maker; 
I, represents the indeterminacy-membership function of k th decision-maker; 
F,, represents the falsity-membership function of k th decision-maker. 


Step 5: Construct an aggregated single-valued neutrosophic decision-matrix 


Let D® = (Df nxn be a single-valued decision-matrix of the k th decision-maker. The simplified 
neutrosophic weighted averaging (GNWA) operator [60] is used to aggregate all individual decision- 
matrices of D®) = ( Di Jmxn Where k=1, 2,...,p,i=1,2,...,.mand j=1,2,...,n intoa collective 
decision-matrix D = (dij)mxn- 


dj; = SNWA (d{?, dy, ..., di? 
(Op (k)p (k)p 
k)\p k)\p k)\p 
= (: — nail =< Tj ae ene! — i ye reaa(l == ae ") (2) 
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The aggregated decision-matrix D is defined as follows: 


di, diz din 


dy, doz + dan 


ys , where dij = (Tij, 1, Fi). 


dm1 m2 * Amn 


Step 6: Obtain the optimal weights of criterion: 


In this section, there are two types of weight of criteria that need to be considered which are subjective 
weight and objective weight. 

1. Subjective weight 

The rating of alternatives with regards to each criterion is collecting through decision-makers’ 


opinion. The weight of importance of the criteria correspond to alternatives are identified through 
linguistic rating scale as follows: 


Table1 Five-point linguistic rating scale and its linguistic terms. 


Linguistic Terms Influence Score SVNNs 
Very Low 1 (0.1, 0.8, 0.9) 
Low 2 (0.35, 0.6 ,0.7) 
Medium 3 (0.5, 0.4, 0.45) 
High 4 (0.8, 0.2, 0.15) 
Very High 5 (0.9, 0.1, 0.1) 


Assume that the weight of the criterion is obtained using eq (3): 
w; = SVNSWA(w;,, w7,...,W}) 


w v : 
= (1 = eat Fr ie , a0 ; y Mia(Fy” ‘) @) 


where j = 1,2,...,n and Ww; = (T;, Ij, F;) is the importance weight of the j th criterion. Normalized 
subjective weight of each criterion can be obtained using eq (4). Assume that our decision group has 


k decision-makers and A; = (T;,1;,F;) isan SVNN expresses j th decision-maker. 


-1 
a Tj _(1)\yn_ 7. F ae 
es ae a) | Goa) eal th Gaal 
where j = 1,2,..,n, and Yiji.w7 =1. 


2. Objective weight [46] 


The evaluation criterion should be normalized by using eq (5): 


Pij = ae (5) 


m 
Lia Xij 


where Pj; is the projected outcome of criterion j. 


Next, entropy Ej of the set of projected outcomes of criterion j should be calculated using eq (6): 
Ej = -(—) din Pi In Pi; (6) 


where ™ is the number of criteriaand 0 < Ej < 1. 
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After that, the divergence, div; which is the divergence degree of the intrinsic information of 
criterion j, should be defined in order to obtain the objective weights of the criteria. 
The greater the divergence degree of the criterion, the more important the criterion in the decision- 


making process. Finally, objective weights can be obtained using eq (8). 


Oz div; 
Wj = Dyer div; (8) 
Step 7: Determine the neutrosophic value of positive ideal solution (PIS) fj* = (7;*,[*,F;*) and the 
neutrosophic value of negative ideal solution (NIS) f; =(7;,/;,*) for all criteria rating, 
j=1,2,...,n. 
minv,,for Benefit Criteria 
mea 0) 


max 7;,, for Cost Criteria 
i 


max 7,,, for Benefit Criteria 
i 


i 


min r,, for Cost Criteria (10) 


where j = 1,2,...,n. 


Step 8: Calculate the utility measure, (5S;), and the regret measure, (R;) for the alternative as follow: 


Bons 
rn wyllit-Fajll 


Sse SU Sia a 1 

U jJ=1 Wht Fl L m ( ) 
A|Ftef,- 

Ry = max {EY = 1,2,..., (12) 
UWRF 


where w, indicates the combination weight for each criterion. 
w; = vw; + (1 - v)w? (13) 
where v denotes relative importance between subjective weights and objective weights. It can be 


taken in any value from 0 to 1 but usually it is set as 0.5. 


Step 9: Compute the priority values, Q,i=1,2,....m by using the formula as follow: 


(Ri-R*) 


Q = v EEO + 1-1) SE 


(S~-S*) (14) 
where St =minS;, S~ = maxS;,R* = minR,;,R~ = max R;, 
U L i i 


v indicates the weight of the strategy of the majority of criteria, usually it is assumed as 0.5. 


Step 10: Rank the value of S;, R;, and Q; according to maximum criteria. Rank the alternatives in 


decreasing order results. 


Step 11: Rank the alternatives and derive the compromise solution. 
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The alternative A™ (top alternative) that ranks the best in minimum value of Q fulfills the following 
two conditions: 


Condition 1: Acceptable advantages 
Q(A®) - Q(A) = — (15) 


where A“ and A) are the top two alternatives in Q;. 

Condition 2: Acceptable Stability 

The top alternatives should be the best ranked by S; and R;. 

If one of the above conditions cannot be satisfied, a set of compromise solutions has been proposed: 

1. Alternatives AY and A®) are accepted if only stability condition is not satisfied; 

2. Alternatives AY, A®, ..., AM are accepted if advantage condition is not satisfied. A is 
determined by the relation Q(A™) — Q(AY) = — for maximum u (the positions of these 


alternatives are in closeness). 


4. Implementation 


In order to test the efficiency and effectiveness of proposed method for the WWT selection, we present 
a case study which are includes scenario, implementation methods and data analysis. The WWT 
selection is a complex process, where alternatives and criteria are inherited some extent of imprecise 
information. In the midst of this complexity, it is a very vital process for finding the best alternative 
to solve the problem. Our case study includes the evaluation process of various WWT which contains 
five alternatives as follows: Activated Sludge (A1), Aerated Lagoons (A2), Rotating Biological 
Contactors (A3), Oxidation Ditch (A4) and Trickling Filter (A5). Three interview sessions of three 
decision-makers were conducted to evaluate the importance of alternatives with respect to criteria of 
WWT. 

The decision-making for the best WWT alternatives is done by considering the basis of nine core 
factors or criteria. The amount of pollutants removed (C1), lifetime (C2), operation and maintenance 
cost (C3), reliability (C4), capital cost (C5), environmental impacts (C6), sustainability (C7), land area 
requirement (C8) and safety risk to worker (C9) are nine criteria of WWT. The procedure of decision- 
making is presented as follows: 

Step 1: Define criteria and establish measurement scales 

Structured interviews were used to choose three distinct decision-makers (DM1, DM2, DMS3) as 
expert groups in order to gather their perspectives. The DMs were carefully chosen to ensure that 
they are well recognised and specialists in WWT technology. Tables 2 and 3 describe decision-makers' 
perspectives on the weight of importance of criteria and the evaluation of WWT alternatives against 
the criteria. 


Table 2 Influence score of three decision-makers on importance of criteria. 


DM1 DM2 DM3 
Cl 5 4 5 
C2 3 5) 5 
C3 5 5 4 
C4 3 4 5 
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C5 5 3 5 
C6 5 3 3 
C7 4 3 5 
C8 4 4 3 
C9 5 2 3 


Table 3 Rating on evaluation of WWT alternatives with respected to criteria. 


C1 C2 C3 C4 C5 C6 C7 C8 C9 

DM1 7 7 7 7 7 5 7 2 6 

Al DM2 7 7 7 7 5 7 7 7 7 
DM3 7 7 8 8 6 5 4 4 6 

DM1 6 6 5 6 4 4 5 1 6 

A2 DM2 7 7 7 7 5 7 7 3 7 
DM3 6 6 4 8 3 4 6 is 6 

DM1 7 7 5 7 6 8 7 5 6 

A3 DM2 7 5 7 7 7 7 7 7 7 
DM3 7 7 4 7 6 8 7 5 6 

DM1 6 6 5 6 4 4 5 1 6 

A4 DM2 7 7 7 5 5 7 7 5 7 
DM3 7 7 5 6 4 4 5 3 6 

DM1 7 6 4 7 4 8 7 6 5 

A5 DM2 7 5 3 7 5 7 7 7 7 
DM3 7 6 5 5 4 6 7 3 5 


Step 2 & Step 3: Construct SVNN Direct Relation Matrix 
SVNNs Linguistic Phrases are substituted into table 3 in order to construct SVNN Direct Relation 
Matrix (see Table 4). 


Table 4 SVNN Direct Relation Matrix. 


C1 C2 C3 C4 C5 C6 C7 C8 C9 

0.8 0.8 0.8 0.8 0.8 0.5 0.8 0.5 0.65 

DMI1 0.2 0.2 0.2 0.2 0.2 0.5 0.2 0.5 0.35 

0.15 0.15 0.15 0.15 0.15 0.45 0.15 0.45 0.3 

0.8 0.8 0.8 0.8 0.5 0.8 0.8 0.8 0.8 

Al DM2 0.2 0.2 0.2 0.2 0.5 0.2 0.2 0.2 0.2 
0.15 0.15 0.15 0.15 0.45 0.15 0.15 0.15 0.15 

0.8 0.8 0.9 0.9 0.65 0.5 0.35 0.35 0.65 

DM3 0.2 0.2 0.1 0.1 0.35 0.5 0.65 0.65 0.35 

0.15 0.15 0.05 0.05 0.3 0.45 0.6 0.6 0.3 

AD DMI 0.65 0.65 0.5 0.65 0.35 0.35 0.5 0.05 0.65 
0.35 0.35 0.5 0.35 0.65 0.65 0.5 0.9 0.35 
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0.3 0.3 0.45 0.3 0.6 0.6 0.45 0.95 0.3 

0.8 0.8 0.8 0.8 0.5 0.8 0.8 0.2 0.8 

DM2 0.2 0.2 0.2 0.2 0.5 0.2 0.2 0.75 0.2 
0.15 0.15 0.15 0.15 0.45 0.15 0.15 0.8 0.15 

0.65 0.65 0.35 0.9 0.2 0.35 0.65 0.8 0.65 

DM3 0.35 0.35 0.65 0.1 0.75 0.65 0.35 0.2 0.35 
0.3 0.3 0.6 0.05 0.8 0.6 0.3 0.15 0.3 

0.8 0.8 0.5 0.8 0.65 0.9 0.8 0.5 0.65 

DMI1 0.2 0.2 0.5 0.2 0.35 0.1 0.2 0.5 0.35 
0.15 0.15 0.45 0.15 0.3 0.05 0.15 0.45 0.3 

0.8 0.5 0.8 0.8 0.8 0.8 0.8 0.8 0.8 

A3 DM2 0.2 0.5 0.2 0.2 0.2 0.2 0.2 0.2 0.2 
0.15 0.45 0.15 0.15 0.15 0.15 0.15 0.15 0.15 

0.8 0.8 0.35 0.8 0.65 0.9 0.8 0.5 0.65 

DM3 0.2 0.2 0.65 0.2 0.35 0.1 0.2 0.5 0.35 
0.15 0.15 0.6 0.15 0.3 0.05 0.15 0.45 0.3 

0.65 0.65 0.5 0.65 0.35 0.35 0.5 0.05 0.65 

DMI1 0.35 0.35 0.5 0.35 0.65 0.65 0.5 0.9 0.35 
0.3 0.3 0.45 0.3 0.6 0.6 0.45 0.95 0.3 

0.8 0.8 0.8 0.5 0.5 0.8 0.8 0.5 0.8 

A4 DM2 0.2 0.2 0.2 0.5 0.5 0.2 0.2 0.5 0.2 
0.15 0.15 0.15 0.45 0.45 0.15 0.15 0.45 0.15 

0.8 0.8 0.5 0.65 0.35 0.35 0.5 0.2 0.65 

DM3 0.2 0.2 0.5 0.35 0.65 0.65 0.5 0.75 0.35 
0.15 0.15 0.45 0.3 0.6 0.6 0.45 0.8 0.3 

0.8 0.65 0.35 0.8 0.35 0.9 0.8 0.65 0.5 

DMI1 0.2 0.35 0.65 0.2 0.65 0.1 0.2 0.35 0.5 
0.15 0.3 0.6 0.15 0.6 0.05 0.15 0.3 0.45 

0.8 0.5 0.2 0.8 0.5 0.8 0.8 0.8 0.8 

A5 DM2 0.2 0.5 0.75 0.2 0.5 0.2 0.2 0.2 0.2 
0.15 0.45 0.8 0.15 0.45 0.15 0.15 0.15 0.15 

0.8 0.65 0.5 0.5 0.35 0.65 0.8 0.2 0.5 

DM3 0.2 0.35 0.5 0.5 0.65 0.35 0.2 0.75 0.5 
0.15 0.3 0.45 0.45 0.6 0.3 0.15 0.8 0.45 


Step 4: Determine the weights of decision-makers 


The weights of decision-makers are obtained as in eq (1). 


k 
Ti+ Ik (5 +e) 
k k 


0.8 
0.8+0.15 


I: 0.8 + 0.2 ( ) = 0.9684 
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0.8 
0.8+0.15 


I: 0.8 + 0.2 ( ) = 0.9684 


0.5 
0.54+0.45 


M: 0.5 + 0.4 ( ) = 0.7105 


p 
b2 ee mr ( a ) = 0.9684 + 0.9684 + 0.7105 = 2.6474 
=) Hy + Vx 


Wx, where k = 1,2,3 


262 


DM1 = 29684 _ 9 3658, DM2= 29884 93658,  DM3= 2719 _or684 
2.6474 2.6474 0.6474 
Step 5: Construct an aggregated SVN decision-matrix 
The importance weight of decision-makers is shown in Table 5. 
Table5 Importance weight of decision-makers. 
DM Linguistic Variable IFNs Weights 
1 Important (0.8, 0.2, 0.15) 0.3658 
Important (0.8, 0.2, 0.15) 0.3658 
Medium (0.5, 0.4, 0.45) 0.2684 


To fuse the weight of all decision-makers into one, SNWA operator is applied by using eq (2). 
Ty, = 1— ((1 — 0.8)°3658 x (1 — 0.8)93658 x (1 — 0.8)°754) = 0.8 
leas = 0.20:3658 x 0.29:3658 x 0.29:2684 = 0.2 


Fug = Ob OER 0.15908 RO T5hcers S015 


The rest of calculations are calculated in similarly. The detailed calculation of aggregated SVNS 


matrix is shown in the Table 6. 


Table6 Aggregated SVNS matrix. 


C1 C2 C3 C4 C5 C6 C7 C8 
0.8 0.8 0.8339 0.8340 0.6750 0.6424 0.7256 0.6163 0.7148 
Al 0.2 0.2 0.1660 0.1660 0.3250 0.3576 0.2744 0.3837 0.2852 
0.15 0.15 0.1116 0.1117 0.2700 0.3011 0.2176 0.3252 0.2328 


0.7148 0.7148 0.6163 0.79623 0.3756 0.5777 0.6750 0.4128 0.7148 
A2 0.2852 0.2852 0.3837 = 0.20377 0.6136 0.4223 0.3250 0.5623 0.2852 
0.2328 0.2328 0.3252 0.14393 0.5834 0.3613 0.2700 0.5436 0.2328 


0.8 0.7204 0.6163 0.8 0.7148 0.8711 0.8 0.6424 0.7148 
A3 0.2 0.2796 0.3837 0.2 0.2852 0.1289 0.2 0.3576 0.2852 
0.15 0.2242 0.3252 0.15 0.2328 0.0747 0.15 0.3011 0.2328 


A4 


0.7546 0.7546 0.6424 0.6012 0.4095 0.5777 0.6424 0.2827 0.7148 
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0.2454 0.2454 0.3576 0.3988 0.5905 0.4223 0.3576 0.6912 0.2852 
0.1932 0.1932 0.3011 0.3479 0.5401 0.3613 0.3011 0.6902 0.2328 

0.8 0.6012 0.3464 0.7442 0.4095 0.8196 0.8 0.6439 0.6424 

A5 0.2 0.3988 0.6384 0.2558 0.5905 0.1804 0.2 0.3499 0.3577 

0.15 0.3480 0.6171 0.2014 0.5401 0.1209 0.15 0.3029 0.3011 


Step 6: Obtain the optimal weight of criterion 


The linguistic variables are substituted into Table 2. Aggregated subjective weight of criterion is 


calculated by using eq (3). 


T, = 1— ((1 — 0.9938 x (1 — 0.8)3958 x (1 — 0.9)°7654) = 0.8711 
I, = 0.193958 x 9.293658 x 9.197684 = 9.1289 
F, = 0.192658 x 9,1599958 ~ 9.197684 = 9.116 


The result of calculation of aggregated subjective weight is shown in Table 7. 


Table 7 Aggregated subjective weight. 


I F 
Cl 0.8711399 0.12886 0.115989 
C2 0.8198282 0.166049 0.17336 
C3 0.8795537 0.120446 0.111496 
C4 0.7678305 0.213971 0.201078 
C5 0.8198282 0.166049 0.17336 
C6 0.7224871 0.240893 0.259576 
C7 0.7678305 0.213971 0.201078 
C8 0.7442398 0.240893 0.20144 
C9 0.694533 0.279408 0.30511 


The subjective weight of criterion is calculated using eq (4) and presented as follows: 


‘e 
T, +1, J 


: ioe 


iF) 
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0.8711 + 0.129( idle )= 0.985 
: ; 0.8711 +0.116/ 
0.8198 + 0 166 ( ae ) = 0.957 
; ; 0.8198 +0.173/. 
0.8796 + 0.12 a ) = 0.986 
; "0.8796 +0111) 
0.7678 + 0.214 —— ) = 0.937 
; : 0.7678 +0.201/. 
0.8198 +0 166( vers ) = 0.957 
; ; 0.8198 +0.173/. 


0.7225 
jeu 


0.7225 + 0.241 (seetoa +026 


0.7678 +0 214( pee ) = 0.937 
, ; 0.7678 +0.201/. 

0.7442 + 0.241 — ) = 0.934 
; ; 0.7442 +0.201/. 

0.6945 + 0.279 aoe OE ) = 0.889 
: ; (scons +0.305/. 


n 
Te 

> T +i; (4) = 0.985 + 0.957 + 0.986 + 0.937 + 0.957 + 0.9 + 0.937 + 0.934 + 0.889 

_ jth 


j=1 


= 8.482 
«0.985 _ see 
1 8.482." 
5 0-957:— ere 
2" 8.482." 
«0.986 _ ae 
3" 8.482 


The rest answers are given as follow: 


ws =0.111, ws =0.113, wS=0.106, wS=0111, w=0.11, ws =0.105 


Crisp Value are calculated using the following equation: 


s(x) = 
2+0.8—0.2 —0.15 
8(X%44) = 4s = = 0.8167 
2 + 0.7148 — 0.2852 — 0.2328 
S(%21) = 3 = 0.7323 


The aggregated crisp matrix is given in Table 8. 


Table 8 Aggregated crisp matrix. 


C1 C2 C3 C4 C5 C6 C7 C8 C9 
Al 0.8167 =0.8167 ~—(0..8521 0.8521 0.6934 0.6612 0.7445 0.6358 0.7323 
A2 0.7323 0.7323 0.6358 0.8162 0.3929 0.598 0.6934 0.4356 0.7323 
A3 0.8167 0.7388 0.6358 0.8167 = 0.7323 0.8892 0.8167 0.6612 0.7323 
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A4 0.7719 0.7719 0.6612 0.6182 0.4263 0.598 0.6612 0.3004 0.7323 
A5 0.8167 0.6182 0.3637 0.7623 0.4263 0.8395 0.8167 0.6637 0.6612 


After that, the evaluation of criterion is normalized by using eq (5). 


0.8167 

Pi: = 0.167 4 0.7323 + 0.8167 + 0.7719 + 0.8167 > "79° 

we 0.7323 eas 
21" 0.8167 + 0.7323 + 0.8167 + 0.7719 +0.8167. 

we 0.8167 oe 
31 "0.8167 + 0.7323 + 0.8167 + 0.7719 +0.8167. 

5 = 0.7719 Jietees 
41 ~~ 0.8167 + 0.7323 + 0.8167 + 0.7719 + 0.8167. 

ae 0.8167 sates 
51" 0.8167 + 0.7323 + 0.8167 + 0.7719 + 0.8167. 


Next, entropy E; is calculated by using eq (6). 
InP;;: 

InP,, = In0.2065 = —1.5773 

InP,, = 1n0.1852 = —1.6864 

InP3, = 1n0.2065 = —1.5773 


InP, = n0.1952 = —1.6336 
InP;, = 1n0.2065 = —1.5773 


m 
> P,; In Pj; = (0.2065 x —1.5773) + (0.1852 x —1.6864) + (0.20644 x -1.5773) 
i=1 
+(0.1952 x —1.6336) + (0.2065 x —1.5773) 
= —1.6085 
it 
ne ee (—) (—1.6085) = 0.9994 


After that, the divergence is calculated as formula in eq (7). 


div, = 1— 0.9994 = 0.0006 

n 
YY div; = 0.0005 + 0.0026 + 0.0202 + 0.0037 + 0.0229 + 0.0091 + 0.0022 + 0.0249 + 0.0005 
j=1 


= 0.0867 


Objective weights are calculated through the formula given in eq (8). 


o _ 0:0005821 


Se = 60067 
v1 9 08671 


The rest of objective weights are calculated in similar manner. The result of calculated objective 


weight and subjective weight are shown in the Table 9. 


Table9 Subjective weight and objective weight of criteria. 


Subjective Weight Objective Weight 
Cl 0.1161 0.0067 
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C2 0.1128 0.0295 
C3 0.1163 0.2334 
C4 0.1105 0.0427 
C5 0.1128 0.2644 
C6 0.1061 0.1045 
C7 0.1105 0.0257 
C8 0.1101 0.2874 
C9 0.1048 0.0057 


The result of subjective weight for each criterion implies that operational and maintenance cost 
(C3) is the most important criteria and safety risk to worker (C9) is the least important based on 
decision-makers. 
For analysis of data for objective weight of criteria, we found that capital cost of WWT (C5) is the 
most important criteria while safety risk to worker (C9) is the least important. 
Step 7: Determine the neutrosophic value of Positive Ideal Solution (PIS) and Negative Ideal Solution 
(NIS) 
Benefit Criteria and Cost Criteria are categorized. Benefit Criteria includes the amount of pollutant 
removed (C1), Lifetime (C2), Reliability (C4), Sustainability (C7), and Safety Risk to Worker (C9). On 
the other hand, the cost criteria are Operational and Maintenance Cost (C3), Capital Cost (C5), 
Environmental Impacts (C6), and Safety Risk to Worker (C8). 

The PIS and NIS from Table 8 is obtained using eq (9) and eq (10) respectively. The PIS and NIS 


of all criteria are given in Table 10. 


Table 10 The PIS and NIS of all criteria. 


PIS NIS 
Cl 0.8167 0.7279 
C2 0.8167 0.6182 
C3 0.1114 0.2741 
C4 0.8521 0.6182 
C5 0.1114 0.2741 
C6 0.1114 0.2741 
C7 0.8167 0.6612 
C8 0.1114 0.2741 
C9 0.7326 0.6565 


Step 8: The utility measure (S;), and the regret measure, (R;) for the alternative are calculated using 


eq (11) and eq (12) respectively. The combination weight for each criterion is given in eq (13). 
Let v = 0.5, We, = (0.5)0.1161 + (1 — 0.5)0.0067 = 0.0614, 
Then, 


Weillf® — firl| _ 0.0614121(0.8167 — 0.8167) _ 
WAT -fcll 0.8167 — 0.7323 z 
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So, 


Sa, = 04+0+4 0.1748 + 0 + 0.167 + 0.0229 + 0.0316 + 0.1835 + 0 = 0.5798 

Sa2 = 0.0614 + 0.0303 + 0.0974 + 0.0118 +0 + 0 + 0.0541 + 0.074 + 0 = 0.3289 
S43 = 0 + 0.0279 + 0.0974 + 0.0116 + 0.1886 + 0.1053 + 0 + 0.1974 + 0 = 0.62818 
Saq = 0.0325 + 0.016 + 0.1065 + 0.0166 + 0.0185 + 0 + 0.068126 +0 +0 = 0.3184 
Sas = 0 + 0.0711 + 0 + 0.0294 + 0.0186 + 0.0873 + 0 + 0.1987 + 0.0552 = 0.4604 


and 


R, = 0.1098 
Ry = R3 = Ry = Rs = 0.1123. 


The rest of S; and R; are calculated in similar manner. 
Step 9: Compute priority value, Q as in eq (14). 


From above, 
S* = minS, = 0.3184 
L 
S~ = maxS, = 0.6282 
t 
R* = minR; = 0.09741 
L 
R- = maxR, = 0.19874 
L 
(0.4003 — 0.4003) (0.1098 — 0.1098) 
+(1- 0.5) = 
(0.4866 — 0.4003) (0.1123 — 0.1098) 


Qai = (0.5) 


Other calculations are obtained in the similar manner. 


Step 10: S;, Rij, Q; are ranked according to the maximum criteria. 


Table 11 The result of S;, Rj, Q; and their ranking according to the maximum criteria 


S Ranking R Ranking Q Ranking 
Al 0.57978575 4 0.18347188 3 0.84656246 4 
A2 0.31841157 1 0.09741361 1 0.0168618 1 
A3 0.62817945 5 0.19739361 4 0.99337543 5 
A4 0.32885806 2 0.10652321 2 0.04495352 2 
A5 0.46039547 3 0.19873605 5 0.72917789 3 


Step 11: Ranking the alternatives 
According to the results of the analysis, the ranking of alternatives based on S; and R; values are 


obtained as Az > A, > A; > A, > Az. The ranking order according to Q value is obtained as A, > 
A, > As > A, > Az. Since 0.045 — 0.0169 < - (condition 1), the acceptable advantage does not fulfill. 


To fulfill the condition 2 which is acceptable stability, the top alternatives should be the best ranked 
by S; and R;. From the Table 11, alternative A, presents the best ranked S; and R;. Because of 
one of the conditions does not fulfill, thus alternative Az is not the best ranking. Therefore, a set of 


compromise solutions is proposed. From the result; only the acceptable advantage condition is not 
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satisfied. Which mean, alternative A,, and the top two alternatives represent a group of compromise 


solutions. The closeness of these options is determined. 
Based on the closeness formula, 0.72917789 — 0.0168618 > —, it shows that the third rank of the 


alternatives is alternative A,,. As a result, the compromise solutions found using the SVN-VIKOR 
approach are Aerated Lagoons (A2), Oxidation Ditch (A4), and Trickling Filter (A5), indicating that 
these three alternatives are in close competition for the best position. Dursun [19], Wongburi and 
Park [61] and Maurya et al. [62]'s results are comparable. Dursun [19] revealed that aerated lagoons 
is the best WWT alternative. According to the findings of Wongburi and Park [61]’s research, aerated 
lagoon is also the best option, followed by oxidation ditch. However, Maurya et al. [62] discovered 
that Trickling Filter is the best WWT option. They came to the conclusion that the best WWT 
alternatives are ‘Aerated Lagoon,’ ‘Oxidation Ditch,’ and 'Trickling Filter’. This comparable finding 
demonstrates the efficacy of the SVN-VIKOR method as well. 


5. Conclusions 


In this study, we presented the definitions related to SVNS, entropy weight, set-theoretic 
operations and relations of SVNs, and described the steps of the VIKOR method for MCDM 
problems. Next, the ratings of each alternative and the weights of each criterion were interpreted in 
linguistic terms expressed by single-valued neutrosophic numbers regarding the importance of 
different elements in the decision-making procedure, namely the weight of decision-makers, the 
weight of criteria and the impact of alternatives on criteria with respect to decision-makers. Other 
than that, SNWA operator is used to aggregating all individual decision-makers’ opinions in SVN 
assessments. Then, we determine the weight of criteria by considering the subjective weight and 
objective weight. The PIS and NIS of all criteria were also determined. Next, the utility measure, 
regret measure and priority values were calculated ranked according to the maximum criteria. 
Finally, the alternatives are ranked according to the previous value and the compromise solution was 
derived if one of the conditions cannot be fulfilled. To show the applicability of the proposed method, 
a case study of WWT alternatives selection was used. The obtained results show that Aerated 
Lagoons (A2), Oxidation Ditch (A4) and Trickling Filter (A5) are the three alternatives that have a 
close position as the best alternatives for the WWT. Our findings appear to be correlated when 
compared to those of other studies on WWT selection [19], [61], [62], demonstrating the feasibility 
and efficacy of the proposed approach. 

The benefit of the SVN-VIKOR method is that it is more beneficial for addressing MCDM 
problems since it takes into account the significance of decision-makers and may be used to identify 
the best solution in a conflicting criteria environment. Moreover, considering that IFSs are sometimes 
unable to deal with ambiguity and uncertainty, the SVN-VIKOR method was proposed in this work 
to handle MCDM issues. WWT selection was investigated using the suggested SNV VIKOR 
technique. The findings would be extremely useful to policymakers in determining the best 
technology for WWT. Our proposed method deals efficiently with imprecise, inconsistent and 
inadequate information by considering all aspects of the decision-making process. Therefore, SVN- 
VIKOR can be preferable for dealing with incomplete and unpredictable information in MCDM 
problems such as supplier selection, landfill sites selection and many other decision-making 
problems. There are some recommendations suggested for future research. In the future, a sensitivity 
analysis with alteration of some parameters will be presented to analyze changes in the results. 
Furthermore, we will consider more decision-makers with specific years in the related field. The 
linguistic variable used may consider decision-makers’ opinions to increase the accuracy of the 
calculation in decision-making. 


Nor Liyana Amalini Mohd Kamal, Lazim Abdullah, Fu Ming Yee, Ilyani Abdullah and Nazanin Vafaei, Single Valued 
Neutrosophic VIKOR and Its Application to Wastewater Treatment Selection 


Neutrosophic Sets and Systems, Vol. 47, 2021 269 


Acknowledgement: The authors would like to thank the Chief Editor and the anonymous referees for their 
various suggestions and helpful comments that have led to the improved in the quality and clarity version of 
the paper. 


Conflicts of Interest: The authors declare no conflict of interest. 


References 


[1] 
[2] 


[11] 


[12] 


[13] 


[14] 


[15] 


[16] 


[17] 


[18] 


[19] 


L. A. Zadeh, “Fuzzy Sets and Systems,” Proc. Symp. Syst. Theory, pp. 29-37, 1965. 

M. B. Gorzalzany, “A method of inference in approximate reasoning based on interval-valued fuzzy 
sets,” Fuzzy Sets Syst., vol. 21, pp. 1-17, 1987. 

P. K. Maji, R. Biswas, and A.R. Roy, “Fuzzy soft sets,” J. Fuzzy Math., vol. 9, no. 3, pp. 589-602, 2001. 

L. Abdullah and Z. Nurnadiah, “A new aggregating phase for interval type-2 fuzzy TOPSIS using the 
ELECTRE I method,” in Lecture Notes in Electrical Engineering, vol. 315, 2015. 

V. Torra, “Hesitant Fuzzy Set,” Int. J. Intell. Syst., vol. 25, pp. 529-539, 2010. 

K. T. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy Sets Syst., vol. 20, pp. 87-96, 1986. 

S. Khaleie and M. Fasanghari, “An intuitionistic fuzzy group decision making method using entropy 
and association coefficient,” Soft Comput., vol. 16, no. 7, pp. 1197-1211, 2012. 

P. K. Maji, A. R. Roy, and R. Biswas, “Intuitionistic fuzzy soft sets,” J. Fuzzy Math., vol. 9, no. 3, pp. 677— 
692, 2001. 

K. T. Atanassov and G. Gargov, “Interval valued intuitionistic fuzzy sets,” Fuzzy Sets Syst., vol. 3, no. 31, 
pp. 343-349, 1989. 

F. Smarandache, “Neutrosophic set — A generalization of the intuitionistic fuzzy set,” Neutrosophic 
Probab. Set, Logic. Amer. Res., vol. 1, no. 1, pp. 1-15, 1995. 

H. Wang, F. Smarandache, Y. Zhang, and R. Sunderraman, “Single valued neutrosophic sets,” Multisp. 
Multistruct, vol. 4, pp. 410-413, 2010. 

P. Biswas, S. Pramanik, and B. C. Giri, “Entropy based grey relational analysis method for multi-attribute 
decision making under single valued neutrosophic assessments,” Neutrosophic Sets Syst., vol. 2, pp. 105— 
113, 2014. 

L. Gomes and M. Lima, “TODIM: Basics and application to multicriteria ranking of projects with 
environmental impacts,” Found Comput Decis. Sci., vol. 16, no. 4, pp. 113-127, 1992. 

D.-S. Xu, C. Wei, and G.-W. Wei, “TODIM method for single-valued neutrosophic multiple attribute 
decision making,” Information, vol. 8, no. 4, p. 125, 2017. 

P. Biswas, S. Pramanik, and B. C. Giri, “TOPSIS method for multi-attribute group decision-making under 
single-valued neutrosophic environment,” Neural Comput. Appl., vol. 27, pp. 727-737, 2016. 

D. Stanujkij, E. K. Zavadskas, F. Smarandache, W. K. M. Brauers, and D. Karabasevic, “A neutrosophic 
extension of the MULTIMOORA method,” Informatica, vol. 28, no. 1, pp. 181-192, 2017. 

R. Sahin and M. Yigider, “A multi-criteria neutrosophic group decision making metod based TOPSIS for 
supplier selection,” Appl. Math. Inf. Sci., vol. 10, no. 5, pp. 1843-1852, 2016. 

M. Bottero, E. Comino, and V. Riggio, “Application of the analytic hierarchy process and the analytic 
network process for the assessment of different wastewater treatment systems,” Environ. Model. Softw., 
vol. 26, no. 10, pp. 1211-1224, 2011. 

M. Dursun, “Evaluation of wastewater treatment alternatives using fuzzy VIKOR method,” J. Adv. 


Manag. Sci., vol. 4, no. 4, pp. 333-336, 2015. 


Nor Liyana Amalini Mohd Kamal, Lazim Abdullah, Fu Ming Yee, Ilyani Abdullah and Nazanin Vafaei, Single Valued 


Neutrosophic VIKOR and Its Application to Wastewater Treatment Selection 


Neutrosophic Sets and Systems, Vol. 47, 2021 270 


[20] 


[21] 


[22] 


[23] 


[24] 


[25] 


[26] 


[27] 


[28] 


[29] 


[30] 


[31] 


[32] 


[33] 


[34] 


[35] 


[36] 


[37] 


A. R. Karimi, N. Mehrdadi, S. J. Hashemian, G. R. Nabi Bidhendi, and R. Tavakkoli Moghaddam, 
“Selection of Wastewater Treatment Process Based on Analytical Hierarchy Process,” Int. J. Civ. Eng. 
Technol., vol. 5, no. 9, pp. 27-33, 2014. 

G. Zeng, R. Jiang, G. Huang, M. Xu, and J. Li, “Optimization of wastewater treatment alternative 
selection by hierarchy grey relational analysis,” J. Environ. Manage., vol. 82, no. 2, pp. 250-259, 2007. 

M. Dursun, “An integrated approach for the evaluation of wastewater treatment alternatives,” Proc. 
World Congr. Eng. Comput. Sci. 2015, vol. 2, 2015. 

P. P. Kalbar, S. Karmakar, and S. R. Asolekar, “Selection of wastewater treatment alternative: 
Significance of choosing MADM method,” Environ. Eng. Manag. J., vol. 14, no. 5, pp. 1011-1020, 2015. 
L. Abdullah, “Developing decision on suitable wastewater treatment technology using fuzzy simple 
additive weighting,” Int. J. Eng. Technol., vol. 7, no. 2, pp. 405-413, 2015. 

M. Ilangkumaran et al., “Optimization of wastewater treatment technology selection using hybrid 
MCDM,” Manag. Environ. Qual. An Int. J., vol. 24, no. 5, pp. 619-641, 2013. 

M. Molinos-Senante, T. Gdmez, M. Garrido-Baserba, R. Caballero, and R. Sala-Garrido, “Assessing the 
sustainability of small wastewater treatment systems: A composite indicator approach,” Sci. Total 
Environ., vol. 497-498, pp. 607-617, 2014. 

L. Abdullah and N. A. A. Rahman, “Analytic network process for developing relative weight of 
wastewater treatment technology selection,” Mod. Appl. Sci., vol. 11, no. 5, p. 64, 2017. 

Z. Zhou, Y. Dou, X. Zhang, D. Zhao, and Y. Tan, “A group decision-making model for wastewater 
treatment plans selection based on intuitionistic fuzzy sets,” J. Environ. Eng. Landsc. Manag., vol. 26, no. 
4, pp. 251-260, 2018. 

S. Opricovic, “Multicriteria optimization of civil engineering systems,” Multicriteria Optim. Civ. Eng. Syst. 
Fac. Civ. Eng. Serbian), 1998. 

S. Opricovic and T. H. Tzeng, “Compromise solution by MCDM methods: A comparative analysis of 
VIKOR and TOPSIS,” Eur J Oper Res, vol. 2, no. 156, pp. 445-455, 2004. 

A. Shemshadi, H. Shirazi, M. Toreihi, and M. J. Tarokh, “A fuzzy VIKOR method for supplier selection 
based on entropy measure for objective weighting,” Expert Syst. Appl., vol. 10, no. 38, pp. 12160— 12167, 
2011. 

M. K. Saydi, M. Heydari, and K. Shahanaghi, “Extension of VIKOR method for decision making problem 
with interval numbers,” Appl. Math. Model., no. 33, pp. 2257-2262, 2009. 

J. P. Park, H. J. Cho, and Y. C. Kwun, “Extension of the VIKOR method for group decision making with 
interval-valued intuitionistic fuzzy information,” Fuzzy Optim. Decis. Mak., no. 10, pp. 233-253, 2011. 

K. Devi, “Extension of VIKOR method in intuitionistic fuzzy environment for robot selection,” Expert 
Syst. Appl., vol. 38, no. 11, pp. 14163-14168, 2011. 

J. P. Peng, W. C. Yeh, T. C. Lai, and C. Bin Hsu, “The incorporation of the Taguchi and the VIKOR 
methods to optimize multi-response problems in intuitionistic fuzzy environments,” J. Chinese Inst. Eng. 
Trans. Chinese Inst. Eng. A/Chung-kuo K. Ch’eng Hsuch K’an, vol. 38, no. 7, pp. 897-907, 2015. 

S. M. Mousavi, B. Vahdani, and S. Sadigh Behzadi, “Designing a model of intuitionistic fuzzy VIKOR in 
multi-attribute group decision-making problems,” Iran. J. Fuzzy Syst., vol. 13, no. 1, pp. 45-65, 2016. 

L. Chaojie and J. Hongli, “Extension of VIKOR method with interval-valued intuitionistic fuzzy sets,” 
Int. Conf. Manag. Serv. Sci. MASS 2011, pp. 0-3, 2011. 


Nor Liyana Amalini Mohd Kamal, Lazim Abdullah, Fu Ming Yee, Ilyani Abdullah and Nazanin Vafaei, Single Valued 


Neutrosophic VIKOR and Its Application to Wastewater Treatment Selection 


Neutrosophic Sets and Systems, Vol. 47, 2021 271 


[38] 


[39] 


[40] 


[41] 


[42] 


[43] 


[44] 


[45] 


[46] 


[47] 


[48] 


[49] 


[50] 


[51] 


[52] 


[53] 


[54] 


[55] 


G. Biiyiikézkan and F. Gocer, “Smart medical device selection based on interval valued intuitionistic 
fuzzy VIKOR,” Adv. Fuzzy Log. Technol., pp. 306-317, 2018. 

C. Tan and X. Chen, “Interval-valued intuitionistic fuzzy multicriteria group decision making based on 
VIKOR and Choquet integral,” J. Appl. Math., vol. 2013, pp. 1-16, 2013. 

A. Awang, A. T. A. Ghani, L. Abdullah, and M. F. Ahmad, “A DEMATEL method with single valued 
neutrosophic set (SVNS) in identifying the key contribution factors of Setiu Wetland’s coastal erosion,” 
AIP Conf. Proc., vol. 1974, 2018. 

A. Awang, N. Aizam, and L. Abdullah, “An integrated decision-making method based on neutrosophic 
numbers for investigating factors of coastal erosion,” Symmetry (Basel)., vol. 11, no. 3, p. 328, 2019. 

R. Bausys and E. K. Zavadskas, “Multicriteria decision making approach by VIKOR under interval 
neutrosophic set environment,” Econ. Comput. Econ. Cybern. Stud. Res., vol. 49, no. 4, pp. 33-48, 2015. 

F. Karaaslan, “Neutrosophic soft sets with applications in decision making,” Int. J. Inf. Sci. Intell. Syst., 
vol. 4, no. 2, pp. 1-20, 2015. 

P. Chi and P. Liu, “An extended TOPSIS method for the multiple attribute decision making problems 
based on interval neutrosophic set,” Neutrosophic Sets Syst., vol. 1, pp. 1-8, 2013. 

M. K. Ghorabaee, “Developing an MCDM method for robot selection with interval type-2 fuzzy sets,” 
Robot. Comput. Integr. Manuf., vol. 37, pp. 221-232, 2016. 

H. C. Liu, L. Liu, and J. Wu, “Material selection using an interval 2-tuple linguistic VIKOR method 
considering subjective and objective weights,” Mater. Des., vol. 52, pp. 158-167, 2013. 

J. Ahmad, J. Xu, M. Nazam, and M. Kashif, “A fuzzy linguistic VIKOR multiple criteria group decision 
making method for supplier selection,” Int. J. Sci. Basic Appl. Res., vol. 4531, pp. 1-16, 2015. 

S. Kumar and A. G. Barman, “Fuzzy TOPSIS and fuzzy VIKOR in selecting green suppliers for sponge 
iron and steel manufacturing,” Soft Comput., vol. 25, no. 8, pp. 6505-6525, 2021. 

J. Zhang, D. Yang, Q. Li, B. Lev, and Y. Ma, “Research on sustainable supplier selection based on the 
rough DEMATEL and FVIKOR methods,” Sustain., vol. 13, no. 88, pp. 1-20, 2021, doi: 
10.3390/su13010088. 

M. Abdel-Basset, Y. Zhou, M. Mohamed, and V. Chang, “A group decision making framework based on 
neutrosophic VIKOR approach for e-government website evaluation,” J. Intell. Fuzzy Syst., vol. 34, no. 6, 
pp. 4213-4224, 2018. 

J. Hu, L. Pan, and X. Chen, “An interval neutrosophic projection-based VIKOR method for selecting 
doctors,” Cognit. Comput., vol. 9, no. 6, pp. 801-816, 2017. 

A. Mardani, E. K. Zavadskas, K. Govindan, A. A. Senin, and A. Jusoh, “VIKOR technique: A systematic 
review of the state of the art literature on methodologies and applications,” Sustain., vol. 8, no. 1, pp. 1- 
38, 2016. 

J. M. Shariff, D. Mohamad, S. Amin, and N. F. Baha, “A preference analysis of renewable energy 
alternatives in Malaysia using fuzzy VIKOR method,” J. Qual. Meas. Anal., vol. 16, no. 2, pp. 283-292, 
2020. 

T. Gichamo, H. Gokceku,, D. U. Ozsahin, G. Gelete, and B. Uzun, Ranking of Natural Wastewater Treatment 
Techniques by Multi-criteria Decision Making (MCDM)Methods, no. May. 2021. 

G. N. Yiicenur and N. E. Demirel, “Group decision making process for insurance company selection 


problem with extended VIKOR method under fuzzy environment,” Expert Syst. Appl., vol. 39, no. 3, pp. 


Nor Liyana Amalini Mohd Kamal, Lazim Abdullah, Fu Ming Yee, Ilyani Abdullah and Nazanin Vafaei, Single Valued 


Neutrosophic VIKOR and Its Application to Wastewater Treatment Selection 


Neutrosophic Sets and Systems, Vol. 47, 2021 272 


[56] 


[57] 


[58] 


[59] 


[60] 


[61] 


[62] 


3702-3707, 2012. 

M. Ercan and E. Onder, “Ranking insurance companies in Turkey based on their financial performance 
indicators using VIKOR method,” Int. J. Acad. Res. Accounting, Financ. Manag. Sci., vol. 6, no. 2, pp. 104— 
113, 2016. 

J. Ahmad, J. Xu, and M. Nazam, “Multi-criteria group decision making for pipe material selection: 
Comparative analysis of HF-VIKOR and HF-ELECTRE IL,” Int. J. Dev. Res., vol. 5, no. 6, pp. 4826-4841, 
2015. 

S. Dev, A. Aherwar, and A. Patnaik, “Material selection for automotive piston component using entropy- 
VIKOR method,” Silicon, vol. 12, pp. 155-169, 2020. 

I. Emovon and O. S. Oghenenyerovwho, “Application of MCDM method in material selection for 
optimal design: A review,” Results Mater., vol. 7, no. 100115, pp. 1-21, 2020. 

J. Ye, “A multicriteria decision-making method using aggregation operators for simplified neutrosophic 
sets,” J. Intell. Fuzzy Syst., vol. 26, no. 5, pp. 2459-2466, 2014. 

P. Wongburi and J. K. Park, “Decision making tools for selecting sustainable wastewater treatment 
technologies in Thailand,” IOP Conf. Ser. Earth Environ. Sci., vol. 150, no. 1, 2018. 

S. P. Maurya, A. Ohri, P. K. Singh, and A. Debnath, “Development of a decision making tool for selection 
of waste water treatment technology based on urban water reuse,” Int. J. Civ. Eng. Technol., vol. 9, no. 2, 


pp. 497-506, 2018. 


Received: Aug 11, 2021. Accepted: Dec 3, 2021 


Nor Liyana Amalini Mohd Kamal, Lazim Abdullah, Fu Ming Yee, Ilyani Abdullah and Nazanin Vafaei, Single Valued 
Neutrosophic VIKOR and Its Application to Wastewater Treatment Selection 


ISS Neutrosophic Sets and Systems, Vol. 47, 2021 


T T, University of New Mexico 


yy 


P and R Order of Plithogenic Neutrosophic Cubic sets 
S.P. Priyadharshini™, F. Nirmala Irudayam? 
1 priyadharshinil25@gmail.com 2 nirmalairudayam@ymail.com 


* Correspondence: priyadharshinil25@gmail.com 


Abstract: The paper presents a new concept called P-Order (Union and Intersection) and R- Order 
(Union and Intersection) of the Plithogenic Neutrosophic Cubic Sets (PNCS). We derived some of 
the primary properties of the internal and external PNCS of P and R- Order. We also proved that 
P-Union and P- intersection of Truth (T) (resp. falsity (F), indeterminacy(I)) external PNCS may not 
be T (resp. F, I) external PNCS and R-Union and R-intersection of T (resp. F, I) internal PNCS may 
not be T (resp. F, I) internal PNCS with the numerical examples. This principle is extremely 
appropriate for analyzing problems that involve multi-attribute decision making since this PNCS is 


defined by many values of attribute and the reliability of the data is also so accurate. 


Keywords: Cubic set, Neutrosophic set, Plithogenic set, Plithogenic neutrosophic cubic set, 


internal and external plithogenic neutrosophic cubic set 


1. Introduction 


The definition of fuzzy sets, proposed by Zadeh [19] in 1965, paved the way for fuzzy 
mathematics development. In many areas of mathematics, this concept has a wide range of 
applications, such as reasoning, set theory, number theory, fuzzy set theory, real analysis, metric 
theory, and topology. In 1975, Zadeh [19] developed the concepts of interval-valued fuzzy sets as an 
extension of fuzzy sets, that is, fuzzy sets with interval-valued membership functions. 

A notable concept has been developed by Jun et al. [3], namely the cubic sets theory. An 
interval-valued fuzzy set and a fuzzy set constitute this structure. In addition, the definition of an 
internal cubic set and an external cubic set was also implemented by Jun et al. [3]. 

Smarandache [9, 10] proposed Neutrosophic sets (NSs), a generalisation of FS and IFS, which is 
highly helpful for dealing with inadequate, uncertain, and varying data that exists in the real life. 
NSs are characterised by functions of truth (T), indeterminacy (I) and falsity (F) belonging functions. 
This concept is very essential in several areas of application since indeterminacy is clearly 
enumerated and the truth, indeterminacy and falsity membership functions are independent. 

Wang, Smarandache, Zhang and Sunderraman[18] anticipated the definition of an interval 
valued neutrosophic set (IVNS) as an extension of NS. The IVNS could reflect indeterminate, 


inaccurate, inadequate and unreliable data that occurs in the reality. 
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Plithogeny is the foundation, establishment, construction and development of new articles from 
the combination of consistent or inconsistent multiple old articles. Smarandache[13] introduced the 
plithogenic set as a generalisation of neutrosophy in 2017. 

The elements of Plithogenic sets are denoted by one or many number of attributes and each of it 
have several values. Each values of attribute has its respective (fuzzy, intuitionistic fuzzy or 
neutrosophic) appurtenance degree for the component x (say) to the plithogenic set P (say) with 
respect to certain constraints. For the first time, Smarandache[12] introduced the inconsistency 
degree between each value of attribute and the dominant value of attribute which results in getting 
the better accuracy for the plithogenic aggregation operators(fuzzy, intuitionistic fuzzy or 
neutrosophic). 

Priyadharshini et al [8] introduced the new concept called plithogenic cubic sets which has a 
wide range of application in multi criteria decision making problems. In particular, the ideology of 
Plithogenic neutrosophic cubic set helped in this paper to learn the P, R-union and the P, 
R-intersection of PNCS and derived some of its core properties. 

We proved that the P-union and the P-intersection of T (resp. F, I) internal PNCS are also T (resp. 
F, I) internal PNCS. We provide examples to show that the P-union and the P-intersection of T (resp. 
F, I) external PNCS may not be T (resp. F, I) external PNCS, and the R-union and the R intersection of 
T (resp. F, I) internal PNCS may not be T (resp. F, I) internal PNCS. The conditions for the R-union 
and R-intersection of two T (resp. F, I) internal PNCS to be a T (resp. F, I) internal PNCS. 

We believe that the suggested theorems and examples will be effective in resolving 
multi-attribute group decision-making concerns in a Plithogenic neutrosophic cubic set 
environment. 

The rest of the article is as follows. Section 2 is concerned with the preliminary concepts and 
definitions that are absolutely vital for the proposed work. Section 3 provides a brief description of 
the P and R order of Plithogenic neutrosophic Cubic sets along with numerical examples. Section 4 


summarizes the conclusion and the scope of future work. 
2. Preliminaries 


Definition 2.1 [9, 10] Let N be a non-void set. The set A= (nA, n EN} is called a 


neutrosophic set (in short, NS) of N where the function 4, : N > [0,1], ¢,:N — [01] and v,:N [0,1] 
denotes the membership degree (say 4,(m) ), indeterminacy degree (say ¢,(m) ), and non- 
membership degree (say y,(”) )of each element ne JN to the set A and satisfies the constraint that 
0<A1,(n)+¢,(n)+7,(0) <3. 


Definition 2.2 [11] Let R be a non-void set. An interval valued neutrosophic set (INS) A in R is 
described by the functions of the truth-value (4,) , the indeterminacy (4,) and the falsity-value 
(A,) foreach point re R, A,(r),4,(r),4- (7) [0,1]. 
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Definition 2.3 [3] Let E be a non-void set. By a cubic set in E, we construct a set which has the 
form V = {<e,B(e),u(e) >| e € E} in which Bis an interval valued fuzzy set (IVFS) in E and yw isa 


fuzzy set in E. 
Definition 2.4 [3] Let E be a non-void set. If B (e) < u(e)< B*(e) for all ee £ then the cubic 


set ‘=< B,zs> in Eis called an internal cubic set (briefly IPS). 


Definition 2.5 [3] Let E be anon-void set. If u(e) ¢(B (e),B*(e)) forall e¢ E then the cubic set 
Y =< B,y> in E is called an external cubic set (briefly ECS). 

Definition 2.6 [8] Let © be an universal set and Y be a non-void set. The structure 
A={< y, B(v),A(y) >| y € Y}_ is said to be Plithogenic Neutrosophic cubic set (PNCS) in Y, where 


B={8,"0),8,'(0).B," 0) is an interval valued Plithogenic Neutrosophic set in Y and 


2={(A,' (),4;' (),4;" (y)}. is a neutrosophic set in Y. 


The pair A=<B,A> is called plithogenic neutrosophic cubic set over Q where A is a 
mapping given by A:B— NC(Q).The set of all plithogenic neutrosophic cubic sets(PNCS) over 


will be denoted by P,° 


Definition 2.7 [8] For a non-void set Y, the plithogenic neutrosophic cubic set A=<B,A> in 
Y is called truth internal, indeterminacy internal, falsity internal respectively if the following 


equations hold 


(i) By, OSA, OVS BO) B.1) 
(ii) By" () <4, 0) < By") (3.2) 


(ii) By“ O) <4, O) SB," ) (3.3) 


Where for ally < Y and di represents the dissimilarity measure and their respective value 


of attributes. 


If a PNCS in Y satisfies the above equations we conclude that A_ is an internal plithogenic 


neutrosophic cubic set (IPNCS) in Y. 


Definition 2.8 [8] For a non-void set Y, the PNCS A=<8B,/> in Y is called truth external, 


indeterminacy external, falsity external respectively if the following equations hold 


(i) AO) E(B, 0).B,' O)) G4) 
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(i) 47) €(B,"0),.B,")) 65) 


(iii) 4,°() €(B, *().By" () ~~ (3.6) 


Where for all yeY and di represents the dissimilarity measure and their respective value of 

attributes. 

If a PNCS in Y satisfies the above equations, we conclude that A is an external plithogenic 
neutrosophic cubic set (EPNCS) in Y. 


3. P and R Order of PNCS 

Definition 3.1 Let C=<K,®> and D=<M,Q> bea PNCS ina non-void set H where 
K= (hi Ky "(h)Ky,"(h) Ky," ())iheH}, 

= {(h:G,,"(h).d,,'(h)b,,"(h)) he}, 

M=1(h:My,"(i)M,,"(i)My,” (bea 


Q= t(h 7 Ob. Gon. (n)) [he H}. 


Then we define the equality, P-order and R-order as follows: 


Gi) C=D@eK=M and O=Q. (Equality) 
(ii) CopDSK CMandO<sQ. (P-Order) 
(iii) CC py DSK CM and B=Q. (R-Order) 


The P-Union, P-Intersection, R-Union, R-Intersection of PNCS are described as follows. 


Definition 3.2 For any PNCS C os K dj ,D ape in anon-void set H where 


K=1(h:K,,"0)K,,"O)Ks," (i) lheH, 
= {(h: G4," (hh b,,' (hoa, (h)) he Hh. 


For j7¢B and B is any index set, we define 


a U pKa, =U Kav ®2,;) (P-Union) 
jeB jcB jeB 

(il) () P K a ( () K ajp>N co) aj ) (P-Intersection) 
jeB jeB JeB 

ii) LU pKa; = (UKs A%;) (R-Union) 
jeB jeB JeB 

(iv) () 5K = (Bip Oa) (R-Intersection) 
jeB jeB JeB 


Where 
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Ue fel Ue Joye ja 
we ele Je” 
ge-fie(ar Joe Jo 
rele” Joga jo 


Remarks 
(i) Oey =(\pCy 
jeB jeB 
@ lees |= pea 
jeB jeB 


(ii) [Up Cu, J-Npcs 
jEB jEB 

(iv) are J-Upes 
jEB jEB 


Proposition 3.3 


277 


Jio)iven, 


V bi," 


jeB 


For any PNCSC=<K,@®>, D=<M,Q>,X =<L,w >and Y=<N,A> in a non-void set H, we 


have 


(i) If Cc,pD and Dc, X then Cccp X 


(ii) If Cc,pD then Dc,C 


(iii) and Cex then. Ce, DieX 
(iv) If CcpD 
(vy) If CcpD 


(vi) If CcpD 


If CcpD 


and X cp, D then CU, XCpD 


and Dc, X then CC, X 


(vii) If CcpD then D <,pC 


(viii) If CcpD and Cc, X then CC Df\p X 


and. Mes then iG Wee DUS Vand Cig CaP lay 
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(ix) If CcpD and X Cp D then CUp XCD 
@ Th Ce, D and 4c, 7 then CU,X <=, DU, Vand Cligx ep, DilgY 


Proposition 3.4 


Let {C,, =<K,.,®,, >|j €B} be a family of F- IPNCS in a non-void set H, then the P-Order of 
dj djo™ dj y 


(Ca, =<Ky,,®y, >| 7 €B} are F-IPNCS in H. 


Proof 


Since C anes K dj ,D a is an F-IPNCS in a non-void set H, We have 


(Ky,") Sy," MS (Ka,") @forjeB 


It follows that 

(Uki," @ sv ba, $ (QKai,Y 
jeB jeB jcB 

and 

(a) MS (nba, S$ (Ka, 
jeB jeB jcB 

Therefore 

Ls Cy, = (U Ky,.\v $4,) and iis C= (a K 4,» A $a,)are F-INPCS in H, 
jeB jeB jeB jcB jeB jcB 


Correspondingly the following propositions holds. 


Proposition 3.5 


Let {C,, =<K,,,®,, >| 7 €B} be a family of T-IPNCS in a non-void set H, then the P-Order of 
ay pe oy 


{Ca, =< Ky,.®q, >| 7 <¢B} are T-IPNCS in H. 


Proposition 3.6 


Let {C,, =<K,,,®,, >| 7 € B} be a family of I-IPNCS in a non-void set H, then the P-Order of 
ay Cs ae 


{Ca =< Ky,.Pq, >| 7 € Bt are I-IPNCS in H. 


Corollary 3.7 


Let {C,, =<K,.,®,, >|j €B} be a family of IPNCS in a non-void set H, then the P-Order of 
dj djo™ dj y 


(Ca, =<Ky/,®y, >| 7 © B} are IPNCS in H. 
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The subsequent illustration indicates that the P -Union and P- intersection of T, I -IPNCS may not be 
T, LIPNCS. 


Example 3.8 

Let us consider the attribute values National Electronic Fund Transfer (NEFT), Real Time Gross 
Settlement (RTGS), Immediate Payment Service (IMPS), Unified Payment Interface (UPI) for 
transferring money and C=<K,@®> and D=<M, (> be the PNCS in H with the Table values 1 


& 2 correspondingly. 
Table1. C=<K,@®> 
Dissimilarity Value of Appurtenance Measure K(h) D(h) 
Measure attributes 
0 NEFT ( [0.35, 0.4 ], [0.7, 0.9], [0.2, 0.5]) (0.2, 0.65, 0.4) 
0.5 RTGS ( [0.6, 0.8 ], [0.5, 0.7], [0.3, 0.7]) (0.2, 0.85, 0.6) 
0.75 IMPS ( [0.45, 0.6 ], [0.2, 0.4], [0.1, 0.3]) (0.7, 0.6, 0.2) 
1 UPI ( [0.2, 0.3 ], [0.1, 0.3], [0.6, 0.9]) (0.1, 0.4, 0.95) 
Table 2. D=<M,Q> 
Dissimilarity Value of Appurtenance Measure M(h) Q(A) 
Measure attributes 
0 NEFT ( [0.1, 0.3 ], [0.7, 0.8], [0.6, 0.9]) (0.7, 0.92, 0.7) 
0.5 RTGS ( [0.6, 0.7 ], [0.5, 0.6], [0.2, 0.4]) (0.9, 0.2, 0.3) 
0.75 IMPS ( [0.45, 0.8 ], [0.2, 0.5], [0.5, 0.7]) (0.35, 0.1, 0.6) 
1 UPI ( [0.5, 0.6 ], [0.4, 0.5], [0.4, 0.7]) (0.45, 0.3, 0.45) 
Table 3. CUp D=(K UM, ®vQ) 
Dissimilarity Value of Appurtenance Measure (B® v Q)(A) 
Measure attributes (K UM\(h) 
0 NEFT ( [0.35, 0.4 ], [0.7, 0.9], [0.6, 0.9]) (0.7, 0.92, 0.7) 
0.5 RTGS ( [0.6, 0.8 ], [0.5, 0.7], [0.3, 0.7]) (0.9, 0.85, 0.6) 
0.75 IMPS ( [0.45, 0.8 ], [0.2, 0.5], [0.5, 0.7]) (0.7, 0.6, 0.6) 
1 UPI ( [0.5, 0.6 ], [0.4, 0.5], [0.6, 0.9]) (0.45, 0.4, 0.95) 
Table 4. Cp D=(KMM,®aQ) 
Dissimilarity Value of Appurtenance Measure (DB A Q)(A) 
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Measure attributes (K a M)(h) 
0 NEFT ( [0.1, 0.3 ], [0.7, 0.8], [0.2, 0.5]) (0.2, 0.65, 0.4) 
0.5 RTGS ( [0.6, 0.7 ], [0.5, 0.6], [0.2, 0.4]) (0.2, 0.2, 0.3) 
0.75 IMPS ( [0.45, 0.6 ], [0.2, 0.4], [0.1, 0.3]) (0.35, 0.1, 0.2) 
1 UPI ( [0.2, 0.3 ], [0.1, 0.3], [0.4, 0.7]) (0.1, 0.3, 0.45) 


Then C=<K,®M> and D=<M,Q> are both T-external and I-external PNCS in H. 
CU,pD=(KUM,®vQ) and CNpD=(KNM,®AQ) are given by Tables 3 & 4 
correspondingly. 

Then CU, D=(KUM,® v Q) is neither an I-EPNCS nor T-EPNCS in H since 


((®7 v Q")UMPS) = 0.7 € (0.45,0.8) =((C’ UD") UIMPS),(C* UD" )* IMPS))) 
And 

(®! v Q! (UPI) = 0.4 €(0.4,0.5) =((C’ UD’) (UPI),(C’ UD')* (UPD) 

Also Cp» D=(KMM,® AQ) is neither an I-EPNCS nor T-EPNCS in H since 


(®" A Q")\NEFT) = 0.2 €(0.1,0.3) =((C’ M.D") (NEFT),(C’ 1D‘ )* (NEFT)) 


(®! AQ! (UPI) =0.3 € (0.1,0.3)=((C’ .D’) (UPI),(C! (1 D')* (UPI)) 


We provide conditions for the R-Union of two T-internal (resp. I- internal and F-Internal) PNCS to be 


a T- internal (resp. I- internal and F-Internal) PNCS. 


Proposition 3.9 


If C=<K,®> and D=<M,Q> be T-IPNCS in a non-void set H such that 
(Vz eZ) (max{(K") (h),(M") (h)} <(¢" 06") (A)). (3.1) 


Then the R-Union of C=<K,®> and D=<M,Q> isa T-INPCS in H. 
Proof 
Let C=<K,®> and D=<M,©> be T-IPNCS in a non-void set H which satisfies the 


constraints (3.1). Then 

(KT) (h)<@"(h)<(K")*(h) and (M") (h) <5" (h)<(M")*(h), 

andso (¢’ Ad’ \(h)<(K’ UM")* (A). 

It follows from (3.1) that 

(KT UM") (h)= max{(K")(h),(M")(A)} SG" 46") (h)s(K" UM")*(h) 


Hence CUp D=(K UM,¢U0) isa T-INPCS in Z. 
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Correspondingly the following propositions hold. 


Proposition 3.10 
If C=<K,®> and D=<M,©> be I-IPNCS in a non-void set H such that 


(Vh e H)(max{(K‘)~(h),(M') (h)} $$" 45") (A)). (3.2) 


Then the R-Union of C=<K,®> and D=<M,Q> isa I-INPCS in H. 


Proposition 3.11 
If C=<K,®> and D=<M,Q> be F-IPNCS in a non-void set H such that 


(Whe H)(max{(K") (h),(M")(h)} sO" 06") (A). (3.3) 


Then the R-Union of C=<K,®> and D=<M,Q> isa F-INPCS in H. 


Corollary 3.12 
If two INPCS C=<K,®> and D=<M,Q> satisfies the constraints (3.1), (3.2), (3.3), then the 
R-Union of C=<K,@®> and D=<M,Q> is an INPCS in H. 

We provide conditions for the R-Intersection of two T-internal (resp. I- internal and 


F-Internal) PNCS to be a T- internal (resp. I- internal and F-Internal) PNCS. 


Proposition 3.13 
If C=<K,@®> and D=<M,Q> be T-IPNCS in a non-void set H such that 


(Whe H)(g! v5" \(h) < min{( K")*(h),(M")*(A)}). (3.4) 


Then the R-Intersection of C=<K,®> and D=<M,Q> is an T-INPCS in H. 
Proof 
Assume that the condition (4.4) is valid. Then 


(K") (h)<¢' (h)<(K")*(h)and (M") (h)< 6" (A) <(M")*(A) forall hed. 
It follows from (4.4) that 
(K'QM'\h)<(@" v 6" \(h) <minf( K")*,(M")* (h)}=(A" 1B") * (A) forall heH. 


Therefore C (), D=(K (\M,¢v 6)is a T-INPCS. 


Correspondingly the subsequent propositions hold. 


Proposition 3.14 
If C=<K,®> and D=<M,©> be I-IPNCS in a non-void set H such that 
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(Whe H)(g! v 6" (h) <min{( K')*(h),(M")* (h)}). (3.5) 


Then the R-Intersection of C=<K,®> and D=<M,Q> is an I-INPCS in H. 


Proposition 3.15 
If C=<K,®> and D=<M,Q> be F-IPNCS in a non-void set H such that 


(Vhe H) (gp v 5" \(h) <min{( K")*(h),(M")* (h)}). (3.6) 


Then the R-Intersection of C=<K,@®> and D=<M,Q> is an F-INPCS in H. 


Corollary 3.16 

If two INPCS C=<K,@®> and D=<M,Q> satisfies the constraints (3.4), (3.5), (3.6), then the 
R-Intersection of C=<K,@®> and D=<M,Q> is an INPCS in H. 

The subsequent illustration indicates that the R -Union and R- intersection of T, F -EPNCS may not 
be T, F-EPNCS 


Example 3.17 
Let us consider the attribute values of life insurance policies ‘Whole life Insurance (WLI), Term 
Life Insurance(TLI),Universal Life Insurance(ULI) and Variable Life Insurance (VLI) and 
C=<K,®> and D=<M,Q> be the PNCS in H with the Table values 5 & 6 respectively. 
Table5. C=<K,@®> 


Dissimilarity Value of Appurtenance Measure K(h) D(h) 
Measure attributes 
0 WLI ( (0.8, 0.9 ], [0.2, 0.4], (0.3, 0.5]) (0.8, 0.25, 0.5) 
0.5 TLI ( (0.7, 0.9 ], [0.3, 0.6], (0.7, 0.8]) (0.8, 0.5, 0.75) 
0.75 ULI ( (0.5, 0.8 ], [0.3, 0.5], [0.1, 0.6]) (0.7, 0.4, 0.1) 
VLI (0.1, 0.2 ], [0.1, 0.6], [0.4, 0.8]) (0.2, 0.7, 0.6) 
Table 6. D=<M,Q> 
Dissimilarity Value of Appurtenance Measure M(h) Q(A) 
Measure attributes 
0 WLI ([0.4, 0.7 ], [0.3, 0.6], [0.4, 0.6]) (0.6, 0.45, 0.6) 
0.5 TLI (0.1, 0.5 ], [0.3, 0.4], (0.6, 0.8]) (0.3, 0.3, 0.7) 
0.75 ULI ( (0.6, 0.8 ], [0.6, 0.7], (0.2, 0.9]) (0.6, 0.7, 0.9) 
1 VLI (0.5, 0.7 ], [0.1, 0.3], [0.2, 0.5]) (0.65, 0.2, 0.4) 
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Dissimilarity Value of Appurtenance Measure (® AQ) (A) 
Measure attributes (K UM)(h) 
0 WLI ( [0.8, 0.9 ], [0.3, 0.6], [0.4, 0.6]) (0.6, 0.25, 0.5) 
0.5 TLI ( [0.7, 0.9 J, [0.3, 0.6], [0.6, 0.8]) (0.3, 0.3, 0.7) 
0.75 ULI ( [0.6, 0.8 ], [0.6, 0.7], [0.2, 0.9]) (0.6, 0.4, 0.1) 
1 VLI ( [0.5, 0.7 ], [0.1, 0.6], [0.4, 0.8]) (0.2, 0.2, 0.4) 


Table 8. CN, D=(KN.M,®vQ) 


Dissimilarity Value of Appurtenance Measure (Dv Q)(A) 


Measure attributes 


(K (\M)(h) 


0 WLI 0.4, 0.7 ], (0.2, 0.4], [0.3, 0.5] (0.8, 0.45, 0.6) 


0.75 ULI 0.5, 0.8 ], [0.3, 0.5], [0.1, 0.6] (0.7, 0.7, 0.9) 


([ [ [ ) 

0.5 TLI ([0.1, 0.5 J, [0.3, 0.4], [0.7, 0.8]) (0.8, 0.5, 0.75) 
([ [ [ ) 
([ [ [ ) 


1 VLI 0.1, 0.2 ], [0.1, 0.3], [0.2, 0.5] (0.65, 0.7, 0.6) 


Then C=<K,®> and D=<M,Q> are both T-internal and F-internal PNCS in 
H. CU, D=(KUM,®AQ) and CN,D=(KNM,®vQ) are given by Tables 7 & 8 
respectively. 


Then CU,D =(K UM,®Da Q) is neither an I-IPNCS nor T-IPNCS in H since 
(®? AQ" WLI) =0.6 ¢ (0.8,0.9) =((C’ UD") (WLI),(C’ UD" )* (WLI)); 
(7 ,Q’)\(TLI) =0.3 €(0.7,0.9) =((C’ UD") (TLI),(C’ UD" )* (TLI)); 

(7 AQ’ )\VLI) =0.2 ¢(0.5,0.7)=((C’ UD") (VLI),(C’ UD" )* (VL). 

And 

(®* AQ* (ULI) =0.1¢(0.2,0.9)=((C* UD*)- (ULI),(C* UD* )* (ULD)). 
Also Cp D=(K \M,®v Q) is neither an LIPNCS nor T-IPNCS in H since 


(7 VQ" )\WLI)=0.8 ¢(0.4,0.7)=((C7 D") (WLI),(C* 1D" )* (WLI); 
(07 vQ"\(TL) =0.8 ¢ (0.1,0.5) =((C’ 1D") (TLI),(C’ DD" )* (ILI)); 


(©? VQ" )\VLI) = 0.65 ¢(0.1,0.2) =((C’ 1D") (VLI),(C’ ).D")* (VLD). 
And 
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(0* v Q* (WLI) = 0.6 ¢(0.3,0.5) =((C* 1D") (WLI),(C* ).D" )* (WLI); 

(0* vQ* \ULT) =0.9 ¢ (0.1,0.6)=((C* (| D* ) (ULI), (C*  D* )* (ULD)); 

(0* vQ* \VLI) =0.6 ¢ (0.2,0.5)=((C* 1D") (VLI),(C* DD" )* (VLD)). 


4. Conclusion and Future Work 


In this paper we studied the P-Order and R- Order (Union and Intersection) of the PNCS. The 
theorems and results we derived will be useful in the multi criteria decision making problems. 
Applications in various engineering, technical, medical, and so on areas of learning P and R-Order 
should be assessed. In future we can extend the concept to plithogenic neutrosophic soft sets which 
may help abundantly in the areas related with decision making. 
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Abstract. In this paper, new general definitions of neutrosophic random variables are introduced and their 
properties are studied. Notions of neutrosophic random vector, joint probability function, joint distribution 
function, neutrosophic random vector expected value, neutrosophic random vector variance, neutrosophic ran- 
dom vector covariance and some examples supported our results are presented which show the power of the 


study. 
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1. Introduction and Preliminaries 


Neutrosophic logic is an extension of intuitionistic fuzzy logic by adding indeterminacy com- 
ponent (I) where I? = J,..., J” =I,0.I = 0;n € Nand I~! is undefined (20), [32]. Neutrosophic 
logic has a huge brand of applications in many fields including decision making [27], [19], [25], 
machine learning [7], [28], intelligent disease diagnosis [30], (12, communication services (|, 
pattern recognition [29], social network analysis and e-learning systems 21], physics [34], se- 
quences spaces and so on. 

In probability theory, F. Smarandache defined the neutrosophic probability measure as a 
mapping NP : X - (0, 1]° where X is a neutrosophic sample space, and defined the probability 
function to take the form NP(A) = (ch(A),ch(neutA), ch(antiA)) = (a,8,7) where 0 < 
a,e,y<land0O<a+84+7<3 [33]. Besides, many researchers have introduced many 
neutrosophic probability distributions like Poisson, exponential, binomial, normal, uniform, 
Weibull and so on. (32, (4, [18], [26]. Additionally, researchers have presented the concept 
of neutrosophic queueing theory in (35, that is one branch of neutrosophic stochastic 


modelling. Furthermore, researchers have studied neutrosophic time series prediction and 


Carlos Granados, New Notions On Neutrosophic Random Variables 


Neutrosophic Sets and Systems, Vol. 47, 2021 287 of [297 


modelling in many cases like neutrosophic moving averages, neutrosophic logarithmic models, 
neutrosophic linear models and so on. 2], [3], [13]. 

On the other hand, neutrosophic logic has solved many decision-making problems efficiently 
like evaluating green credit rating, personnel selection, etc. (22, [23], [24], (1). 

In this paper we will introduce a generalization to classical random vector to deal with 
imprecise, uncertainty, ambiguity, vagueness, enigmatic adding the indeterminacy part to its 
form, then we will show and prove several characteristics of this neutrosophic random vector 
including expected value, variance, covariance, joint function probability, joint distribution 
function and study its properties. This extension lets us build and study many stochastic 
models in the future that help us in modelling, simulation, decision making, prediction and 
classification specially in the cases of incomplete data and indeterminacy. For more notions 
associated to neutrosophic theory, we refer the reader to (1o|[17}/i4}17]. 

Now, we show some well-known definitions and properties of neutrosophic logic and neutro- 


sophic probability which are useful for the developing of this paper. 


Definition 1.1. (see (31}) Let X be a non-empty fixed set. A neutrosophic set A is an object 
having the form {z, (uA(z),dA(x), yA(z)) : 2 © X}, where wA(zx),dA(x) and yA(x) represent 
the degree of membership, the degree of indeterminacy , and the degree of non-membership 


respectively of each element x € Xto the set A. 


Definition 1.2. (see (6}) Let K be a field, the neutrosophic filed generated by K and J is 
denoted by (K UJ) under the operations of A’, where I is the neutrosophic element with the 
property I? = I. 


Definition 1.3. (see (32}) Classical neutrosophic number has the form a+ bl where a,b are 
real or complex numbers and J is the indeterminacy such that 0.J = 0 and I? = I which 


results that I” = I for all positive integers n. 


Definition 1.4. (see [33] The neutrosophic probability of event A occurrence is NP(A) = 
(ch(A), ch(neutA), ch(antiA)) = (T,I, F) where T,/, F are standard or non-standard subsets 


of the non-standard unitary interval |~0,1*[. 


Recently, Bisher and Hatip |8} introduced and studied the notions of neutrosophic random 
variables by using the concepts presented by [33], these notions were defined as follows: 


Definition 1.5. Consider the real valued crisp random variable X which is defined as follows: 
X:Q25R 
where 2) is the events space. Now, they defined a neutrosophic random variable Xj as follows: 
Xv :Q->R(L) 
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and 
Xyn=X4+I 


where J is indeterminacy. 


Theorem 1.6. Consider the neutrosophic random variable Xn = X +I where cumulative 


distribution function of X is Fx(x) = P(X <x). Then, the following statements hold: 
(1) Ey \2) — Fx (a _ I), 
(2) fxy (2) = fx(%—-I). 
Where Fx, and fx, are cumulative distribution function and probability density function of 


Xy, respectively. 


Theorem 1.7. Consider the neutrosophic random variable Xv = X +1, expected value can 


be found as follows: 


BX) SBOE. 


Proposition 1.8 (Properties of expected value of a neutrosophic random variable). Let Xv 
and Yy be neutrosophic random variables, then the following properties holds: 
(1) B(aXy +64 cl) =ak(Xy) +64 cl;a,b,cER, 
(2) If Xw and Yw are neutrosophic random variables, then E(Xy + E(Yn) = E(Xn) + 
E(Yn), 
[((a + DI) Xn] = aE (Xn) + DIE(Xyn); a,b ER, 
(Xn)| < El Xn]. 


(4) |E 


Theorem 1.9. Consider the neutrosophic random variable Xy = X +I, variance of Xn is 
equal to variance of X, i.e. V(Xn) =V(X). 


For supporting above definitions and their implications, we present some examples by us- 
ing exponential distribution on a neuttrosophic random variable which show how importance 
neutrosophic random variable is in neutrosophic probability theory. For more examples on 


neutrosophic random variable and its difference between classical random variable see [5]. 


Example 1.10. Let Xy be a neutrosophic continuous random variable which has an expo- 
nential distribution with parameter A > 0, and we will denote this as Xy ~ exp(A), its density 
function is defined as follows: 
AeP@-D if er TI, 
fxy (2) = fx(e@-I) = 
0 ifa<T. 
Applying Theorems |1.7| and [1.9} we can check that E(Xy) =1/A+J and V(Xy) =1/)?. 
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Example 1.11. Suppose that the time in minutes that a user spends checking his email 
follows an exponential parameter distribution A = 2. Calculate the probability that the user 
stay connected to the mail server for less than a minute with an indeterminacy I. 


Solution: Let Xj the connection time to the mail server, by example we have 


1-I 
P(Xy <1)=P(X47T <1) =P(X <1-D= | Qe~2®@—D de = @7! — @~ 20-21), 
0 
0.5 
if we take J = 0.5, we have | Qe 2-05) dp =e — 14 0.368 
0 
Example 1.12. Let Xj, be a neutrosophic random variable with exponential distribution 


exp(A). We will show that the function generating moments of Xj is the function Mx,, that 


appears below. 


\ 


Besides, we will find its expected. 


ce for all t < X. 


Solution: 
[oe 
Mxy _— E(e'Xv) = E(et(X+)) = E(e'+t!) = e!! E(e'X) _ af e® \e-" dr = ce 
_ 
td: 
Now, we will find its expected, Bisher and Hatip |8| proved 


we have 


if 
t 


dMxy (0) 


es E(Xwn). Therefore 


dmxy(t) 4p A ae: Tet! 
dé (=? asi 
if we take t = 0, we obtain 
dMxy, (0) r r 
= + —[ = Il=E(X 
di Ca aan alm Ge 


as was shown in example 
2. Main Results 


In Smarandache presented the neutrosophic random variable that it is a variable that 
may have and indeterminate outcome, and later {8} Bisher and Hatip represented that inde- 
terminacy by mathematical formula on neutrosophic random variables. Now, we are going to 
find the properties of joint neutrosophic random variable by using notions mentioned above, 
with this we proved that covariance of neutrosophic random variables Xj, and Yj is equal to 
covariance of X and Y as can be seen in Theorem But first, we have to introduce and 


study the following definitions: 


Definition 2.1. A neutrosophic random vector of two dimension is a vector (Xj, Yy) in which 


each coordinate is a neutrosophic random variable. Analogously, we can define a neutrosophic 
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random vector multidimensional as follows (Xy,,Xw5,.--,Xn,,) in which Xy,, Xo, ..., Xn, 


n 


are neutrosophic random variables for each n = 1, 2,.... 


Definition 2.2. Let (Xj, Yx) be a neutrosophic random vector in which Xy takes the value 
%1,02,... and Yy takes the value yj, yo,.... Then, joint probability function of a neutrosophic 
discrete random vector (Xv, Yn) fw(2,y) : R? — [0,1] and any (x,y) € R?, it is defined as 


follows 


fix, ¥n) (9) = ftxyy(e-Ly-D= 
P(X=2-1,Y=y—-I)= > S> F(xy,¥n) (Us v) 
u<a—Iv<y-I 
if (c-—I,y—I) € {a1 —I,22—-T,...} x fy. —I, yo —I,...} 


0 otherwise. 


Definition 2.3. Let (Xy, Yy) be a neutrosophic random vector, we define probability function 
of a neutrosophic continuous random vector (Xj, Yn). Then, joint probability neutrosophic 
function of a discrete random vector (Xv, Yn) fn(x,y) : R? > [0,00) in which is non-negative 


and integrable, and for any (x,y) € R? , it is defined as follows 


y-lL pal 
P(Xw <2,¥w Sy) =P(X Se-LY <y-D= f / f(xy.¥y)(u, v)dvdu 


Example 2.4. We will show that g : R? — [0,1] is a joint probability neutrosophic function 
where. 
Axy if 0<2<10<y<l1 
g(x,y) = 
0 otherwise. 
Taking into account that gv(z,y) = g(a —I,y—T), 


9(Xy Yn) (2y) = gle -—I,y—I)= 
A(x — I)(y — I) if I<a<1l+ii<y<1+I 


0 otherwise. 


141 pl+i 
We can see that g(x,y) > 0 for any (x,y) € R?. Now, | | A(x — I)(y — I)dady = 
141 141 14t . . 
| ay — Dif 2x — 1dz|dy = | 2(y — I)dy = 1. 
I I 4 


Definition 2.5. Let (Xj, Yn) be a neutrosophic random vetor, we define neutrosophic joint 
distribution function which will be denoted by Fix, yy)(t,y) = P(Xn <2,Yn Sy) = P(X < 
a—-I,Y <y-TI). 
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Remark 2.6. The little comma which appears in the right means intersection of (Xj < a) and 
(Yn <y), Le. Foxy,yy)(2,y) is the probability of (Xv <2) (Yn <y)=(X <a@-DN(Y < 


y—I). 


Remark 2.7. If we know joint probability neutrosophic function of a random vector, we can 


find neutroosphic joint distribution function as 


y-T 
(1) Fixyyy) (2) =f iz f(xy,Yy)(u, v)dvdu (Continuous case). 


(2) Fee vai x,Y) = > Ss" F(xn,Yn) (u,v) (Discrete case). 


u<a—Iv<y-—I 
Besides, if we know neutrosophic joint distribution function, we can find joint prob- 


ability neutrosophic function as 
2 


0 
(3) foxy.¥n)(@y) = Dndy aa xn. Yn) (@, y) (continuous case). 
(4) foxy yy) (@y) = Fw(e, y) — Fn(a-,y) — Fn(z,y~) + Fn(x~-,y ) (Discrete case), 
where Fy(x~,y) means the limit of Fix, y,)(x,y) in the point (x,y) taking into ac- 


count that y is a constant and we approximate « by left. 


Here, we will show a little proof of part four: (Xy < x2) = (X < «—TI) can be written as 
(X < a—I)U(X = «—I) where (X < x—-I)N(X = a2—-I) =9. Analogously, (Yn < y) = (Y < 
y-D=(Y¥ <y-DNuU(Y =y-D. if we write (Xn <2,Yy <y) =(X <a-LY <y-TD) 


takes into account mentioned above, the proof follows. 


Proposition 2.8. Let F(x, vy)(v,y) and Gx, vy)(%,y) be two neutrosophic joint distribution 
functions . Then, for any X € [0,1], (a, y) > AF (xy yy) (@y) + 1 - AG Exn yu) (ay) ts @ 


neutrosophic joint distribution function. 


Example 2.9. Let (Xy,Yqw) be a continuous neutrosophic random vector with joint proba- 
bility neutrosophic function 
1 if 0<a,y<1 
h(xn,Yn)(@Y) = 


0 otherwise. 
Taking into account that hx, yy)(@,y) = h(x —I,y — 1), we have 
1 if I<au,y<14+I 


hexy,¥y)(2,Y) = h(x = I,y = I) = 
0 otherwise. 


we can see that neutrosophic joint distribution function is determined by 
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0 if x<lIory<TI 
(c-—I)(y—I) if Ie yp ed 

Fixy Yn) (GY) = Fixyyle-Ly-D=4 («-D if Fee<14+lgSi1+i 
(y—TI) if I<y<l4+I,a¢>14I1 
1 if zy>itl. 


Definition 2.10. Let f(x, ¥,)(@,y) be a joint probability neutrosophic function of a contin- 


uous random variable (Xj, Yn). We define neutrosophic marginal function of Xy as follows: 


+00 
fxy(r) = / fixy.Yv)(@ y)dy 


—oo 
and we define neutrosophic marginal function of Yyx as follows: 


+00 
feGi= / fo<w.Yw) (to yee 


—CoO 
Example 2.11. Let (Xj, Yyx) be a continuous neutrosophic random vector with joint proba- 
bility neutrosophic function 
Ary if 0<a<10<y<l 


I(XwN,Yn) (x,y) = 
0 otherwise. 


141 
Then, neutrosophic marginal function of Xy is fx,(x) = | A(x — I)(y — I)dy = 4(a — 
141 : 
I) | (y — I)dy = 2(2 — 1). Therefore, 
I 


2a—-Nif I[<a<14+]I 
fxy(@,y) = 
0 otherwise. 
Analogously, we can show that 
2y-Nif I<y<14+I 
fry (zy) = 
0 otherwise. 


Definition 2.12. Let f(x, y,)(x,y) be a joint probability neutrosophic function of a discrete 


random variable (Xv, Yn). We define neutrosophic marginal function of Xj as follows: 
Ge (x) _ > fxn Yu) (2, y) 
y 


and we define neutrosophic marginal function of Yx as follows: 


fyy(y) = S- S(xn,¥n) (29) 
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Example 2.13. Let (Xy,Yw) be a discrete random variable with joint probability neutro- 


sophic function 
z+ 2y 


35 rf (ey) 6 {1, 2,3} * {1,2} 


S(xn,¥n) (2) = 
0 otherwise. 
We can see that f(x,,vy)(2, y) is a joint probability neutrosophic function, we show a little 


proof, 


Since f(xy ,Yy)(@,y) = f(x,y) (@ — I,y — I), we have 


241 241 
e+2y-3F 2£4+3-T1 
Deo = >, feaseue >. 30 = —T5 
y=14l y=14I 
for € {1+/,2+1,3+ J} and 0 otherwise. In the same way 
3+1 34+ 
at+2y—-3I 1l+y—I 
in@n= 0 fexysay= > 30 = —- 
a=14+I a=14I 


for y € {1+ /,2+ J} and 0 otherwise. 
Now, the neutrosophic marginal functions fx, (x) and fy, (y) are 


8/30if «v=1+I 


241 10/30 ifa=24+1 

fey = > — 
ae 12/30 ifx=34+I 
0 otherwise. 


and 


12/30if y=14+I 


Fx (@y) = » ~ ) 18/30 if y=247 


0 otherwise. 
Definition 2.14. Expected of a neutrosophic random vector (Xj, Yn) in which expected of 
Xwy and Yy exist, we define E(Xy, Yn) = (E(Xw), E(Yw)). 


Theorem 2.15. Consider the neutrosophic random variables Xy = X +I andYyn = Y +17, 
covariance of (Xn,Yn) is equal to covariance of (X,Y), i.e. Cov(Xn, Yn) = Cov(X,Y). 


Proof: Let Covu(Xyn, Yn) = E|(Xy — E(Xn)(Yn — E(Yn)I, 
Cov(Xn, Yn) = E|(Xn — E(Xn)(Yn — E(Yn)] 
= F(X +I-F(Xx)-I)(Y+I-E(Y)-JD) 
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E[(X — E(X))(¥ — E(Y))] 
= Cov(X,Y). 


Example 2.16. Let (Xj, Yyx) be a continuous neutrosophic random vector with joint proba- 
bility neutrosophic function 
Ary if 0<a<10<y<l 
Xxx) (2 Y) = 
0 otherwise. 


Then, covariance of (Xy, Yq) is calculated as 
1 pl 2 9 
Cov(Xn, Yn) = Cov(X,Y) = [ | (Ce 3)y — 3) teydady = 
1 9 fl : “a 
J eu pu @ — Za)aclay =o. 
0 0 
Remark 2.17. It is clear that Cov(Xy, Yn) = Cov(Yn, Xn). 


Theorem 2.18. Variance of a neutrosophic random vector (Xn,Yn) is equal to variance of 
a random vector (X,Y), i.e. Var(Xn, Yn) = Var(X,Y). In others words, 


Var(Xy, Yn) = ( Var(Xn) — _ ( Var(X) Cov(x,Y) 


= Var(x,Y). 
Cov(Yn, Xn) Var(Ywn) Cov(Y,X) Var(Y) 


Proof: The proof is followed by Theorems [1.9] and 


Example 2.19. Let (Xj, Yn) be a continuous neutrosophic random vector with normal dis- 


tribution and parameters (11,07, “2,03, p). This distribution is defined as follows: 


1 1 (2 — I-44)? 
x,y) =f zx-TI,y-I)= exp 
foxn.Yn) 6 y) (x,Y) ( ) Qnoza2,/1 — pe ( xi — | o? 
2 —I- pp) 
eo (a I—p1)(y—I-— pe) (y 5 p2) ]) where p11, Wa € R; 0?,02 >Oand-1l<p<l1. 
O19 OD 


When, 41 = 2 = 0 and of = 3, we have neutrosophic random vector with standard 


normal distribution, and fix, vy)(x,y) is reduced as: 
1 1 
x,y) = x—T, I)j= ex g — I)? — 2p(a—I 
fix yw) (29) = foxy) y—T) om Jloe p( a1 — py ) p( \y 
(yd). 
Then, we will show that: 
(1) E(Xn,¥n) = (ui + J, v2 + I). 
(2) Cou(Xin,. Yn) = peje: 
2 29 
(3) Var(Xw,Yw) = ( a _ 


D2 2 
P0702” G9 


Solution: 
(1) Since B(Xw, Yn) = (E(Xw), B(Yw)) = (B(X) +1, BY) + D) = (a + ye + D. 
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(2) Covl(Xn,Yv) = Cov(X,Y) = i / ee ae. = 


[oe] [oe) 
i / ty fixy)(a, y)dady — pipe = pe + pis — Maple = poyo3. 
—oCo —cCo 
(3) By part (2) of this example and takes into account that Var(Xy) = Var(X). We 


2 


2 2 2 
have, Var(Xw,¥w) =Var(X,Y)=( 22, P71), 
P0192, 9 


3. Conclusion 


The results that are presented in this paper can be applied to define several notions in neu- 
trosophic probability theory that are not defined and not studied yet including independence 
random variables, convergence in random variables, stochastic processes, reliability theory 
models, quality control techniques. where all depend on the concept of neutrosophic random 
variables and its properties. Besides, these results can be applied in stochastic modelling and 
random numbers generating which is very important in simulation of probabilistic models. 

We are looking forward to studying the properties of joint neutrosophic probability distribu- 
tions when the distribution of random vector changes (Xy, Yn) = (X +1, Y +J) i-e., when the 
random vector contains an indeterminant part so we can model and simulate many stochastic 
problems. 

In this research, we firstly obtained a new general definitions of neutrosophic random vector, 
concepts of joint probability distribution function and joint distribution function. We focused 
on the neutrosophic representation and proved some properties. Additionally, we showed 


various examples in which can help to applied them in several applications problems. 
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Abstract: In 2019, Jansi et al. present the notion of the Pythagorean neutrosophic set (PNS) as an extension of 


a neutrosophic set with dependent neutrosophic components 
2 2 y; Ries . 
whenever O< wu, (x) re (x) a a (x) <2. But due to the more complexity involved in a 


decision-making problem, there is a serious need to generalize the PNS for dealing with indeterminate, 


incomplete, and inconsistent data present in the belief system. The main objective of this paper is to elicit the 
notion of (@, f,6) -Pythagorean neutrosophic set as a generalization of PNS. The (@, 3,0) -PNS provides 
a more powerful tool to model the various types of uncertainty with high precision and accuracy. Concerning to 
the idea of (@, 8,0) -PNS, we propose a new (@, 7,0) -Pythagorean neutrosophic subgroup (PNSG) and 
thus investigate some properties based on the proposed subgroup. Moreover, we discuss the impact of 
(a, 8,6) -Pythagorean neutrosophic subgroups in solving real-world problems with an aid of a suitable 
example. 


Keywords: Pythagorean neutrosophic set; (@,/,0) -Pythagorean neutrosophic set; Pythagorean 


neutrosophic subgroup, (@,/,0) -Pythagorean neutrosophic subgroup, (@,{,0) -Pythagorean 


neutrosophic normal subgroup. 


1. Introduction 


Before the invention of the fuzzy set (FS), suggested by Zadeh[1], we deal with uncertainty in an unorganized 
manner. The FS provides a general framework to handle uncertainty systematically. It makes a huge impact on 
real decision-making problems. Later, Zimmermann [2] elaborately studied the FS theory and discussed its 
practical applications. Every FS isa set of couples in which for every member of the set of discourse there exists 
a membership value, belongs to [0, 1]. So, we need to assign a membership function to design the uncertainty. 
Thus, the FS is useful in modeling vagueness with a proper methodology. It grows rapidly over the decades and 
it has huge applications in different disciplines such as medicine, economics, social science, computer science, 
engineering, etc. Relying onthe need and the importance of FS theory in the advancement of modern 


technologies and researches, by embedding this idea, many new theories such as fuzzy logic [3], fuzzy graph 
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[4], fuzzy topology [5], fuzzy optimization [6], fuzzy image processing [7], fuzzy neural network [8], fuzzy sets 
in artificial intelligence [9], fuzzy Boolean algebra [10], linguistic fuzzy logic game theory [11], etc. have been 
developed and they have huge applications in decision-making. The fuzzy set theory has been extended to the 
intuitionistic fuzzy set(IFS) proposed by Atanassov [12], which incorporates the concept of non-membership as 
well as membership. Some other extensions of fuzzy sets are given in [13-16]. 

Nowadays the concept of two-valued logic does not justify the concept of imprecision in various situations. 
Smarandache[17] established the neutrosophic set(NS) as a result of this. There are three independent 
components in the neutrosophic set. It is a recent topic to handle uncertainty, incompleteness, and 
indeterminacy. Wang et al. [18] defined the single-valued neutrosophic set for research purposes. Also, [19-24] 
discusses some more aspects of the neutrosophic set. 

Group theory is the study of groups where several sets are equipped with an operation. It is the building block of 
abstract algebra and it has been used in nearly all branches of mathematics such as cryptography, number 
theory, harmonic analysis, algebraic geometry, crystallography, etc. In the study of combinatory, we use 
a symmetric group. We also use the concept of group theory in physics, Chemistry, Molecular biology, Material 
science, etc. Rosenfeld proposed fuzzy groups [25] in 1971, introducing the notion of degree in the fuzzy set. 
Anthony et al. [26] redefined fuzzy groups. Das [27], in 1981, gave the idea of fuzzy level subgroup, Ajmal et 
al. [28] introduced fuzzy coset and fuzzy normal subgroup, Zhan and Tan [29] studied intuitionistic fuzzy 
subgroup, complex intuitionistic fuzzy groups were proposed by Husban et al. [30]. Ina different way, Agboola 
et al. [31] defined neutrosophic groups and subgroups. 


As an extension of fuzzy set, Atanassov developed the notion of intuitionistic fuzzy set in [12], where 
M(x) +7(x) <land (x), v(x) €[0, 1]. But, there are some situations under which L(x) + 7(x)>1. To 


put it another way, neither the fuzzy set nor the intuitionistic fuzzy set can resolve such uncertainty. Yager[32] 
proposed the Pythagorean fuzzy set(PFS) as a result of this. It is the latest tool developed to deal with 
imprecision with a wider scope of applications. It is a generalization of the fuzzy set and intuitionistic fuzzy set. 
The Pythagorean fuzzy set has a close connection with the intuitionistic fuzzy set. Ejegwa [33] gave an 
application of PFS in career placement, Liang et al. [34] investigated the use of PFS to extend TOPSIS to 
multi-criteria decision making. Lin et al.[35] studied the Pythagorean TOPSIS method and its application, 
which is based on unique correlation measurements. Garg[36] presented the generalized Pythagorean fuzzy 
geometric aggregation operator using Einstein t-norm and t-co-norm for multi-criteria decision-making. In 
2018, Garg [37] defined the linguistic Pythagorean fuzzy sets and their applications, Naz et al.[38] used a novel 
approach to decision-making with Pythagorean fuzzy information. The complex Pythagorean fuzzy 
environment for decision-making was proposed by Akram and Naz[39]. The generalized interval-valued 
Pythagorean fuzzy aggregation operators were discovered by Rahman et al. [40]. The Pythagorean neutrosophic 
fuzzy graph was proposed by Ayay et al.[41]. To deal with indeterminacy along with incompleteness, in 2019, 
Jansi et al.[42] introduced the PNS withT and F as dependent components where the truth-membership, falsity 


-membership, and indeterminate-membership satisfy the criteria 0 < (u (x)) + (r(x)) + (¢ (x)) a2", 


with (x),y(x) and ¢(x) €[0, 11. 
The primary objective for writing this study is to present a novel strategy for generalizing the PNS concept 


described in [42]. When the PNS condition fails, i.e., (u(x)) f+ (v(x)) + (¢(x)) >2, we have to figure 
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out what to do. For example, information about an object in a neutrosophic environment is delivered to the 


decision-maker in the form (0.9, 0.8, 0.8) : which PNS cannot address 
because 0.9° + 0.8" +0.8° > 2. This led to the foundation of introducing (@, 8,0) — PNSs and formation 
of their associated groups and subgroups. Then, we study some properties of (@, 3,0) — Pythagorean 
neutrosophic groups and justify them with examples. We also discuss the concept of (a, 8,6)— 


Pythagorean neutrosophic coset, (@, 2,0) — Pythagorean neutrosophic normal subgroup. Finally, we give a 
real-world example that justifies the newly proposed theory and its contribution to the field of group theory 
appropriately. 

The remainder of the paper is organized as follows: The proposed study requires certain basic definitions, which 
are included in Section 2. Section 3 examines some of the features and assertions of different sorts of 


(a, 8,6) -Pythagorean neutrosophic subgroups. A real-life implementation of the suggested study has been 


carried out in section 4. Section 5 presents the proposed study’s conclusion and future scope. 

2. Preliminaries 

In this section, we provide the foundation of knowledge that helps us to unveil the newly proposed theory. 

2.1 Definition [1, 2] 

Let X beacrisp set and A bea subset of X . Then the fuzzy set defined on X is defined as a set of ordered 
pairs of the form {( x, Ly (x)) 1xE x} , where 4, : X — [0,1]. 


2.2 Definition [12] 
Let X beacrisp setand A beasubset of X . Then the intuitionistic fuzzy set defined on X is defined asa set 


of ordered triples of the type {(x, A, (x).%4 (x)):x€ X} , where u,: X [0,1], 7, :X [0,1] and 


satisfies the condition0 < 4, (x) ey, (x) =I. 


2.3 Definition [17] 


Let x be a generic element in X , a universe of discourse. A neutrosophic set Ain X is characterized by a 


truth-membership function 7, , an indeterminacy-membership function /,, and a falsity-membership 


function F’,. Here,T,,/, and F',are real standard and non-standard subsets of [0,1] and its set-theoretic 


representation is given by 


A ={(x(Z, (x),Z, (x) Fy (x))):xeX,T, (x) (x), Fy (x)€[0,1} 
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As there are no restrictions on the sum of 7, (3) (x) and F’, (x) , as a result, we 


take 0 < Ty (x)+1,(x)+F, (x) <3. 


2.4 Definition [42] 
Let X be a_ universal set.A —_ neutrosophic __ set A on X is of _ the 


type A={(x,(Z, (x),L, (a, (x))):xeX,7, (ah (xR; (x) [0,1]. 
If fy (x) and F’, (x) are both dependent components, and J , (x) is an independent component, then 
O<Ty(x)+1,(x)+F, (x) <2, vr eX. 


2.5 Definition [32] 


Let X be a crisp set. A PFS yon X is an object of the type yv = {(x, 4(x),7(x)):xeX} , 


where L(x) ,¥(x) [0,1] which satisfies the condition 0 < yu? (x) + (x) =a 
2.6 Definition [42] 


Let X bea universal set. A PNS A, with 4, (x) and 7, (x ) are dependent neutrosophic components and 


C4 (x ) is an independent component, is an object on x is of 
the form A = {(x,(e4 Ce (ry (x))):x = x} , where {,(x),¢,(x) and y,(x) €[0,1] and 


0<(u,(x)) +(o4(*)) +(r4()) <2 

2.7 Definition [25] 

Let (G, 0) bea group and yu bea fuzzy subset of G . Then £/ is regarded as a fuzzy subgroup of (G, o)if 
qo 

U(xoy)> u(x)Au(y) and u(x!) > u(x) .Vx,yeG. 

2.8 Definition [29] 


a a a 
Let (G,o)be a group and A= {x.0(x).7(2) xe G}te an intuitionistic fuzzy set ofG . Then A is 


described as an intuitionistic fuzzy subgroup of (G, o)if 
u(xey)2u(x)Au(y) andy(xey)< u(x)v u(y) 


a 
u(x')> L(x) and y (x) <y(x) ,Vx,yeG. 
2.9 Definition [32] 
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o o 
Let A= {x.0(x)-r() ixE Gre a PFS of a group(G,°), then A is said to be a Pythagorean fuzzy 


subgroup (PFSG) of G if it fulfills the conditions 
We (xoy) 2M (x)aue (y)andy"(xey) <7" (x)v 7" (y) 


2 -1 2 2 -1 2 y 
we (x eu (x) andy (x )<y (x), Vx,y EG 
2.10 Definition 


Let (G,0) be any group and A= |(sm(a)oe(a)er()) ia € Gre a NS of G Then A is called a 


neutrosophic subgroup of G, o)if 

u(xey)Su(x)v u(y). 6(xev)So(x)ve(y)and (xoy)27(x)Ar(y) 
u(x") < p(x) ear) c (x)and y(x')> y(x), Vx,ye G 

2.11 Definition 


Let iG abensuus A=|(x (u(x), (x).%4 (*))):¢ G}seaPNs oFG Then Aiscalleda 


Pythagorean neutrosophic subgroup (PNSG) of G ifit satisfies the following 

pF (xoy)2 uP (x) Aue (9). 6° (wey) 2° (x) AG (y)and 7 (wey) $77 ()V 7 (3) 
(x)= 2 (x). (x )>e2(x)and A(x!) <P (x), VureG, 

3. Different Types of (@, 6,0) -Pythagorean neutrosophic Subgroups (PNSGs) and their properties 


This section contains the (@, B, 0) -PNSs, (@, B, 0) -PNSGs and investigate some of their properties. 
3.1 Definition 
Let X be acrisp set and a, and 5 €[0,1] such that0< a? + f° +5° <2.A (@,8,6)-PNS y in 


X is an item of the form 


t-{(% 2 (x).6? (x).7? (x)) eX} ,where L(x) = u(x)va, ¢o?(x)=¢(x)vB and 


7° (x)=7(x)Ad , where 0<(u"(x)) +(o°(x)) 
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We are now going to describe some operations on (@, ,0) -PNSs. 

Let y,and y,betwo (a, 8,5)—PNSs such that y, ={(x, fy (Niel Bae (x)) ‘xe x} and 

2 {(x 46" (x),52" (x).72" (x): € X} then we have the following operations defined on two 
(a, 8,5) —PNSs 

@) 1 Y t-{(%(e4" (2)v an" (x),50" (2)v en" (2).77 (x) an? (x))) re xt 

0) 2.0 ta={(, (14 (x) A He" (x),67 (ace? (2).0 (2) v7" (2))) xe Xt 

© (MUM) =X OM‘ and (YOM) =X UA’ (Demorgan’s laws) 

) 4, S Xp ify" (x) < os,” (x), 6," (x) <6," (x) and 7? (x)= 7,” (x) 


(©) i= Lr ity (x) = 1" (x), 61" (x) = 00" (x) and 7? (x) = 72" (x) 
Proof: Proofs of (a), (b), (d), and (e) are obvious. We only show the proof of (c) given in the following: 


We define the complement of y, and y, as follows 


i= {(x v7 (sae (x), 4° (x)) xe x} and 7,“ ={(x, ¥ (x) G3? (x), 5" (x)) xe x} 


Then, (4,0 22) ={(2,(44" : (x),61" (x) vex? (x). (x) ars? (x))):xe x} 
={(x,(n2 (x)v 75 (xo? (x) Aca" (x) aah” (x) Atte” (x): x] 


m6 0 a8 {((n? (2) 72" (2). (2) A 60" (x), 24" (2) A 14" (x))) re xT 
Thus, (%U%) =H OM" 


We can also demonstrate that ( LOD, y =H Un’ 
3.1.1 Example 


Let X = {a,b,c} be a crisp set. The membership-function ( Ll) , indeterminacy-function (¢ ) and the 


non-membership function (y ) on X are all defined as follows: 
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L(a)=0.8, ¢(a)=0.5, y(a) =0 
u(b)=0.7,¢(a)=0.6, y(a)=0 

0.9, 7 


(ec) =0.8, ¢(c)=09, 7(c)=0 
) 


> 


Clearly, L(x)+ (x )+y(x >2,VxEX. 
By definition 2.4, N={(x,(u(x M(x y(x))) xe X } is not a NS with the dependent neutrosophic 
component. 


Again, £0 (c)+¢°(c)+7° (c) =2.09 > 2. So, by definition 2.6, N is not a PNS. 

Taking, @ =0.7, B=0.6 and 5 =0.7 such thata* + 8° +0° =1.34<2. 

Now, fu“ (a) = u(a)va=0.8, 6’ (a)=¢(a)v B=0.6 and y°(a)=7(a)Ad=0.7 
We can easily verify that < yu (x)+¢"(x)+y° (x) <2, VxeX. 


Thus, the set N={(x,(u(x),.¢(2).7(x))):2 <x} is (a, 8,0) —PNS. 


3.2 Definition 


Let (Comes and N" ={(x,(u'.0%,7")):x€G! bea (a, B,6)—PNS. 
Then, N” is said to be the (a, 8,5 ) — PNSG of G if it satisfies the following conditions: 
LH’ (xoy)Su"(x)v ue" (y)s5? (wey) <5? (x)ve"(y) and 7° (xoy)2 7° (x)av’(y) 


a 
ue (x')< Lt (x)36? (x) <¢? (x) andy? (x*) >y° (x), Vx,yeG. 

3.2.1 Example 

Let (G,*) be a group where G ={1, Q, «| and "denotes the usual multiplication. In this group 1 is the 


identity element and @ represents the cube root of unity such that @ =1. Let us define the membership 
functions as follows 


u(1)=0.8, ¢(1) =0.7, (1) =0.6 

L(@) =0.7,¢(@) =0.6, y(@) =0.5 
(a )=0.6,¢(@) =0.8, 7(@”) =0.7 
We take, @ = 0.65, 8 =0.55 and 5 =0.67 


Now, 


LU" (1*@) =u" (@) = u(@)v a =0.7 
c’ (I*a) =¢" (@) =s(a)v B=0.6;7° (l*¥a) =7’ (@) =7(@) Ad =0.5 
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Again, (1) v u*(@)=0.8; ¢” (1) v 5? (@)=0.7 and y° (1) A 7? (@)=0.5 

u'(@"') =n" (@")=0.65 < w*(@)=0.7 ; ¢?(@")=6"(@)=0.8<¢"(@)=0.55 and 
y’(@')=7 (@)=0.67> 7’ (@) =0.5 

So, for all x,y € Cees easily verify that the set N° = alate" 7?) E G\ is a (a, 8,0) 


o 
—PNSG of G. 


It can easily verify that every PNSG is a(@, 8,6 ) -PNSG, but the converse is not true. 


3.2.2 Example 


qo 
Consider the Klein’s four-group G = {e, a,b, c} with four elements, in which each element is self-inverse and 


the composition '*' on any two elements results in the third element. Let us check whether it satisfies the 


criteria of being (a, B, 6) —PNSG or not. 


Let us consider the membership values of each element of G as follows: 

L(e) = 0.6, ¢(e) =0.7, y(e) =0.5 

(a) = 0.65, ¢(a) = 0.55, (a) = 0.45 

(b) = 0.35, ¢(b) =0.4, y(b) = 0.75 

L(c)=0.6, ¢(c) =0.7, y(c) = 0.55 

We consider @ = 0.5, B =0.6 and 6 =0.65 

LU (a*b)= ww" (c)=p(c)va=0.6; cP (a*b) = oF (c)=¢(c)v B=0.7 
y’ (a*b)=7? (c)=7(c) Ad =0.55 

u* (a) v u*(b)=0.65; 5’ (a) vo? (b)=0.6 and y° (a) A 7? (b)=0.45 


Since, the condition oF (a*b) < cP (a) Vv cP (b) does not hold, therefore the group G = {e,a,b,c} is 


nota(a@, 8,0 )-PNSG. 
3.2.3Example 


Let us consider the group = U, {[a] EZ, :0<a<l0& ged (a,10) = ih. Then, 


Uo ={L1]-[3}-[7].-[9}. 


We can easily show that it is (@, 8,6 ) -PNSG. 
The calculation part is left as an exercise for the readers. 
3.3 Theorem 
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If 4={(xu(x).6()-7(x)):¥€6} is a neutrosophic subgroup of the group (G,0) then 
; u 
Ne ={(x,(u'.s".7")):x€G} isa (a, 8,5) -PNSG of (G,°). 


Proof” Since I(x (x) SG (x) : y(x)) :xE Gfis a neutrosophic subgroup of the group G, °), 


Then, 


MW (xey) Sur (x)v u(y). 0° (xey) So" (x)ve" (and 7° (xoy)2 7° (x)Ar’(y) 


uw (x") <u (x),¢° (x") <o¢?(x)and y* (x") >y' (x), Vaye G 


we (xoy) =pu(xey)va < Le(x)valylu(y)ve] Sl” (x)v ue" (y) 
Similarly, 
o"(xoy)<o"(x)vc?(y)and 7° (xoy)2 7° (x)av? (y) 
Again, 
wa (x") =u(x")vas L(x)va =u" (x) 
O 
Similarly, ¢? (x") <o¢?(x) andy? (x") >y° (x), Vx,yeG. 
This proves the theorem. 


3.4 Proposition A (a, 8,6) -PNS N= {x(a ers y’)) xe ac} of 
(G,0) isa (a@,P,0) —PNSG of (G,o) iff 

ue (xoy") <p" (x)v uw (se )i6? (xoy') Soh (x)ver (v") and y° (xoy")> y° (x)ay? (v') 
Proof. It is obvious. 


o Q 
3.5 Theorem The intersection of two (@, 8,0 )—PNSGs of (G,°) isa(a@, B,0 )-PNSG of (G,°). 


Proof. 


u 
LetN; Since al and N5 = {105.6875 \ be two (@, 8,5 ) -PNSGs of (G,°). 


Then, their intersection defined as 
g 
a a a a o) 6 O 
NEO N3={u7,6".7° |, where w= po v wy, o? =f v of andy =¥) AY). 


o 
Now, forallx, ve G, 
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Ho (xoy')= (xox vw (xoy')<(u%(x)v 47 (¥))v (157 (x) v 47 (7) 
= (44° (x) v 42 (x))v (44! (y)v u*(y )) 


=H (x)v u(y) 


Similarly, ¢? (x ° y') <o?(x)vc?(y)and 7? (x oy! ) >y° (x)av’ (y) 


This proves the theorem. 


a o 
Note: The union of two (@, 8,6 )-PNSGs of (G,°) may not be a(@,f,0 )—-PNSG of (G,°). 


3.6 Definition 


0 


0 
Let NU =(u7,6",7°) bea (2. 8,5)-PNS6 of group| G0). Thon orally eG, N° is said to be 


g 
a normalized (a ,B,0 ) -PNSG of a group [«. : , if the following conditions hold: 


(a) WM (xoy)< pu" (x)v u(y), 6" (xoy) <6" (x)v5" (y)and 7° (xey)2 7° (x)Ar’(y) 
(b) yu” (x") SU eee” (x ) =? (x) and y? (x") =y° (x) 


(c) ( ) See (e ) =land yy?’ (e ) =(), where e’ is the identity element. 


3.7 Theorem 


Let MSGi ory") be a (a, 8,6) -PNSG of a group [G.°] .Then the — set 
M = x26" (x) =n" (&)6"(x)=6" (€° or! (2) = 1 (€)frmsa (a, 8,5) -PNSG ofa 


o 
group [o, | : 
Proof: Clearly, the set MW “is the non-empty set, as eeM’. 


a a 
Since, Mis the (a, B,6) -PNSG of a group fo, : , then for all x, yEG 
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Similarly, oP (x ° ay ) < a (€ ) and vy? (x oy! ) 2 vy (e" ) 

-1 O 
Thus, xoy EM 


Therefore, (M@ cat °) is the subgroup of (¢ ; °) 


3.8 Definition 


Let N° =(u",6°,7°) be a (a, 8,6) -PNSG of a_ group [G.] . Then for 


a 
all xeG, (a ,B,0 ) -Pythagorean neutrosophic left coset(PNLC) of N’" is the (a ,B,0 ) -PNS such that 


xN" = (xu ie ey? ) and it is defined by 


(xu )(k) =e (x ok),(x? )(k) =ee (x ok) and (xv? (x) = (x! ok) eke G: 


Similarly, the (a ,B,0 ) -Pythagorean neutrosophic right coset(PNRC) of Nis defined by 


(k)(xu") Si (kox),(k)(xs*) =e? (x ox) and (k)(xy?) =y° (x ox) aitPee, 


3.9 Definition 


Let N’ =(u7,6",7°) bea (a, 8,5)-PNSG ofa ero Gyo), Then N° isa (a, 8,5) -Pythagorean 


a 
neutrosophic normal subgroup(PNNSG) of the group [Ge]. if every (a, B,6 ) - PNLC of N“ is also a 


(a, 8,5)-PNRC of N°. 
3.9.1 Example 


o 
Let us consider the group G = (Z aot ) , denotes the integers modulo 4 under addition. Firstly we construct the 


composition table as follows: 
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o o 
For 3 € Gand for all k € G, we define the (a, B,6) -PNLC and the (a, B, 6) -PNRC as follows: 


(3c )(k) =u" (31 +, k) (36? )(k) =5? (3° +, &) and (37? )(k) = 7? (3° +, &) 


Therefore, (3° )(0) = (0)(34° ) 


Similarly, we can show that (3<”)(0) =(0)(3¢") and (37° )(0) = (0)(37”) 
We also verify the above result for, k=1, 2, 3. 


Therefore, the group G = (Z,,+,)is a (a, B,6)-PNNSG. 


3.10 Proposition 


u u 
Let N" =(17,6",7") be a (a, 8,6) -PNSG of Cor Then for every x,vEG, N° is a 


(a, 8,6) -PNNSG of a group [« ; iff 
Hw (xey) =n" (yox),6" (xey) =o" (yox) and y” (xey)=7? (yex) 


Proof: 


a u 
Let NW = (a ie's7") be a (a, 8,6) -PNSG of a group [G.°] . Then for every xEG, 


XN =N°x .Now, for every x kEG , (xp*)(k)=(10°x)(K) . (x6”)(k)=(6%x)(k) . ana 
(x7°)(k) =(7°x)(K). 

Also, for every ukeG , pi(xtok)=p"(kox") . 6?(xtok)=6%(koxt) , and 
y(xtok)=7? (kox). 


Therefore, p(x y) = yu" (x (yt )') =i (Ga )" ox] = ui" (yox) 
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Similarly, ¢? (xo y)=c? (pox), and (xo y)=7?(yox). 

Conversely, for every 4yEG , we(xoy)= p*(yox) , o?(xoy)=c*(yox) and 
y’ (xoy)=7° (vex). 

this gives, "(xo(yt)"J=ae((xt) ex). of(xo(xt)'}=o"((xty ox). ana 
7 (xo(x')"J=r4((xt) 2. 

Put v1 =z. Then for every x2€G, w"(xoz")=p"(z ox), 6? (x0z")=6%(z" ox), and 
y'(s0z")=y" (298). 

=> (uz) (x) =(ze0" )(x).(5"2)(2) =(20" (x). (72) = (27° (a) 

=> u'z=zu" ,o’z=26" and y°z=zy° 


o 
= N°z=ZN" foreveryzeG. 


o 
Asaresult, Nisa (a, B, 6) -PNNSG of a group [G.2}. 
3.11 Proposition 


0 


o 
Let N" =(u,6°,7°) be a (a, 8,5) -PNSG of a wou Gye} Then for everyx,vEG, Nisa 


o 
(a, B,6) -PNNSG of a group [6 : iff 


B 


H*(yoxoy')= pu" (x),67(yexey")=o? (x)and y?(yoxoy')=79 (x) 


Proof: 


Let N" =(u7,6°,7°) bea (2, 8.8)-PNs6 ofa groun{ Ge). 


Then for every pee LU" (xoy)= pu" (yox) ; co? (xoy)=6" (yox) , and 


Vy’ (xoy)=7’ (vox). 


Therefore, 


Somen Debnath,Generalized Pythagorean Neutrosophic Sets In the Study of Group Theory 


Neutrosophic Sets and Systems, Vol. 47, 2021 311 


B 


ne 7 


yoxoy')=6? (x), and 7’ (yexoy =r? (a)s 


Similarly, we can write ¢ 


Conversely, 


a 


for allx, vEG, u* (vyoxoy")=u" (x).5° (yoxey')=o" (x) and 7° (yoxoy')=y? (x) 
Therefore, 


wu’ (xey)= u(y! oyexey) 


Similarly, er (xoy) = co? (vex), and y (xe y) = y (yex). 
Hence by using proposition 3.10, N” isa (a, B, 6) -PNNSG of a group [o. °) 


3.12 Theorem 


Let Ne Sos") be a (a, B, 6) -PNSG of a _— group [G.°] . Then 


o 
ea (x) =u" (2).6? (x) =" (e") and FP) em subgroup of the 


Proof. 


Q 
Ase’ €S, Sis anon-empty set. Clearly, S is a subgroup of [G.>} 


baie G andwes tes u(s)=y" (e’).5°(s)=o"(e") and y°(s)=r°(e") 


By proposition 3.11, 
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uw (xesox"') =u" (s)=" (€ ): er (xesox') =e" (s)=o" (e° )and vy? (xes ox) 27 (s\ay" (e") 


-1 
Therefore, xosox ES. 


fn 
Thus, (S, ) is a normal subgroup of 6 °} 


4. An Application 

When we are dealing with an object that appears symmetric, group theory can help us for its study and 
analysis. This concept applies to geometric figures, which remain invariant under some transformations 
(reflection or rotation or both). In mathematics, a dihedral group is the group of symmetry of a regular polygon 
which includes rotation and reflection. Decorative motifs on floor tiles, buildings, and artwork are frequently 
based on dihedral groups. Chemists and mineralogists utilize dihedral groups to categorize the structure of 
molecules and crystals, respectively. Many advertising agencies are employed symmetric groups to design the 
logo for the companies. 


In this section, we study the dihedral group for an asymmetric molecule having a tetrahedron structure. We 


express the dihedral group in terms of (a, B,6 ) -Pythagorean neutrosophic subgroup. For this, we take the 
dihedral group D , (symmetries of squares). 
D , is a symmetric group of order 8 and it is defined by D ,={Rys Roos Rigo» Roos V~iD, bD’} , where 


R, is the rotation of 0° , Roy is the rotation of 90", R, go is the rotation of 180°, R,,, is the rotation of 270°, 


His a reflection about X-axis, V is a reflection about y -axis, Dis a reflection about main diagonal, and 


D’ is the reflection about other diagonal. Now we assign the membership, indeterminacy, and non-membership 


values to each element of D , , which is displayed in the form of a table given by, 


Ry Roy Rigo Ry a V D D. 
H 0.8 0.65 0.75 0.9 0.4 0.7 0.85 0.5 
S 0.7 0.55 0.67 0.5 0.8 0.6 0.55 0.9 
iA 0.6 0.9 0.7 0.8 0.9 0.8 0.75 0.7 


Table1. Membership, indeterminacy, and non-membership values to each element of D, 


We take @ =0.8, £ =0.6 and 6 =0.7. For the elements H andV , 


we (HoV*) = LU" (Rigg) = (Rig )V @=0.8S Le (H)v be" (v") =0.8 
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cf (HeV")=6 (Rio) =S (Rig )V B=0.6S 6? (H) vc? (V")=0.8 

7° (HoV")=7? (Rio) =7 (Rigo) A5=0.72 7° (H) Ax? (V1) =0.7 

For every pair of elements in D ,, the above conditions hold. 


Therefore, NY = ( ie. ee ; y’ Jis a-PNSG. 


5. Conclusions 


PFS, PIFS, PNS, etc. are the latest mathematical tools that are developed to design the uncertainty with high 


precision. But, there exist some events where all these tools are unable to make a decision. This led to the 


Ot DAUGaE Ihe Tateoductoaee (a ,B,0 ) -PNS-as an extension of a PNS. Concerning to this notion we 


derive (a ,B,0 ) -PNSGs and study their various results and properties. We also discuss 
(a ,B,0 ) -PNNSGs, (a ,B,0 ) -PNCs. Finally, we give an application where we use the dihedral group and 


by using it we model the (a, B,0 ) -PNSG. In the future, there are a lot of scopes to use this concept in the 


study of cryptography, crystallography, graph theory, molecular chemistry, natural science, artificial 


intelligence, data mining, etc. 
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Abstract: In Model theory, common algebraic structures found are Lattices and Boolean Algebras. 
In the broad field of research, various algebraic structures can be introduced for a set. BCK, BCI, BCH, BH etc. 
are some of them. In this paper, a comparatively novel mixed structure namely, de Morgan BZMV — algebra, 
is presented for neutrosophic vague binary sets. Obviously, this is a mixed output pattern and more effective 
than the already existing single output approaches. Instead of our usual Boolean approach, this model is a kind 
of de Morgan lattice extension. Additionally, it takes the effects of Lukasiewicz many- valued logic, combined 
with BZ —lattices. The logical connective operators, MV conjunction operator © and MV disjunction operator 
® have shown the behavior of idempotency, as same as, their underlying logical patterns, framed of ‘usual 
conjunction A and disjunction V ’. Both kind of orthocomplementations or negations, one as a fuzzy type and 
other one as an intuitionistic type are implemented by BZ lattices. That is, Kleene (fuzzy or Zadeh) 
orthocomplementation — and Brouwer’ orthocomplementation ~ are got implemented in 
BZ- structure. Here - is a fuzzy type negation and ~ is an intuitionistic type negation. In our new type, de 
Morgan effects are given to these orthocomplementations and hence in this paper, instead of usual negations, 
de Morgan negations or orthocomplementations are used. Some ideals for this new concept have also got 
constructed. Behaviour of its direct sum, properties and some of its related theorems are also mentioned in this 
paper. 


Keywords: vague BZMV® — subalgebra, neutrosophic BZMV“™ — subalgebra , neutrosophic vague 
BZMV“™ — subalgebra, neutrosophic vague binary BZMV°™ — subalgebra, prime ideal of BZMV“M — 
subalgebra, normal ideal of BZMV®™ — subalgebra, ~ ideal of BZMV®™ — subalgebra, direct sum of 
neutrosophic vague binary BZMV - subalgebra 


Notations: NVBS - neutrosophic vague binary set, NVBSS - neutrosophic vague binary subset, NVBI - 
neutrosophic vague binary ideal. Throughout this paper NVB indicates neutrosophic vague binary, NV denotes 


neutrosophic vague, N denotes neutrosophic and V denote vague 


1. Introduction 


For a set, different kinds of structures can be defined. Poset or partially ordered set is one such! Ina 
poset, elements may or may not be comparable. (P, <) is a poset indicated by a relation < defined on P and 
does not give any sense to the actual meaning of ‘less than or equal to’. Chang [4] invented MV 
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(Many — Valued) — algebra in 1958. As algebraic semantics of Lukasiewicz many- valued (or multi-valued) 
logic, MV-algebra is considered to be an algebraic system with one binary operation, 2 unary operations and 
with one constant which satisfy certain axioms. In 1994, Vijay K. Khanna [24] explored lattices and Boolean 
algebra in his book. In 2010, N.O. Alshehri [1] introduced a new concept called an additive derivation of MV 
— algebra and investigated its several properties. It is possible to introduce a lattice structure from any MV — 
algebra. In 2017, Jean B. Nganou [13] introduced Stone MV — algebras and strongly complete MV — algebras. 
In 2008, Shokoofeh Ghorbani, Hasankhani. A and Esfandiar Eslami [23] introduced hyper MV — algebras. In 
2012, Musa Hasankhani. M and Borumand Saeid. A [21] studied, hyper MV — algebras defined by bipolar- 
valued fuzzy sets. In 2014, Yongwei Yang, Xiaolong Xin and Pengfei He [28] gave some characterizations of 
MV — Algebras based on the theory of falling shadows. In 2003, Gianpiero Cattaneo and David Ciucci [11] 
gave an algebraic approach to Shadowed sets. In 2003, Gianpiero Cattaneo and David Ciucci [12] also discussed 
on shadowed sets and related algebraic structures. In 2004, Cattaneo. G, Ciucci.D, Giuntini. R and Konig. M 
[3] discussed on algebraic structures related to many valued logical systems. In 1984, Komori. Y [15] introduced 
the concept of a BCC algebra. In 2018, Mozahir Anwar and Jay Nandan Prasad Singh [20] discussed on the 
direct sum of BCC algebra. In 1991, Ye. R. F [27] discussed on BZ-algebras. Several authors like Zhang. X. H 
in Korea and China termed weak BCC algebra as BZ algebra. In 2003, Xiaohong Zhang, Yongquan Wang and 
Wieslaw. A. Dudek [26] studied T-ideals in BZ (Brower — Zadeh) -algebras and T-type BZ-algebras. In 
2009, Wieslaw A. Dudek, Xiaohong Zhang, Yongquan Wang [25] gave a study on ideals and atoms of BZ 
Algebras. In 2017, Yousefi. A and Borumand.Saeid. A [29] discussed on various types of ideals in BZMV“™- 
algebra. In 2020, Mohamed Abdel-Basset, Abduallah Gamal, Le Hoang Son and Florentin Smarandache [16] 
provided a new approach for professional selection using bipolar neutrosophic multi criteria decision making 
method. In 2020, Mohamed Abdel — Basset, Weiping Ding, Rehab Mohamed and Noura Metawa [17] explained 
a new plithogenic Multicriteria approach, which is beneficial to the manufacturing industries, for evaluation of 
financial performance. For smart product service systems, in 2020, Mohamed Abdel-Basst, Rehab Mohamed, 
Mohamed Elhoseny [18] discussed on a novel framework to evaluate innovative value proposition. In 2020, 
Mohamed Abdel-Basset, Rehab Mohamed, Abd El-Nasser, H. Zaied, Abduallah Gamal, Florentin Smarandache 
[19] developed a plithogenic model based on best — worst method in supply chain problem. 


Heyting Algebra is introduced by a dutch mathematician and logician, Arend Heyting [29] in 1930, to 
formulize intuitionistic logic. Wajesberg algebra is introduced in 1984 by Joseph. Maria Font, Antonio. J. 
Rodriguez, Antonio Torrens [14] and it is an extension of BCK algebras. Ortho-algebra is introduced by Foulis, 
D. P, Greechie. R. J and Riittimann. G. T [5] in the year 1992. An effect algebra is considered as a generalization 
of ortho-algebra. MV — algebra too, is a generalization of ortho- algebra. Effect algebra, which is a tool for the 
studies of unsharp elements in quantum mechanics, is introduced by Foulis. D. J and Bennett. M.K [6] in 1994. 
A special example for MV — algebra is effect algebra. An orthogonal algebra is an effect algebra. Heyting 
Wajesberg algebra is introduced by Gianpiero Cattaneo and Davide Ciucci [11] in the year 2002. Sometimes, 
HW algebra is called as pseudo Boolean algebra or even Brower Lattice. Boolean algebra, which is a 
generalization of power set algebra, is considered to be a complemented distributed lattice in an abstract algebra. 


In 1999, G. Cattaneo, R. Giuntini, R. Pilla [2] introduced BEMV“™-algebra. It is an algebraic structure 
with a binary operation © (which is both commutative and associative), with 2 unary operations 7 
(Kleene orthocomplementation) and ~ (Brouwer orthocomplementation) and with two constants 0 and 
1, satisfying certain axioms. ~ is also known as intutionistic complement, since neither excluded middle law, 
(aVaa=0) nor double negation law, (2 1a=a) got satisfied by it, but it behaves well with non — 
contradiction law, (aA 4a=0). Any brouwer distributive lattice (resp. de Morgan Brouwer distributive 
lattice) becomes pre —brouwer distributive lattice (resp. de Morgan pre - Brouwer distributive lattice), if it 
satisfies additionally the above non — contradiction law. So any Brouwer lattice is pre —Brouwer but the converse 
does not hold, generally. An open problem is given in paper [2] which rightly points towards the behavioral 
difference between MV — algebras and BZMV@™-algebras. [0, 1] is an example for a BZMV“™- 
algebra but it is not a MVBZ? — algebra. Every equation which holds in every MV — algebra based on [0, 1] 
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holds in every MV — algebra. But the open problem is that it is not known still, whether it is true for BLMV“™- 
algebras. But it is true for every MVBZ°?- algebra and the concrete MVBZ?3- algebra based on {0, (5) ‘ 1}, that 


is, shadowed sets. Any stonian MV-algebra will act as a BEMV@™-algebra and vice versa. 


In 1993, Gau. W. L and Buehrer. D. J [9] introduced vague set theory. In 2005, Florentin Smarandache 
[8] introduced neutrosophic sets. In 2019, Emimanancy. M and Francina Shalini. A [7] introduced Bipolar- 
valued fuzzy BZMV® sub- algebra. In 2019, Remya. P.B and Francina Shalini. A [22] developed neutrosophic 
vague binary sets. These sets are more useful than fuzzy, since neutrosophic criteria is implemented and it will 
provide three values for each data set values collected. Fuzzy sets limitation is got reduced in neutrosophic 
zone. In this paper, BEMV®™-algebraic concepts are developed to neutrosophic vague binary sets. Ideals, direct 
sum, theorems are also got discussed to this novel concept. 


In this paper the following points are newly presented 
e V BZMV" — subalgebra for Different sets [Section 3] 


Y V BZMV“™ subalgebra [Definition 3.1] 
YN BZMV® subalgebra [Definition 3.2] 


Y NV BZMV® subalgebra [Definition 3.3] 


e NVB BZMV™ - subalgebra [Section 4] 
¥Y  NVB BZMV®™ - subalgebra [Definition 4.1] 


e Ideal in Neutrosophic Vague Binary BZMV® Sub - algebra [Section 5] 


Y NVB BZMV®. Ideal [Definition 5.1] 
e Various Ideals in Neutrosophic Vague Binary BZMV@™- subalgebra [Section 5] 


Y Prime ideal, normal ideal,~ ideal of NVB BZMV°™-subalgebra [Definition 5.2] 


e Direct sum of two NVB BZMV™ — subalgebra [Section 6] 


2. Preliminaries 


In this section some preliminaries are given. 


Definition 2.1 [22] (Neutrosophic vague binary set) 
A neutrosophic vague binary set Myyg (NVBS in short) over a common universe 


{U = {x;/ 1<j< n}; U,=fy, /l<ks p}} is an object of the form 


Myves = {¢ 
is defined as 
Teyve (%) = (TO). TTL IMyyp (X= (17 Cy), 1°] and Feiyy, (%)) = [F7 Cy). F*(Ox)1; x} € Uy and 
Tans Ve = (TO) THO IMyve V= Hx) IFO] and Feaiyyp Wie) = LF (i) FAVS Yee € Ur 
where (1) T*(x))= 1— F7 (x); F* (x) = 1- T7(&) 5 Vx; € U, and 

T* (= 1- Fyn); FRR) = 1 TO) 5 VK € UZ 


TMyve i), IMyve Gi) FMnve i) 
xj 


TMyyp Wk) IMyyp(k) Féyyp (Vx) 
Yk 


; Vx; € Uy) « 


> VK E u2)} 


(2) “0 < Tq) +1°@) + F°&) < 2%; -0< TO) +1) + Fo) < 2* 
or 
“0S Ty) +17) + FOG) + TO + I) + Fd S 4 
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and 


“Os TT@)+hG@)+F@) Ss 27; “O05 TO) +O) + F*@™) Ss 27 
or 
“0 < THR) + 1) + FY) + TO) + tO) + FY) <4 
(3) T(x), I” Gj), FO) : VL) — [0,1] and T™ (yx), I(x), Fx) + V2) = [0,1] 
T* Ox), IG), FPGG) : VU) > [0,1] and THY), I*()s FY Gi) : VUz) = [0,1] 
Here V(U,), V(Uz) denotes power set of vague sets on U,, Uz respectively. 
Definition 2.2 [24] 
A poset (L, <) is said to form a lattice if for every a, b € L, Sup {a,b} and Inf {a, b} exist in L 
In that case, we write 
Sup {a,b} = (aVb) _ [read a join b] 
Inf {a,b} = (aAb) [read a meet b] 
Other notations like (a+b) and (a.b) or (@Ub) and (an b) are also used for Sup{a, b}& Inf {a, b} 
Definition 2.3 [1] (MV- algebra) 


An MV-algebra is a structure (M, ®, *, 0) where ® is a binary operation, * is a unary operation, and 0 is a 
constant such that the following axioms are satisfied for any a,b € M: 
(MV1) (M, ©, 0) is a commutative monoid 
(MV2) (a*)* =a 
(MV3) (0* ®a) = 0* 
(MV4) (a* ®b)* ® b= (b* ®a)* ®a 
If we define the constant 1 = 0* and the auxiliary operations ©, V and A by 
a © b= (a* @b*)*,a V b=a © (b © a*),a A b=a © (b @ a’), 
then (M, ©, 1) is a commutative monoid and the structure (M, V, A, 0, 1) is a bounded distributive lattice. 
Also, we define the binary operation © by x © y=x © y*.A subset X of an MV- algebra M is called sub 
algebra of M if and only if X is closed under the MV-operations defined in M. In any MV-algebras, one can 
define a partial order < by putting x < y if and only ifx A y =x for each x, y € M. If the order relation <, 
defined over M, is total, then we say that M is linearly ordered. For an MV-algebra M, if we define B(M) = 
{x € M:x ®x = x} = {x € M:x © x = x}. Then, (B(M), ©, *, 0) is both a largest subalgebra of M and a 
Boolean algebra 

An MV-algebra M has the following properties for all x, y,z € M, 

(1) «@1) =1 

(2) (K®x*) =1 

(3) &Ox*) =0 

(4) If «© y) =0, then x=y=0 

(5) If «®Oy) =1, then x=y=1 

(6) Ifx <y,then (x Vz) S (yVz) and (kAz) S$ (yAz) 

(7) If x <y, then (x @ z) S (y@z) and (x@z) < (yOz) 

(8) x <y ifand only y* < x* 

(9) (x® y) =y ifand only if (KO y) =x 


Definition 2.4 [20] (BZ-algebra) 


An algebra (X,*,0) of type (2,0) is called a BZ- algebra if it satisfies the following axioms : 


P. B. Remya & A. Francina Shalini, On Neutrosophic Vague Binary BEMV Sub - algebra of BLMV4™- algebra In Neutrosophic Vague Binary Sets 


Neutrosophic Sets and Systems, Vol. 47, 2021 320 


For any x,y,z € X, 
(1) [&*z) *(y*z)] *(k*y) =0 
(2) (k*0) =x 
(3) (k*y) = (y*x) =0 implies x = y 


A partial ordering < can be defined by x < y if and only if (x *y) = 0 
Remark 2.5 [20] 
A weak BCC algebra was also termed as BZ algebra in Korea and China by several authors 
e.g., X. H. Zhang. 
Definition 2.6 [25, 26] (distributive Brouwer — Zadeh — lattice (BZ — lattice) ) 
A distributive Brouwer - Zadeh (BZ)-lattice is a structure (¥, V,A, 7, ~,0), where 
(a) (¥, V,A,0) is a nonempty) distributive lattice with minimum element 0 
(b) The mapping -= : ¥ > Y isa Kleene orthocomplementation, that is 
(doc-1) a(n a) =a 
(doc-2) = (a Vb) = (haA7b) 
(re) (@A na SbV-Ab) 
(c) The mapping ~ : }} > Y} isa Brouwer orthocomplementation, that is 
(woc-1) (@aA~~a)=a 
(woc-2) ~ (aVb) = (~aAw~b) 
(woc-3) (aA ~a) =0 
(d) The two orthocomplementations are linked by the following interconnection rule: 


(in) 7 ~a=~~a 


The mapping — is also called the Lukasiewicz [or fuzzy (Zadeh)] orthocomplementation while the mapping ~ 
is an intuitionistic — like orthocomplementation. The element 1:= ~ 0= — O is the greatest element of } 
Definition 2.7 [2] (distributive de Morgan BZ — lattice(BZ™ — lattice)) 

A distributive de Morgan BZ -lattice (ez™ - lattice) is a distributive BZ- lattice for which the following 
hold: ~ (a A b) = (~aV~b) 

Definition 2.8 [11, 12] (Brouwer — Zadeh many — valued algebra (BZMV - algebra)) 

By pasting of BZ -lattices and MV — algebras one obtains so — called BZMV — algebra 

A Brouwer Zadeh Many Valued (BZMV) algebra is a system A = (A, ®, 7, ~, 0) where A is anon-empty 
set, 0 is a constant, 4 and ~ are unary operations, @ a binary operator, obeying the following axioms: 
(BZMV1) (a ® b|)® c=(b Pc)Pa (BZMV2) (a ® 0)=a 

(BZMV3) 7 (na) =a (BZMV4) 5 (na@b) @ b= 5 (APAb)@a 

(BZMV5) ~a@® ~~ a= 0 (BZMV6) a® ~~ a=~~a 

(BZMV7) ~ 7 [(a(a®3b) @b] = 4 (~~ a®r~~b)\@r~~b 

Definition 2.9 [2] (de Morgan BZMV (BZMV“™) algebra 


A de Morgan BZMV (BZMV™) algebra, is a BZMV algebra A = (A, ®, 7, ~, 0) where axiom (BZMV7) 
is replaced by the following: 

(BZMV7')~ 4 [(a (a ®-=b)®8- b)] = = (~ ~a@rar~~ b) @®nAa~~bdb 

Connectives V and A are the algebraic realization of logical disjunction and conjunction of a distributive 
lattice. In particular, they are idempotent operators. Connectives © and © are the well known MV 
disjunction and MV conjunction operators, which are idempotent. 
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(a©b) =73 Ga @ 7b) 
(aVb):=A(;a@b)@b ; (adAb):=A(a@® mb) © Ab 
A partial order can be naturally induced by the lattice operators as: 
a <b iff (a A b) =a (equivalently, av b = b) 
Let us notice that, since it is possible to prove that ~0 = —0, in the sequel we set 1: = ~0 = 40 
With respect to the just defined partial order we have that the lattice is bounded:V a€A,0 < a < 1 
The unary operation = : A > A isa Kleene (or Zadeh) orthocomplementation (negation). In other words, it 
satisfies the properties: 
(K1) = (na) =a (K2) 5 (aVb)=anaAnb (K3)aAnasbVab 
Let us recall that under (K1), condition (K1), condition (K2) is equivalent to the dual de Morgan law. In general, 
neither the non-contradiction law, 
Va:a A 7a =0,nor the excluded middle law, V a: a V sa =1, are satisfied by this negation 
The unary operation ~ : A —> A isa Brouwer orthocomplementation (negation). In other words, it satisfies the 
properties: 
(B1) aA ~ ~ a=a (equivalently,a < ~ ~ a) (B2) ~ (avVb)=~aA~b (B3)aA~ a=0 
Remark 2. 10 [29] 
BZW and BZMV ~— algebras are equivalent structures. 
Definition 2.11 [29] (Linear BZMV“"_algebra) 
In linear BEMV“™-algebra A, Brouwer orthocomplementation ~ is uniquely defined in the following way for 
allaeA. 
a= { 1; ifa=0 
0 ; otherwise 
Theorem 2.12 [9] 


If A isa BZMV®--algebra then the following results are true: 

() k@y)=O@x) 2) «Oy)Oz=xO(yGz) 3) «O1I)=-1 

(4) k®ax)=1 (6) n&@O~ ~x) @~ ~x = 1 (6) 4x @~ ~x=1 

(7)X A~~x=x(8)4~x =~ ~x (9) ~K&KAY)=~XV~Y 

(10) ~( V y) =~x A~y (Equivalently, x < y implies ~ y < ~ x) 

GY) xA~x=0 (12) ~x=~~~x (13) ~x®~x=~x (14) 10=~0 

Definition 2.13 [29] (Ideal in BZMV"- algebra) 

Let A be an BZMV--algebra. An ideal of A is any subset I of A such that the following conditions are 
satisfied: 


(i) OeEl (ii) xy El imply (K@y) €]1 (iii) x EI and y EA then KX Oy) €1 


Definition 2.14 [29] (prime ideal of BLMV™ algebra ) 
An ideal | is called a prime ideal if and only if V xy € A, (kK Oy) El or Gx © yo El 
Definition 2.15 [29] (normal ideal of BZMV™ algebra) 
Let I be an ideal of A. I is called normal ideal whenever, V x,y€ A, (4x©@y) €1 if and only if 
(~x Oy ED 
Definition 2.16 [29] (~ ideal of BLMV™ algebra) 
Let A be a BZMV®™ — algebra. Let I be an ideal of A. Then it is called ~ ideal of A if it satisfies the 
following condition: V x, y € A, if (k © y) EI, then (~~x© ~ aye) 
Lemma 2.17 [21] (Fuzzy sub — hyper MV algebra) 
A fuzzy subset u of M is called a fuzzy sub-hyper-MV -algebra of M if it satisfies: 
inf 


(1) (Vx EM), H&) <BR) QWXYEMs vex@y 


u(v) => min { p(x), p(y)} 
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Definition 2.18 [7] (Bipolar valued fuzzy BZMV algebra) 

Let M = (M, @,-7,~,0) be a BZMV — algebra with a non — empty set M, a binary operation @, two unary 

operations = and ~ and withaconstant0. A bipolar valued fuzzy set B = (2, p*) is called bipolar valued 

fuzzy BZMV algebra of M, if for every x, y in M it satisfies: 

C1) SG CR) 2) Go Carey! Gs pe 90) 4) iG) ee) 
inf 


O)vex@y 


wv) Zmin {uO} yexeyy WO) S max (7). O)} 


3. BZMV™ — algebra for different uncertain sets 


In this section BZMV™ algebraic structure is developed for vague and neutrosophic sets. Then it is extended 
to its hybrid set ‘neutrosophic vague’ with single universe. 


Definition 3.1 (Vague BZMV“ subalgebra) 


A vague BZMV“ — subalgebra (V BZMV“™ - subalgebra, in short) is a structure 
Mya= (U™a, ao434-™~ 0) which satisfies, the following two Mt, inequalities: 


‘ ‘ inf ; 
WM, inequality (1): e Eu, Duy va(u) a rmin{V,(u,), Va(uy)} ; V uy, Ux, uy € U 


ie, e é ae is ta] > min {ta(u,), ta(uy)} ; 


inf 
(., E ne ® uy) inu,)) < max {f,(u,), fa(uy)} 
M, inequality (2) : 


(i) Va(ux) = Va(o uy) 
ie., ta(uy) = ta(nu,) & fa(uy) < fa( u,) 
(ii) Va(ux) = Va(~ ux) 
ie, ta(uy) = ta(~ uy) & fa(u,) < f,(~ uy) 


Here, 
e Aisanon- empty vague set with universe U 


Co) u™4 = (U, @, 3, ~, 0) isa BZMV¢M_ algebraic structure of the underlying universal set U of a vague set A, with 
a binary operation @ , two unary operations 4, ~ and a constant 0 which satisfies the following BZMV™ 


axioms: V uy, Uy, U, € U 


yy 
(1) (Ux ® uy) ® u, =(uy ® uz) @ ux (2) (ux ® 0)= ux (3) 1 (aux) = Ux 

(4) 4 (nu, ®uy) ® uy = 7 (uy Pauy) @ uy (5) ~ uy 9~ ~ uy = 30 (6) ue @~ ~ ue =~ ~ Uy 
(7) ~ 1 [(4 (uy @ Uy) ® 1 Uy)] = (~~ Uy @a~ ~ uy) @ra~ ~ uy 


Definition 3.2 (Neutrosophic BZMV™ subalgebra) 


A neutrosophic BZMV4™— subalgebra (N BZMV“™- sub algebra, in short) is a structure 
Muy = (U™™N, ao4™~ 0) which satisfies, the following two My, inequalities: 
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My, inequality (1): 


N 


inf ; 
@ € (uy @ uy) Naw) aie {Noy (Us Ny (uy)} 3 V Uy, Ux; uy EU 


inf . 
(4, (ep uy) Tut) = min (Tym Ta) 
inf 
uy € (uy ® uy) Ing(ts)) S max {Imy (Ux), Imy(uy)} : 
inf 
uy € (u, ® uy) Fun (9) < max {Fy (Ux), Fay (uy)} 
My, inequality (2) : 
(i) Nuy (x) = Nay (aux) 7 Le, Tyy(Ux) 2 Tay (A U05 Img (Ux) S Ivy (Ud Foy (Us) S Fey (A Ux) 


(ii) Nu (Ux) = Nay (~ Ux) 7 Le, Tay (Us) 2S Ty (~ Usd + Ey Ud S Ey (~ Ud3 Fey (Usd S Fay(~ wd 
Here, 
e My isanon- empty neutrosophic set with universe U 


) uty = (U, ®, 4, ~,0) isa BZMV™ — algebraic structure of the underlying universal set U of a neutrosophic 
set My witha binary operation @, two unary operations 4, ~ and a constant 0 which satisfies the following 
BZMV™ - axioms: V uy, Uy, U, € U 
(1) (Ux ® uy) @ uz =(Uy B uz)@ uy (2) (Uy BO= uy (3) 9 (Uy) = Uy 
(4) 7 uu) @ wy =7 (yy @rw)S uy G)~ uy @~~u=30 uy S~~u=~~y 
(7) ~ 7 [(A (Uy Pauy)® a uy)J= 4 (~ ~ uy Ba ~ ~ uy) Pa ~ ~ vy 


Definition 3.3 (Neutrosophic Vague BZMV™ - subalgebra) 


A neutrosophic vague BZMV™ — subalgebra (NV BZMV™ sub algebra, in short) is a structure 


Muny= (U™™nvy, ®, 7, ~,0) with, T = [T1,T*] ; 1 = [I-+,1*] ; F = [F-1, F*], which satisfies, 
the following two My, inequalities: 


Miuyy inequality (1): 


inf : 
fe é (u, @ uy) Nay (ts) = rmin {NV ayy (Ux), NVayy (Uy) }; V uy, Uy, Uy € U 


nee a € 3 8 u 1) Ta] = min {Tuy Cd) Ty (uy) 
bag i= ( 8 u ,) Int Uv ) = max (Cmyy x ), Iuyy(uy)} 
a € a ‘oa y) Pot (aw ) = max (Fey Ux ), Fuiyy (Uy )} 
Miuyy inequality (2) : 


(i) NVayy (uy) + a NVayy(7 U,) Le., Tay (Ux) 2 Tay G4 Ux); Igy (Ux) s Imyy (A Ux); Funy (ux) < Cr Ge Ux) 
(ii) NVeyy (u,) = NVayy(~ Uy) ie, Tay Ux) = Teyy (~ Ux) + IMyy (xd S TMyy (~ Ud) Fey Usd S Feiyy(~ Ux) 


Here, 


e Myy iS anon- em neutrosophic vague set with a single universe U 
NV Pp P. 8 & 
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e U™™yv = (U, @, 7, ~,0) isa BZMV™ — algebraic structure of the underlying single universal set U of a 
neutrosophic vague set Myy, with a binary operation ® , two unary operations 4, ~ and a constant 0 which 
satisfies the following BZMV™ - axioms: V ux, uy, u, € U 
(1) (ux ® uy) ® u, =(uy @ uz) @ ux (2) (Ux ® 0)= ux (3) = (a Ux) = Ux 
(4) 7 (au, Oy) ® w=7UOry)Ouy 6) ~uO~~u=70 (YU O~~u=~~ uy, 
(7) ~ 7 [(4 (Ux ® muy) ® a uy)] = 4 (~ ~ Uy ® a ~ ~ Uy) Ba ~ ~ dy 


yam 


4. Neutrosophic Vague Binary BZM -subalgebra 


In this section neutrosophic vague BEMV“™-subalgebra is extended to its binary concept. 


yam 


Definition 4.1 (Neutrosophic Vague Binary BZM subalgebra) 


A neutrosophic vague binary BZMV®™- subalgebra (NVB BZMV“™ Sub-algebra, in short) is a structure 
Munya = (U™™nve, ®, =, ~,0) with, T = [T~1,T+] ; 1 = [I-,1*] ; F = [F-+,F+], which satisfies, the 
following two Muyvyz imequalities: 


Mivyyy imequality (1) : 


inf : 
uy € (u, @ uy) NVBuyvp oS) = rmin {NVBuyye (uy), NVBvyp (u,)}; Y Uy Mg ye U. 


i.e., 


inf oa ey a 

(., E las @ uy) TMyve (a) 2 min (Tava (ux), TMyve (uy)} 
inf x en a 

ley E Ge @ uy) IMyve ()) <= max { IMyve (uy), IMyve (uy)} 
inf FS a Ps 

i E a ®@ uy) Puyua() } = max {Fave (Ux) Fue (Uy)} 


Muy g mequality (2) : 
(i) NVByyp (Ux) F NVBuyyp (7 Ux) 


Le, Tayve (Ux) 2 Tuyve (sux); IMwve (uy) < IMwve (4 ux); Funve (uy) < Fauve (sux) 
(ii) NVBunvg (u,) a NVBunvg (~ Ux) 

ie, Tavs (uy) = Tue (~ uy); Ivnve (Ux) = Ivnve (~ Ux) ; Fue (uy) $ Feinve(~ Ux) 
Here, 


e¢  Myvg is anon- empty neutrosophic vague binary set with two universes U,, U2 


° U™™nve = (U= {U, UU}, ®, a, ~,0) isa BZMV™ — algebraic structure of the underlying universal set U 
which is got by combining the two universes of the given neutrosophic vague binary set Myyg, with a binary 
operation ® , two unary operations 4, ~ anda constant 0 which satisfies the following BZMV™ - axioms: 
V uy, Uy, u, € U 
(1) (ux ® uy) ® Uz = (uy ® u,) ® Ux (2) (ux @ 0)= Ux (3) = (4 uy) = Ux 
(4) 7 (nu, uy) @ yw =A (Orn) Puy 5)~u Or~~u=4n0 6) yu O@r~~ uy =~ ~ uy 
(7) ~ 73 [CA (xy @avy)@ a w)=a (~~ uy Oarw~~ vw) Praw~~y 


Remark 4.2 

(i) Ina NVB BZMV“ ~ subalgebra, possible operations can also be further derived 
(1) (uy ©u,) =i ("uy © pa uy) 

(2) (uy Vuy) = 3 (nu, @ uy) @ uy 
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(3) (uy A uy) = 7 (A (ux Qa uy) @e-=a uy) 

(ii) In neutrosophic vague binary concept U={U, U U2}. But in neutrosophic vague it is single universe U 
Example 4.3 

Let U, = {0, Up,» Ug, 1} and Uz = {0, u,, us, 1} be two universes with neutrosophic vague binary 


membership grades as given below: 


Bs sake - (0.8, 0.9][0.1, 0.6][0.1,0.2] ; up =O and 1 
V up € Ux, NVBsiyys(Up)= [0.9, 0.9][0.1, 0.2][0.1,0.1] ; 0<u,<1 


bes thet _ ((0.7, 0.9][0.2,0.5][0.1,0.3] ; uq=Oand 1 
V Ug € Ur, NVBMyyp (Yq)= [0.8, 0.9][0.1,0.4][0.1,0.2] ; 0<ug<1 


Corresponding neutrosophic vague binary set (in short, NVBS) is given as below: 
((08.0.9110.1,0.6)(0.1,0.2] [0.9,0.9][0.1,0.2][0.1,0.1] [0.9,0.9][0.1,0.2][0.1,0.1] [0.8,0.9}[0.1.0.6]10.1,0.2]) 

: M _ 0 ; Up 3 Ug 1 

“ES NVB ((0.7,0:91f0-2,0-5)10.1,0.3] [0.8,0.9][0.1,0.4][0.1,0.2] [0.8,0.9][0.1,0.4][0.1,0.2] [0.7,0.9](0.2,0.5]f0.1,0.3]) 


0 i u . : 1 


r Us 
Combined universal set is U = {U, U U3} = {0, Up) Ug, Uy, Us, 1} & {U, N Uz} = {0,1} 
Neutrosophic vague binary union of common elements are given by, 
NVBmyyp (9) = [0.8, 0.9][0.1, 0.6][0.1, 0.2] U [0.7,0.9][0.2, 0.5][0.1, 0.3] 
= [0.8, 0.9][0.1, 0.5][0.1, 0.2] = NVBuyyp_ (1) 
Combined neutrosophic vague binary membership grades are given as follows: 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] ; u, =0 
(0.9, 0.9][0.1, 0.2][0.1,0.1] ; u, =u, 
NVByp. g(t) = [0.9, 0.9][0.1, 0.2][0.1, 0.1] ; u, = 
[0.8, 0.9][0.1, 0.4][0.1, 0.2] ; u, =u, 
[0.8, 0.9][0.1, 0.4][0.1,0.2] ; u, =u, 
[0.8, 0.9][0.1,0.5][0.1, 0.2] ; u,=1 


Algebraic structure U"™nve= (U = {U, NU}, *, 1, ~,0) with binary and unary operations defined as in 
Cayley table given below clearly indicates a BELMV™™ — subalgebra. 


Cayley table for unary operations — and ~ are given below: 


0 Up Ug u, Uy 1 
A 1 u, us uy, u, 0 
~ 1 0 0 0 0 0 


* 0 UD Ug u, Us 1 
0 0 Up Ug Uu, uy, 1 
Up Up Up u, u, 1 1 
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Ug Ug uy Us 1 us, 1 
u, u; u; 1 1 1 1 
uy, u, 1 uy 1 uy, 1 


Now have to verify, neutrosophic vague binary concept! 
For that check the inequalities given in definition 4.1. 


DMtuyyg imequality (1): (Binary Operation) 


inf : 
Vux, Uy € U, (., E(u, + u,) NVBonvs co) > rmin{NVBmyyp (Ux), NVBMyyp (Uy) 
inf 
) 


> Gi € {0, Upy Ugy Ups Ug, 1} NVBayyp (Uv )> rmin{NVBmyyp (Ux), NVBMyyp (Uy) } 
> 


glb 
= lu, € fo, i. calecae NVBayyp (Uv) } = rmin{NVBvyyp_ (Ux), NVBMyyp (Uy)} 


min ; 
uy € {0, Up, Ug Ur, Us, 1} NVBuyve (uy) } 7 rmin{NVBwys (ux), NVBuyvp (uy)} 
[0.8, 0.9][0.1, 0.5][0.1, 0.2] ; u, =0 [0.8, 0.9][0.1, 0.5][0.1,0.2] ; u, =0 
[0.9, 0.9][0.1, 0.2][0.1,0.1] ; uy = up [0.9, 0.9][0.1, 0.2][0.1, 0.1] ; uy =u, 
= [0.9, 0.9][0.1, 0.2][0.1, 0.1] ; uy = Ug | _ Z [0.9, 0.9][0.1, 0.2][0.1, 0.1] ; uy =ug| _ (0.8, 0.9][0.1, 0.5]{0.1, 0.2] 
[0.8, 0.9][0.1, 0.4][0.1, 0.2] ; uy =u, [0.8, 0.9][0.1, 0.4][0.1,0.2] ; uy =u, 
[0.8, 0.9][0.1, 0.4][0.1,0.2] ; uy =u, [0.8, 0.9][0.1, 0.4][0.1,0.2] ; uy =u, 
[0.8, 0.9][0.1, 0.5][0.1, 0.2] ; uy =1 [0.8, 0.9][0.1, 0.5][0.1,0.2] ; uy =1 


[In neutrosophic concept, minimum concept has been taken as intersection. ie., in this case, (Min, Max, Max)] 
nf 


i 
mec NVBaya(ts)) = [0.8,0.9][0.1, 0.5][0.1, 0.2] 


In this case, for any pair of elements from U, 


inf : : 
e é (u, @ uy) NVBuyvp oS) = rmin {NVBuyyp (ux), NVBviyye (uy)}, got satisfied. 


DMtyyg imequality (2): (Unary operations) 


Next to check, the 2 inequalities of My,,,(2) for all elements of U. 
(1) From Cayley table for unary operation — (Kleene or Zadeh or fuzzy orthocomplementation) 


NVBayyp(Ux) = NVBmyyg(7 Ux) ; VY Ux € U as showed in table. 


Ux NVByiyyp (Us) NVBwiyyg (1 Ux) 


0 | [0.8,0.9][0.1,0.5][0.1,0.2] | [0.8,0.9][0.1, 0.5][0.1, 0.2] 


uy | [0.9,0.9][0.1,0.2][0.1,0.1] | [0.8,0.9][0.1, 0.4][0.1, 0.2] 


u, | [0.9,0.9][0.1,0.2][0.1, 0.1] [0.8, 0.9][0.1, 0.4][0.1, 0.2] 


u, | [0.8,0.9][0.1, 0.4][0.1, 0.2] [0.8, 0.9][0.1, 0.4][0.1, 0.2] 
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Us 


[0.8, 0.9][0.1, 0.4][0.1, 0.2] 


[0.8, 0.9][0.1, 0.4][0.1, 0.2] 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] 


(0.8, 0.9][0.1, 0.5][0.1, 0.2] 


(ii) From Cayley table for unary operation ~ (Brower orthocomplementation) 


NVBayyp (Ux) = NVBuyyp(~ Ux) ; V ux € U as showed in table 


NVBiyyp (Ux) 


NVBuiyyp(~ Ux) 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] 


uo} 


(0.9, 0.9][0.1, 0.2][0.1, 0.1] 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] 


ce} 


[0.9, 0.9][0.1, 0.2][0.1, 0.1] 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] 


[0.8, 0.9][0.1, 0.4][0.1, 0.2] 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] 


Us 


[0.8, 0.9][0.1, 0.4][0.1, 0.2] 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] 


[0.8, 0.9][0.1, 0.5][0.1, 0.2] 


So given example isa Dty,y, with structure (U™™nve, x, 4, ~,0) 


Remark 4.4 
It is to be noted that, 


(1) first column of the Cayley table for binary operation will be a copy of column of operands, using 


definition 2.8 (BZMV2) 


(ii) last row and column of the Cayley table for binary operation will be always | fora BZM 


by using (3) and (4) of theorem 2.12 


Theorem 4.5 


If Myvg is a Mtmyy, then the following results are true: 
(1) NVBoyve (ux ® uy) = NVBoyve (uy ® Ux) 


[i.e., commutative law holds for Binary Operation] 


(2) NVBayyp ((tx ® Uy) ® Uz) = NVBuyys (Ux @ (uy ® u,)) 


[i.e., associative law holds for Binary Operation] 
(3) NVBvyyp (Ux ® 1) = NVBMyyp 1) 
(4) NVByyyp (Ux 8 7 Ux) = NVBuyy_ 1) 


neutrosophic vague binary membership grade of an element binary operated with it’s kleene complement 
always produce the neutrosophic vague binary membership grade of the maximum element 1 


(5) NVBunvp (a (uy ® pas Ux) ® ao Ux) = NVBuiyvp (1) 
(6) NVBuyyp (7 Ux ® ~ ~ Ux) = NVBayyp (1) 
(7) NVBMyyg (Ux A ~~ Ux) = NVBMyyp (Ux) 
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(8) NVBunvg (A oe Ux) = NVBunvg (~ — Ux) 
(9) NVBMyyp (~ (ux A uy)) = NVByyyp(~ Ux V~ ty) 
(10) NVByiyyp (~ (ux V Uy) = NVBMyyg(~ Ux A~ Uy) 
(Equivalently, u, < Uy implies ~ uy S ~ Ux) 
(11) NVByyyg (Ux A ~ Ux) = NVByyyp_ (0) 
(12) NVBunyp ~ Ux) = NVBunvp (~ elias Ux) 
(13) NVByigypg (~ Ux @ ~ Uy) = NVB Miia (~ Ux) 
(14) NVByyypg (7 0) = NVBuyyp(~ 0) 


Proof 

(1) NVBuyve (u, ® Uy) = NVBuyve ((ux ® Uy) ® 0), 

by putting u, = (uy ® uy) in definition 4.1 (2), (u, ® 0) = uy, 
= NVBuyyp ((uy @ 0) ® Ux); by using definition 4.1 (1) 

= NVBMyvep (uy ® ug): by using definition 4.1 (2) 

(2) NVBMyvp ((ux @ uy) @ uz) = NVBoyyp ((uy @ u,) @ Ux); by using definition 4.1 (1) 
= NVBmayp (u, ® (uy ® u,)). by using theorem 4.5 (1) 

(3) NVByyyp (Ux ® 1) = NVByyypg (Ux @ 49), since 1 = 40 
= NVBuyvp (u, ® (~ uy ® ~ ~ u,)), by using definition 4.1 (5) 
= NVBuyvp ((~ uy B~ ~ ux) @ iy) by using theorem 4.5 (1) 
= NVBuyvp ((~ ~ ux ® ux) ® ~ ux), by using definition 4.1 (1) 
= NVBuyvp ((ux @®~~u,) O~ Ux), by using theorem 4.5 (1) 
= NVBuyyp(~ ~ Ux ® ~ ux), by using theorem 4.1 (6) 

= NVBuyyp(~ Ux ® ~ ~ Ux), by theorem 4.5 (1) 

= NVByyyg (- 9), by using definition 4.1 (5) 

= NVBuyyp (1), since 70 = 1 

(4) NVByiyyp (Ue ® 7 U4) 

= NVBuyyg (7 7 Ux ® 7 uy), by using definition 4.1 (3) 

= NVBuyyg (7 (4 ux @ 0) ® 5 ux), by using definition 4.1 (2) 
= NVBuyyp (7 (0 ® 7 uy) ® a ux), by theorem 4.5 (1) 

= NVBuyyp (7 (ux ® = 0) ® = 0), by theorem 4.1 (4) 

= NVBMyyp (7 (Ux ® 1) @ 1), since 4 0 =1 = NVByyy_(- 0) 
= NVBuyyp (1), since 70 = 1 

(5) NVBuiyyp (7 (ux ® ~ ~ ux) @~ ~ uy) 

= NVBuyypg (7 (~ ~ Ux) ® ~ ~ Ux), by using definition 4.1 (6) 
= NVBuyyp (~ ~uUu, BaA(~ ~ Ux)); by theorem 4.5 (1) 

= NVBuyyp (1), by theorem 4.5 (4) 

(6) NVBuyyp (7 Ux ® ~ ~ Ud 

= NVBuyvp (= u, ® (u, B ~ ~ ux)), by using definition 4.1(6) 
= NVB vis ((A u, Bu,) B~ ~ Ux); by theorem 4.5 (2) 

= NVBuyyp ((uy @® au,) @~~ Ux); by theorem 4.5 (1) 
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= NVBuyyp (1 ® ~ ~ ux), by theorem 4.5 (4) 

= NVBuyyp(~ ~ Ux ® 1), by theorem 4.5 (1) 

= NVBuyyp (1), by putting u, = ~ ~ uy in theorem 4.5 (3) 
(7) NVBygyp (Ux A~ ~ Uy) 

= NVBuyyg(7 4 (uy ® 7 ~~ u,) ® 1~ ~ uy) 


[From remark 4.2 (i) 3, we have, (ig, A uy) =7 (A (ux @-=a uy) @-a ly) by putting uy = ~ ~ ux] 
ae NVBuyyp (= (A (A ~~ Uy @ Uy) @ gs Nate ux)) 
= NVBuyyp (= (A (u, @ ig ei cad uy) @ om ead ux)) al NVBayve (7 (A (u, @ oe eos ux) @ Ne ux)) 


= NVBuyyp (= (A (u, ®@ FA) re Ux) ®@ ux)) = NVBayvp (7 (A (u, ®@ Tae ux) @ ux)) 


= NVBuyyp (a (4 uy @ ~ ~ u,) ® ~ ~ ud) 

[From definition 4.1(4), 4 (= uy ® ty) ®uy =-7 (uy @n=a uy) @ ux| 

= NVBmyyg (7 (4 1 @ ~ ~ ux), by definition 4.5 (6) = NVBMyyg( (0 @ ~ ~ ux)), since 7 1 =0 
= NVBuyvp (= (~~u, @ 0)), from theorem 4.5 (1) = NVBuyyp (= (~~ Ux)); from theorem 4.1 (1) 


= NVB way ~~ U,), Siice = Ce Uy) = oo ~ uy = NVB iy Ua), SINCE ~~ UL, = 


(8) Consider definition 4.1 (7), 

NVBMyve(~ 7 [= (ux ® 7 uy) ® 7 Uy])=NVBaiyys (> (~ ~ Ux ® 4 ~ ~ vy) ® ~~ uy) 

By putting uy = u, in the above, 

NVByyyp (~ 7 [5 (ux ® Uy) @ 1 ux]) = NVByyyg (a (~~ Ux @3 ~~ uy) @ ~~ uy), 
NVBuyyg(~ 7141 @ 7 ux]) = NVByyyg(7 1 @ 7 ~ ~ ux), by using definition 4.5 (4) 
NVBayyp(~ 7 [0 ® ux]) = NVBMyyp (0 ® 3 ~ ~ Ux) 

NVBayyg(~ 7 [o ux ® 0)) = NVByyyg (7 ~ ~ Ux ® 0), by theorem 4.5 (1) 

NVBayyp(~ 7 [7 Ux |) = NVBuyyg (7 ~ ~ Ux), by definition 4.1 (2) 

NVBuyyp (~ Ux) = NVBuyypg(- ~ ~ Ux), by definition 4.1 (3) 

NVBuyyg(7 ~ Ux) = NVBvyyg (4 7 ~ ~ Ux), by applying — on both sides. 

NVBuyyg (7 ~ Ux) = NVBuyyp(~ ~ Ux), by using definition 4.1(3) 

(9) Consider definition 4.1 (7) 

> NVBuinvp (~ “4 [5 (u, @-7 uy) @-7 uy]) = NVBuinvep (= (~ ~U,y Br~~ uy) Deis uy) 


(oe A ee BO ee | 


UVuUuUUU UYU YU 


> NVBunys (~ (u, uy)) = NVBMyve (« (= ~Ux Baa~ uy) as aa uy) 


[By using auxiliary operation, (uy A uy) =7 [= (u, @n7 uy )® a uy & 
[By using theorem 4.1 (8), ~u, = ~ ~u,] 


=> NVBuyyp (~ (u, A uy)) = NVBuayp (= (~ ~uUu, B~ uy) @~ uy), by using definition 4.1 (3) 


P. B. Remya & A. Francina Shalini, On Neutrosophic Vague Binary BEMV Sub - algebra of BLMV4™- algebra In Neutrosophic Vague Binary Sets 


Neutrosophic Sets and Systems, Vol. 47, 2021 330 
= NVBuyve (~ (u, . uy)) = NVBwwyp (= ta ~ Uy @ ~ uy) @~ uy), by using ~ ~ uy = 4 ~ Ux 


= NVBayyp (~ (tx A Uy) = NVBuyyp (~ Ux V~ Uy) 


[By using auxiliary operation, NVByyy, (uy Vv uy) = NVBuavp (= [= (uy ® Uy) ® uy|)] 
(10) Let NVByyy_(Ux) < NVByyyp_(Uy) > NVBayyp (Ux) = NVBayyp (Ux A Uy) 
=> NVBuyyp(~ Ux) = NVBvyyp (~ (uy A uy)), by applying ~ on both sides and by using (9) 
=> NVBvyyp(~ Ux) = NVBmyyp(~ Ux V ~ Uy), by theorem 4.5 (9) 
=> NVBayyg(~ Uy) S NVBayyg(~ Ux): 
Using theorem 4.5 (7), V uy, NVByyyp(Ux) S NVBuyypg(~ ~ Ux)- 
So now the contraposition law is equivalent to the de Morgan law: 
NVBuyve (~ (uv uy) = NVBMyyp(~ Ux A ~ Uy) 
(11) NVByyyp (Ux A ~ Ux) = NVBuyyp (CAC ® 7 ~ uy) ® 4 ~ u)) 
= NVBuyvp (aGQ, @~~uy) Or~~ Ux)), by theorem 2.12 (8) & by definition 4.5 (8) 
= NVBuyyp (7 1), by definition 4.5 (5) = NVBuyy_ (0) 
(12) From definition 4.5 (8), NVBMyyg (7 ~ Ux) = NVBvyyp(~ ~ Ux) 
Put uy, = ~ Ux, in the above then, NVByyy_ (7 ~ ~ Ux) = NVBMyyp(~ ~ ~ Ux) 
=> NVBayyg(7 7 ~ Ux) = NVBMyyp(~ ~ ~ Ux), Since ~ ~ Uy = 4 ~ Ux 
=> NVByyp(~ Ux) = NVBuyygl~ ~ ~ Ux), Since a4 ~ Uy = ~ Ux 
(13) NVByyyp (Ux A ~ ~ Ux) = NVBvyypg(~ ~ Ux), by definition 4.1 (6) 
Taking Brouwerian orthocomplementation to both sides, 
NVB yan (OU Ae OS NV Ba 
=> NVBuyyp(~ Ux A ~ Ux) = NVBuyyp(~ Ux) [By theorem 4.5(12),~~ ~u, = ~ ux] 
(14) To prove that, NVBuyy_(7 9) = NVByyypg(~ 9). 
It is enough to prove that, 
NVBmyyp (7 9) < NVBuyypg(~ 0) and NVByyyp_(~ 0) < NVBuyy_(7 9) 
We know that, NVByyy_ (1) = NVBuyypg(- 9) 
Voux € Mnvg, where Myyg isa Ditmyyp> 
NVByyp (Ux) < NVBuyypg (1), since 1 is the maximum element; 
In particular, NVByyy_(~ 9) < NVBmyyg(1) = NVBuyyp(~ 9) < NVBuyyp (7 9) 
Similarly, being the least element, V uy € Myyg, where Myyg is a Wtuyyp> 
NVByyp (Ux) S NVBuyypg(~ ~ Ux) < NVBuyyp(~ 9). 
In particular, NVByyyg(7 0) < NVBuyyp(~ 9) 
Theorem 4.6 
Let Myvg isa Dtuyy_- Then 
(i) V uy, Uy € Myyg, NVByyy, (Ux A Uy) = NVBy,,,,(0) & NVBuyyp (y) 
Equivalently, NVByyyp (uy A uy) = NVByyp (0) & NVBuyyp (Ux) 
(ii) Let uy € Myyg be such that NVByyy_ (Ux ® Ux) = NVByyp (Ux); 
Then V uy € Myyg, NVBMyyp (Ux A Uy) = NVBayyp (0) <> NVBMyyp (Ux) < NVBéyyp(— Uy) 


NVBoyyp t+ Ux) 


<4 
< NVBuyvyp (~ uy) 
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Proof 
(1) Assume (ux A uy) = 0. 
Now, NVBayvs (uy A~ Ux) = NVBMyyp ((uy A~ Ux) V 0), since in any lattice (u, V0) = ux 
=> NVBMyvp (uy A~ Ux =NVBM yy ((uy A~ Ux) Vv (uy A~ uy), 
by a result (uy A~ Uy )= 0, of BZMV™ algebra 
= NVByyyp (uy A (~ uy V~ uy)), by theorem 4.5 (9) = NVBuyyp (uy A~ (ux A uy), by theorem 4.5 (9) 
= NVBuyyp (ik A~ 0) [by assumption] 
= NVBMyyg (Uy) = NVBMyyp(Uy 41), since ~0 = 5 0= 1 
= NVByc cs (uy), [since in any lattice (yA 1) =y > NVBy,y,(V¥A 1) = NVBuyy_Y)] 
=> NVBunye (uy) < NVBuyyp (~ Ux) 
Conversely, suppose NVBuyyp(¥) < NVBuyyg(~ Ux) then NVByyyp (Ux Ay) 


= NVBuyyp (u, A (uy A~ ux)) = NVBuayvp (uy A (Cu, A~ ux). by associativity 


= NVBuyyp (uy A 0) [by theorem 4.5 (11)] 
= NVBuyyp (0), since in any lattice (uy A 0) = Uy 
Equivalently, NVBMyyp (Ux A Uy )=NVBuyy, (0) <> NVBuyy, (Ux) < NVBayy_(~ uy), can be proved 
(ii) Suppose NVByyyp (Ux) = NVB_yyp (Ux ® Ux). 
Then, NVBmyyp (Ux © ux) = NVBayyg(Ux A Uy). 
Thus we got, NVBMyyg (Ux) < NVBayyg(— Uy) iff NVBuyyp (Ux A Uy) = NVBayy, (0) 
Theorem 4. 7 
Ina Mtyyypg the following holds : 
NVByiyyp (~ ~ Usd) = NVBatyyp (Ux) 2 NVBviyyp (~ Ux @ Ux) = NVBayyp 
© NVByyyp (Ux B Ux) = NVByyyp (Ux) 
Proof 
Assume ~ ~ Ux = Ux. Then, NVBuyypg(~ ~ Ux) = NVBmyyp Ux), 
Definition 4.1 (6) > NVByyypg (Ux 8 ~ ~ Ux) = NVBuyypgl~ ~ Ux) 
=> NVBmyyp (Ux ® Ux) = NVBuyyp (Ux) 
Again, from definition 4.1 (5) > NVBmyyg(~ Ux ® ~ ~ Ux) = NVBuyypg (7 9) 
=> NVBunvp (~ u, ® uy) = NVBunvp (1) 
Assume, NVByyyp (Ux @ Ux) = NVBuyypg (Ux). Then by theorem 4.6 (ii), since su, € Mone and 
(u, Au) =0 > NVByyy_ (Ux A Ux) = NVByyyp(0) > NVBuyyg (7 Ux) < NVBvyyp (> Ux) 
=> NVBuyyg (7 ~ Ux) < NVBuyyp(~ ~ Ux), by putting u, = ~ uy 
> NVBuyyp(~ ~ Ux) = NVBvyyp (Ux) 
Under condition NVByyyp_(~ Ux ® Ux) = NVBy,, (1), it is clear that, 
NVBayyp (Ux A ~ ~ Ux) = NVBuyyg(~ ~ Ux) = NVBvyypl~ ~ Ux) < NVBuyyp (ux): 
In fact, NVBvyyp (Ux A~ ~ Ux) = NVBuyyg (4 [7 (ux 8 3 ~ ~ Uy)@ 3 ~ ~ uy]) 
[Using definition of A] 

= NVByyyp (7 [> (Ux ® 71 ~ U,J® 4 ~ ux), [since 4 ~ uy = ~~ uy 

= NVBayyg (7 [7 Cx ® ~ Ux) @ ~ ux), [since 4 a uy = Ux] 

= NVBuyve (a (08 ~ ux)) 
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NVBayvp (7 (~ ux © 0)), [by theorem 4.5 (1)] 
NVBmyyp (7 ~ Ux), [by definition 4.1 (2)] 


= NVBunvp (~ ~ ux). [since aN Uy See Ux] 


Similarly, we get, NVBmyyp(Ux) = NVBvyyg(~ ~ Ux). Hence proved. 

Theorem 4.8 

Let Myvg bea Utu,,,; then forany uy, Uy, Uz, © Mnyg, 

NVBuiyye ((Ux ® Uy) AUz) = NVByiyyg (0) iff NVByyyp (Ux A Uz) = NVBoiyy,(0) and 
NVBMyya (Uy A Uz) = NVBMyyp (0) 

Proof 

Suppose, NVBuyye ((ux ®uy) A uz) = NVByyyp (0) 

> NVB yyy (Ux A Uz) < NVBMyyg (Ux ® Uy) A Uz) = NVByyy_(0) and 

NVB yyy (Uy A Uz) < NVBuyya ((Ux ® Uy) A Uz) = NVByyyq(0), by theorem 4.6 

=> NVBMyyp (Ux A Uz) = NVBuyyp (0) = NVBuyyp (Uy A Uz), trivial 

Conversely, let NVBMyyp (Ux A Uz) = NVByyypg(0) and NVBvyya (uy A u,) = NVByyyp (0). 

NVByyp (Ux A 7 Uz) = NVBvyyp (7 Uz) = NVBayyg(Uy A 7 Uz). 

So, NVBmyyp ((tux ® ty) ® 7 Uz) = NVBMyyy (ux ® (uy ® + uz), by definition 4.5 (2) 

= NVBuyyp(Ux 8 7 Uz) = NVBvyyg (7 Uz), from assumption 


* NVBMyyp (tux ® ty) Az) = NVBMyyp (7 [7 (te ® 3 ~ ~ Uy) ® 33 ~ ux) 


= NVBMyye ((@ ® uy) ®3u,)O- us) = NVByyy,(0 © 7 U,) = NVBMyyp (Uy © 0) = NVBMyyyp (0) 


5. Ideals in Neutrosophic Vague Binary BZEMV™ subalgebra 
Concept of ideal with three different kinds are developed in this section 
Definition 5.1 (NVB BZMV®"- ideal) 


Let Myyg bea Wty, and Inyg be a nonempty subset of Myyg. Then Inyg is a neutrosophic vague binary 
BZMV9""- ideal (NVB — BZMv™ ideal) if the following inequalities got satisfied: 

(i) NVBinvp (0) al NVBivyp (ux) > Vv Ux € Inve 

(ii) NVBiyyp (Ux @ uy) = rmin {NVB,.,(u,) ,NVBiv, (uy)} 3 V Ux, Uy € Inve 

(iii)  NVBiyy, (vy) = rmin {NVB,,,,(u,), NVB,,, (uy <ux)} ; V ux, Uy © Inve 


Definition 5.2 (prime ideal, ~ ideal, normal ideal of a NVB BZMV™ — subalgebra) 
Let Myyp bea WMnve and Iyyp be aNVB BZMV®™- ideal of Myyp. Invp is called, 
(i) a neutrosophic vague binary BZMV@™- prime ideal (NVB BZMV“ — prime ideal) of Mnvs 
S {NVBivyp (Ux © a uy) € Mnve or NVBiyye (77 ux © uy) E Mnvs ; Vuy, Uy E Mnve 
(ii) a neutrosophic vague binary BEMV™ ~ ideal (NVB BZMV™ ~ ideal) of Mnvp if it satisfies: 
NVBiyvp (~ ~ Ux Ow~n Uy E Inve) = NVBigyg (Ux © uy) ; V Uy, Uy E Mnvs 
(iii) a neutrosophic vague binary BEMV®™ normal ideal (NVB BZMV“ normal ideal) of Myyg whenever 
NVBiyyg (7 Ux © Uy) = NVByy,, (~ Ux © uy) and NVB;,,,(— Ux © uy) < NVB;,,, (~ ux © uy) 
i.e., NVBiyy,3(1Ux © Uy) & NVB,y, (~Ux@uUy), WU, Uy © Myvp 
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Theorem 5.3 
NVBiyyp (Ux)  NVBiyyg (Ux A Uy) 
Inve isa NVB BZMV“™~ p ideal of Dt yyy or 
NVBiyp (uy) (a NVBinvp (ux A uy) 
Proof 
Assume Iyyg isa NVB BZMV® -— p ideal of Muyyp 
NVBiyyp (Ux © 7 uy) = rmin {NVBMyy_ (Ux) NVBMyyp (uy)}; Vux Uy € Myve 
> 


or 
NVBiyyg(2Ux © uy) = rmin {NVBy,,, (Ux) NVBayy, (Uy)}; Vu Uy © Myve 


y 
Without loss of generality, consider NVB},,, (= uy © U5) = rmin {NVBuyye (uy), NVBvyyp (u,)} 
NVBivyp (Ux A Uy) = NVBiyy_ (Uy Aux) [using commutativity of A] 

= NVBiys (u, © (u,®@- uy)) [by using (u, Au,) = ug © (u, P AUu,)] 


= NVB igs (- (= wD (uy @ a uy))) [by using (u, © up) = 7 (Hu, @ 7 uy)] 


= NVBinvp (- (= uy Oa (A uy ® us))) [by commutativity of @] 


= NVBiyvs ( 1 ( 1 Uy @ 1 ( 1Uy B 1 14))) [since = 4 uy = Ux] 
= NVBivp (- (= uy ® (uy Oz ux))) [since 7 (A uy Baa ity) = (uy On7 ux)] € Inve 


NVBinyg (- (= uy @ (u, On us))) > NVBiys (ux A uy) and 
NVBiyyg(—7 Ux © uy) = rmin {NVByyy_ (Ux) NVBayyy (Uy)} 


> NVBi vp (- (suy @ (uy © ux) @ (44, O uy)) E Inve 


=> NVBivvp (- (= uy ® (uy On ux) @ (uy On us)) € Inve 


Hence, NVBivys (u, v (uy O- ux)) E Invg > NVBigyg (Uy) € Inve, since (uy © aux) < uy 
“ NVBinyp (uy) > NVBinyp (a ux © uy) 

Similarly, if NVB,,,,(— Uy © ux) € Inve => NVBiyyp (Ux) € Inve 

=> NVBiyyp (Ux) = NVBiyyg(— Uy © ux) 


Conversely, NVBiy yp ((. uy © uy) A (i Oza uy)) = NVBy yp (0) € Inve 


[from definition of NVB BZMV“ ideal] 

=> NVB;,,,(7 Ux © uy) € Invg or NVB,,,,(ux © a uy) € Inve 

= Invp isa NVB BZMV® prime ideal of Divnve 

Theorem 5.4 

Let Iyyg be an NVB ideal of a neutrosophic vague binary BLEMV® — subalgebra Myyp and 
~~u, = uy, forall u, © Myyg. Then the following conditions are equivalent : 

(1) Invg isa NVB BZMV®™ normal ideal (2) Iyyg isa NVB BZMV™ ~ ideal 

(3) NVBiyyg (~ Ux) € Inve @ NVByy, (4 Ux) © Inve 
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Proof 

(1) > @) 

Let Invg isa NVB BZMV%- normal ideal of Myyyp 

Then, V ux, Uy € Muvg, NVB_yyp (uy © Uy.) € Inve 

> NVByyyp(—7 au, © uy) € Invp [by using u, = 4-7 Ux] 

> NVBuyyp(~ au, © uy) E Ixvp [by property of BEMV™ — subalgebra 4 4 uy, = ~ aux] 
> NVBayvp(~ au, Or~~ uy) € Invp [Since given ~ ~ u, = uy] 

> NVBayvp(~ OSs Ux) € Invg [by commutativity] 

 NVBMyyp(~ ~ Uy © ~ 2 Ux) = NVBéyyp (Ux © uy), V Uy, Uy © Myyp 

=> Iyyg is a neutrosophic vague binary BEMV®™ ~ ideal of Myyg[by definition 5.2 (ii)] 
(2)> (1) 

Let Iyyg be a neutrosophic vague binary BZM 
Then, V ux, Uy € Muvyg, NVB_yyp (= uy © uy) € Inve 

> NVBMyyp(~ Bae Gee Bs ea uy) € Inva > NVBuyyp (~(A7u,) O~~ uy) € Inve 

=> NVBayyp(~ Ux © Uy) € Inva > NVBéyyp(~ 7 (~ ux) © ~ ~ uy) € Inve 

=> NVBMyyg(~ (4 ~ Ux) © ~~ uy) € Inve > NVBMyyg(~ ~ ~ Ux © ~ ~ uy) € Inve, since [4 ~ uy = ~ ~ ux] 

=> NVByyyp (7 (~ ~ Ux) © ~ ~ Uy) € Inve 

=> NVBuyyg(7 Ux © uy) € Inve, SO Inve is a NVB BZMV@™ normal ideal of Myvp.- 

(1) > (G3) 

Let Inyg be a NVB BZMV“ normal ideal of Myyg 

NVBixya (7 Ux © uy) & NVB,. (~ux©uy), Vuy Uy © Myyp 

NVBiyyg (7 Ux © 1) @ NVBy yg (~UxO 1), Vuy, uy © Mnyg [by putting uy = 1] 

NVBivyp(7(4 7 ux @ 41)) & NVByy_p(aC4~ ux @ 31)), Vuy uy € Myyg [by definition of ©] 
NVBivyp(7(4 7 Ux @ 0)) & NVB,,, (AC; ~ ux @0)), Vuy, uy © Myvp 

NVBixyp (AC a ux)) © NVBiyep (AG ~ Ux)); Vuy, Uy € Myvg_ [since (uy ® 0) = ux] 
NVBj,y3(4 7 (4. ux)) & NVByy, (2 (~ ux)), Vux, Uy © Myve 

=> NVBiyyp (4 Ux) @ NVByyg (~ Ux), Vux, Uy © Mnyeg [since 47 (uy) = ux] 

(3) > (1) 


Suppose, NVBivyp (~ Ux) E Inve S NVBinyg (A Ux) E Inve 


viM ~ ideal. 


UouUUU ov SY 


NVBiv3(~ uy © uy) € Invs @ NVBiyyp (~ u,O~~ uy) € Inve [since uy = ~ ~ uy, by definition] 

> NVBiyyg (7 (4 ~ tx ® vy) € Inve [by definition of ©] 

> NVBiyya(- (~~ ux ® +uy)) € Inve [4 ~ Ux = ~ ~ Ux 

=> NVBiye (= (u, @ ~ uy)) € Inve [given ~ ~ uy = ux] > NVB,,. (= (u,O3~ uy)) € Inve 

=> NVBi,y_,(— Ux © 4 ~ uy) € Inve [by property of ©]> NVBj,,,(2 ux © ~ ~ uy) € Inve [4 ~ uy = ~ ~ Uy] 

=> NVBiyp (A uy © uy) € Iyvp [by using the given property ~ ~ u, = ux]. -* Iyyg is a NVB BZMV4™- ideal 


6. Direct sum of neutrosophic vague binary BZMV™ — subalgebra 


In this section, a method is provided as a theorem to obtain a NVB BZMV®™ 


NVB BZMV“ - subalgebras having {0,1} as common elements. 


- subalgebra by joining two 
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Theorem 6.1 

Let Mtuyy_ = (U"™NvB, @y,71,~1,0,1) and Mp, = (U™PNvB, By, 42 ,~2,0, 1) be two NVB 
BZMV“™ ~— subalgebras such that (U™™nve nN U™Pnve ) = {0,1}. Let U™nve = (U™™nve U U™Pnve ) and 
let a binary operation © be defined on Z as follows: 


Uz B; Up if ua, Up € U™™nve 
(u, © up) = 4 u, @2 U, if ua, Up € U™Pnve 
Ug otherwise 
Oy — fru if u, € U™™Mnvs 
a a if Mp 
72 Ug if u, © U''Pnvs 
Oy, = )71Ua if uy € U"™nve 
a le if u, © U™Pnve 
2 Ua Wu, 


Then, (U™Wnve, ©, 4, ~© ,0,1) is a neutrosophic vague binary BLMV™ — subalgebra Mee: 
Here, © denotes direct sum. 

Proof 

(1) Let ug, Up € U™™Mnve and u, € U™Pnvs 

NVBMyyp((Ua ® Up) @ Uc) = NVBayyg (Ua B1 Up) B uc) = NVBuyyp (Ua B1Up) 

NVBayyp (Cun ® Uc) @ Ua) = NVByyy, (Up @ Ua) = NVByyy, (Ua B Up) = NVByyy, (Ua B1Up) 
(2) Let uy € U"™nve and 0 € U™PNvs. NVBayyy (Ua @ 0) = NVBmyyp (Ua) 

Similarly, all the axioms for a BEMV“™- subalgebra can be verified. 

Case (i) : U, Up € U"™nve, (Vu,, up € U™nve) 


inf 
(1) @ E (u, (2) Up) NVBunvp co) 
= inf ; 
~ luy € (uy ®, up) NVBayyp (Uy) } * Fmin{NVByyyp (Ua), NVBMyyp UD)} 
(2) (Vu, € U™™nve ) 
(i) NVBayyp (Ua) = NVBMyyg(7© Ua) > NVBayyp (Ua) = NVBayyp (1 Ua) 
(ii) NVBMyyp (Ua) = NVBMyyp(~© Ua) = NVBoyyp (Ua) = NVBayyp(~1 Ua) 
[Since, (U"™nve, @,, 31, ~,,0,1) isa NVB BEMV™ - subalgebra] 
Case (ii) : ug, Uy € U" Prva, (Vuz, u, € UPnve) 


inf 
(1) a E (u, (=) Up) NVBunvp co) 
7 inf ; 
= ace Geous NVByyyp (Uy) | = rmin{NVBy,yp, (Ua), NVBMyyp (un) 
(2) (Vu, € U™Pnve ) 
(i) NVBvyyp (Ua) = NVBuyy_ (© Ua) > NVByyy, (Ua) = NVByyy, (2 Ua) 
(ii) NVByyyp (Ua) = NVBuyy,(~© Ua) > NVBayyp (Ua) = NVBMyyp(~2 Ua) 
[Since, (U™'nve , ®2, 42, ~2, 0, 1) isa NVB BZMV@™- subalgebra | 
Case (iii): V u, € U™™nvs, u, € U™Pnve or uz € U™PNve, u, € U™™Mnve 
(1) (Vv u, € U™™nve, u, € UF or u, € U™Pxve, u, € U™™nve) 


inf inf ; 
@ € (u, © uy) NVBMyve co) ~ ¢ € (u,) NVBunye o) 7 rmin{NVByvs (ua), NVByyp (b)} 


Being a unary operation, 2"4 axiom does not exists. 
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Clearly all the conditions fora NVB BZMV“ - subalgebra is verified. It is clear that combining of two 
NVB BZMV°"- subalgebras, will produce the same. 


7. Conclusions 


Binary concept leads us to handle the situations with two universal sets which are found to be common in real- 
life. In this paper neutrosophic vague binary BLMV“ Sub-algebra of BZMV4™- algebra is developed. This idea 
will provide a combined effect of the distributive Brouwer Zadeh lattice with Many —Valued or Multi - Valued 
algebra when stipulated into the de-Morgan’s zone. Its basic-ideal with various sub kinds are also developed. 
Some theorems, properties, direct sum for this new concept are explored. This paper is an attempt to discuss 
with mixed patterns and an investigation towards its wide scope. It could be further extended to higher 
dimensions. Pre -BZMV algebraic structure is a weaker structure than BZMV™ — algebra. In some times, 
violation of theorems in stronger structure may come into a control mode in their relaxed forms. That also could 
be verified by comparing both these structures. BZMV®™ —algebra can be considered as a strong MV- algebraic 
structure in de- Morgan’s environment. Same way, one more strengthened MV — algebraic structure namely 
neutrosophic vague binary - BZMV, (NVB — BZMV, — subalgebra) can also be developed. Here A is an 
additional unary operator in the context. It can be also extended towards the de —- Morgan’s atmosphere and can 
get a more tightened structure neutrosophic vague binary BZMV, @ Sub-algebra of BEMV, ™ - algebra (NVB 
BZMV, ™ Sub — algebra of BZMV, ™ — algebra). In future, its applications can be extended to a number 
of areas like geology, unmanned aerial vehicle, business analysis, chemistry, mechatronics, aerospace, 
biomedical etc and have to be discussed in detail. Numerous applications can be tried out in the field of working 
algorithms of vacuum cleaners, washing machines etc., and in stock trading, medical diagnosis and treatment 
plans, weather forecasting systems, 3D animations etc. Neutrosophic Vague Binary ideas with its logical 
BZMV" Sub - algebraic pattern can be hopefully developed towards this area and to its working algorithms to 
produce more accuracy in this digital world. 
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Abstract. In this paper, we introduce and study the concept of Neutrosophic [-semiring and study various 
properties. Also, we prove that there is a one-to-one correspondence between Neutrosophic [-semirings and 
sub I-semirings of a [-semiring. Further, we prove that the set of all neutrosophic [-semirings is a De-Morgan 
algebra. Moreover, we establish that the homomorphic image and inverse image of a Neutrosophic I’-semiring 


is also a Neutrosophic [-semiring. 


Keywords: [-semiring, fuzzy set, neutrosophic set, neutrosophic I’-semiring. 


1. Introduction 


In 1965, Zadeh, L.A. introduced the concept of fuzzy sets. In 1986, Atanassov, K. 
proposed intuitionistic fuzzy set theory as an extension of the fuzzy set theory. Next, in 
1998, Smarandache F. introduced the notion of neutrosophic sets, which are a common 
generalization of fuzzy sets and intuitionistic sets. 

Recently, Smarandache F. defined the NeutroAlgebraic structures and AntiAlgebraic 
structures. Al-Tahan, M. et al. defined the neutrosophic quadruple H,-rings, neutrosophic 
quadruple H,-subrings, and neutrosophic quadruple homomorphism and studied their various 
properties [3}. Muzaffar, A. et al. summarized the previous work carried out in the field of neu- 
trosophic logic, set, measure, and also classification techniques in neutrosophy and the relevant 
research work has been discussed and they investigated some various of applications in the 
field of neutrosophy (7). Neutrosophic quadruple algebraic structures and hyperstructures are 
discussed in (2}[2\/6}. Further, Rezaei, A. et al. introduced the notions of neutrosemihypergroup 
and antisemihypergroup and investigated some of their properties (10). 
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In 1996, Rao, M.K. |8| introduced the concept of [-semiring as a generalization of semiring 
as well as I’-ring (also see [9}). It is known that, the notion of [-semirings is an extension of 
the ternary semirings. Then Bhargavi, Y. et al. studied on fuzzy I-semirings and investigated 
some of their properties (5). 

In this paper, we introduce and study the concept of neutrosophic I’-semiring and study 
various properties. Further, we prove that the set of all neutrosophic I-semirings is a De- 
Morgan algebra. Also, we establish that the homomorphic image and inverse image of a 


neutrosophic ['-semiring is also a neutrosophic I-semiring. 
2. Preliminaries 
We recall the basic notions and definitions regrading [’-semirings used in the paper. 


Definition 2.1. ( (9}) Let E and I be two additive commutative semigroups. Then FE is called 
I-semiring if there exists a mapping E x T x EF + E image to be denoted by eaf if it satisfies 
the following conditions: for all e, f,g € E;a,68 €T. 

(TSR1) ea(f + g) = eaf + ag, 

(TSR2) (e+ f)ag = eag + fag, 

(TSR3) e(a+ 8)f =eaf +eBf, 

(TSR4) ea(f8g) = (eaf) Bg. 


Definition 2.2. ( (9]) A nonempty subset y of a T-semiring F is said to be a sub I-semiring 
of EF if (F,+) is a sub semigroup of (F,+) and eaf € F, for alle, f € F;aeT. 


Definition 2.3. ( (9]) Let E and ¢y be two I-semirings. Then y : E — F is called a homo- 
morphism if 

1. ylet+ f) = le) + 9(f), 

2. vleyf) = vle)re(f), for alle, fe Eyy eT. 


Definition 2.4. ( (13}) Let FE be a space of points (objects), with a generic element in FE 
denoted by &. A neutrosophic set 7 in E is characterized by a truth-membership function 
vr(e), an indeterminacy-membership function ~;(e) and a falsity-membership function wp(e). 


Then, a simple valued neutrosophic set A can be denoted by 


v= es e, Yr(e), ¥r(e), vr(e) Pe EF}, 
where wr(e),v7(e),vr(e) € [0,1] for each point EF in E. Therefore, the sum of 
Ur(e), vr(e), Vr(e) satisfies the condition 0 < wr(e) + wr(e) + vRF(e) < 3. 


For convenience, simple valued neutrosophic set is abbreviated to neutrosophic set later. 


Definition 2.5. ( [13}) Let w = (W7,v7,Ur) and ¢ = (¢r, ¢1,¢Fr) be two neutrosophic sets 


of a universe of discourse EF. 
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The complement of 7 is denoted by w° or y’ and is defined as 
prle) = vr(e), ¥7le) =1—-dr(e), Yee) = Pre). 


The intersection of ~ and ¢ is defined as WN = ((WN d)7, (UN o)7,(U No) Fr), where 
(9 d)r(e) = mintYr(e), dr(e)}, (WN g)r(e) = max{yr(e), dr(e)} and (WA o)r(e) = 
max{Wp(e), dr(e)}. 

The union of ~ and ¢ is defined as WU¢ = ((WU¢)rz, (WU@)r, (WU) r), where (WU¢)r(e) = 
max{Wr(e), or(e)}, (YU )r(e) = min{w7(e), g(e)} and (WU d)r(e) = min{yr(e), dr(e)}- 


A neutrosophic set ~ is contained in another neutrosophic set ¢, defined as follows: 
wv C gif and only if wr(e) < or(e), wr(e) > or(e) and wr(e) > dr(e), for alle € E. 


Definition 2.6. ( (13}) Let w = (Wr, v7, Vp) be a neutrosophic set of a universe of discourse 
E. For a, 6,7 € [0,1] with 0 << a+6+7 <3, the (a, 8,7y)- cut or neutrosophic cut of w is 
the crisp subset of & is given by 


Va,8,7) = {e € BE: br(e) 2 a, dr(e) < B, bre) < YI. 


Definition 2.7. ( (13}) Let y be a mapping from a set FE into a set F’. Let ~ be a neutrosophic 
set in E. Then the image y(w) of w is the neutrosophic set in F' defined by: 


sup wUr(z) ify (f)4¢ 
(elbr) )(f) = 4 ze9/) 


0 otherwise 


inf Plz) ify (f) #¢ 
1 otherwise 


and 


zeyp-l 


(er) )(f) = 


? 


1 otherwise 


inf vez) fe (A) #e 


for all f € F, where y!(f) = fe: y(e) = f}. 
Let ¢ be a neutrosophic set in F. Then the inverse image of y~'(¢) of ¢ is the neutrosophic 
set in E by ~~ !(¢)(e) = o(y(e)), for alle € E. 


Definition 2.8. ( [5}) A fuzzy set yw in a T-semiring EF is called fuzzy I'-semiring if it satisfies 
the following properties: for all e, f € E;y €T 

(FI) ule + f) > min{y(e), u(f)}, 

(F'12) uleyf) = min{p(e), u(f)}- 
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3. On Neutrosophic I-semirings 


This section presents some important properties of neutrosophic I-semirings and charac- 
terize neutrosophic [-semirings to the crisp [-semirings, and we prove that the set of all 
neutrosophic ['-semirings is a De-Morgan algebra. 

Throughout this section FE stands for a [-semiring unless otherwise mentioned. 


Now, we introduce the following. 


Definition 3.1. A neutrosophic set A = (Wr,v7,Wpr) in a T-semiring F is called a Neutro- 
sophic I'-semiring if it satisfies the following properties: for all e, f € E;y © T 
NTSR1) pr(e+ f) = min{pr(e), Yr(f)}, 
NTSR2) pr(e + f) < max{yr(e), vr(f)}, 
NTSR3) pr(e t+ f) < max{pr(e), ve(f)}, 
NTSRA) pr(eyf) = min{yr(e), Yr(f)}, 
) orlevf) < max{vr(e), Pr(f)}, 
)o 


NTSR6) wr(eyf) < max{wr(e), vr(f)}.- 


Example 3.2: Let E be the set of negative integers and [' be the set of negative even integers. 
Then £, T are additive commutative semigroups. Define the mapping E x T x E > E by eaf 
usual product of e, a, f, for alle, f € E;a€T. Then E isaT-semiring. Let w = (wr, v1, wr), 
where wr: EF > [0,1], wr: E — [0,1] and vr: E — (0, 1] defined by: 


0.6 if e=-—l 
vr(e)=4 0.7 if e=-2 , 

0.9 if e<—2 

0.5 if e=-—1 
vr(e) =< 0.3 if e=-2 

0.2 if e<—2 

and 

0.4 if e=—-l 
wr(e)=*< 0.2 if e=—-2 

0.1 if e<—2 


Thus w is a Neutrosophic ['-semiring of EF. 


Example 3.2. Let E be the set of real numbers and I be the set of positive numbers. Then 
E, T are additive commutative semigroups. Define the mapping EF x I x E > E by eaf usual 
product of e, a, f, for alle, f € E;a€T. Then F isaT-semiring. Let = = (vr, 1, wr), where 
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vr: FE > [0,1], wr: FE - [0,1] and wr : E — [0,1] defined by: 


0.9 if e=0 
wr(e)= 4 0.7 if eis positive , 


0.6 if e is negative 


0.2 if e=0 
Yr(e) =< 0.3 if eis positive 
0.5 if eis negative 
and 
0.1 if e=0 
wr(e)=< 0.2 if e is positive 


0.4 if eis negative 


Thus w is a Neutrosophic ['-semiring of EF. 


Theorem 3.3. A neutrosophic set W = (wr,v1, WF) is a neutrosophic T-semiring of E if and 
only if wr, 1—wWyr and1—wep are fuzzy -semirings of E. 


Proof. Suppose w = (wr, 7, Wp) is a neutrosophic ['-semiring of E. Let e, f € E; y € .Then 
i) pr(e+ f) 2 min{yr(e), br(f)}, 

it) vr(e + f) < max{yz(e), br(f)}, ie, 1- r(e+ f) 2 min{1 — Yz(e),1 — dr(F)}, 

it) or(et f) < max{vr(e), Pr(f)}, Le. 1—-pr(e+ f) 2 min{l — Yr(e),1—vr(/)}, 

iw) or(eyf) = min{yr(e), Yr(f)}, 

v) or(eyf) < max{pr(e), br(f)}, ie, 1— vr(eyf) 2 min{1 — yr(e),1 — dr(f)}, 

vt) vr(eyf) < max{vr(e), Pr(f)}, Le. 1- vr(eyf) 2 min{1 — pr(e),1— br(f)}. 

Thus, wr, 1 — wy; and 1 — wp are fuzzy T-semiring of FE. The converse part is obvious from 
the definition. 


a a 


Theorem 3.4. A neutrosophic set psi = (Wr, wW1,wr) of E is neutrosophic T- semiring of E 
if and only if for all a, B,y € [0,1], the (a, B, y)-cut Ya,g,7) 1s @ sub T-semiring of E. 


Proof. Suppose p = (Wr, 1, Pr) of E is a neutrosophic T-semiring. Let e, f € Yaa.) 7 €T- 
Then ¢r(e),¥r(f) = a, bre), ¥r(f) < 8, vr(e),vr(f) < 7. Since A is neutrosophic I- 
semiring, we have: 

(i) br(e+ f) = min{wr(e), Pr(f) 
(it) wr(e+ f) < max{pr(e), Y7(f) 
(itt) be(et+ f) < max{vr(e), vr (f)} 
which implies e + f € Ya,6,)- 


Qa, 
B, 
= 


Ys 


Also, since 


(iv) vr(enf) 2 min{pr(e), Yr(f)} 2 a, 
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(v) vr(enf) < max{vr(e), ¥1(f)t < B, 
(vi) vr(enf) < max{pr(e), vr(f)t <7 
which implies enf € ¥(a,8,7)- 
Thus, %(q,8,7) is a sub T’-semiring of EF. 

Conversely, suppose 7,3.) is a sub I-semiring of E. Let e, f € E;n € T. Let pr(e) > 
al, or(e) < BY, Yr(e) < yy1 and Yr(f) > a2, vr(f) < Bye, Pr(f) < 72. 
Put a = min{al,a2}, 8 = max{8y 1, Bv2} and y = max{y1, 7W2}. Then e, f € W(a,B,7)> 
and soe +f € Wa,e,7) and enf € Wag) Hence yr(e+ f) > a = min{yr(e), yr(f)}, 
vr(et+f) < B= max{yr(e), vr(f)}, vrlet+f) < 7 = max{yr(e), vr(f)} and vr(enf) > a= 
min{wr(e), vr(f)}, br(enf) < 6 = max{y7(e), vi(f)}, velenf) < 7 = max{vr(e), ve(f)}- 


Thus, w is a neutrosophic I’-semiring of FE. 


Theorem 3.5. Let ~ = (Wr, W1,VUr) be a neutrosophic set of E. The two neutrosophic cuts 
Oia Eh aa) and Dev Barn) of EF are equal, where a1, a2, a3, 31, 82, 63, 71, Y2, ¥3 € [0,1] with 
ay < a2, 8, > Ba, 11 > Ya if and only if there is no e € E such that a, < wr(e) < ae, 61 => 
wr(e) > Bo, 1 = Pele) > 72. 


Proof. Suppose W(a1,6,,71) 28d W(as,62,72) Of E are equal. Suppose if possible there exists e ¢ E 
such that ay < ¢r(e) < a2, Ai = pr(e) > Bo, V1 = Yr(e) > ya Then e € Way gin) = 
W(a2,Bo,¥)) and so pr(e) > ag, wr(e) < B2, = wre) < ye. Which is a contradiction. Hence 
there exists no e € F such that ay < wr(e) < a2, 61 > Yr(e) > Bo, 71 = wre) > Ye. 

< rle) < a2, fi = 
wr(e) > bo, 1 = vr(e) > y2. Suppose if possible Pia, ,6,,4,) 7 VY(a2,8.2)- Then there 
exists € € Yo1,6i1) and € € Waz,6o,)> Le, Yr(e) = a1, Yrle) < fi, Yr(e) < m1 and 
wr(e) < a2, Wr(e) > G2, Wr(e) > 72. So, there exists e € FE such that ay < Wr(e) < a2, 81 > 
wr(e) > Ba, 1 = r(e) > 2. Which is a contradiction. Thus, (0,8, 4,) = Y(a2,Bo,72)" 


Conversely, suppose that there exists no e € E such that a; 


Theorem 3.6. [fw = (Wr,V1, VF) and ¢ = (¢7, ¢1, OF) are two neutrosophic T-semirings of 
E, then wo is a neutrosophic T-semiring of E. 


Proof. Let e, f € BE; €T. Then 


(pb d)rlet+ f) = min{yr(e + f), or(e+ f)} 
> min{min{yr(e), Pr(f)},min{¢r(e), or(f)}} 
= min{min{yr(e), dr(e)},min{yr(f), or(f)}} 
=min{(¥N¢)r(e), YN g)r(f)}, 
Voila Phares, Alcbar Rezaei, On Neatrosophie. f Seminngs 


Neutrosophic Sets and Systems, Vol. 47, 2021 


(b d)rlet+ f) = max{yr(e + f), drle + f)} 
< max{max{v7(e), d7(f)}, max{dr(e), dr(f)}} 
< max{max{77(e), dr(e)}, max{v7(f), dr(f)}} 
=max{(¥4)r(e), (WN d)r(f)} 


and 


(bN d)r(et+ f) = max{vr(e+ f), or(et f)} 
< max{max{pp(e), Yr(f)},max{or(e), dr(f)t} 
< max{max{7r(e), dr(e)},max{pr(f), dr(f)}} 
=max{(¥ ¢)r(e), YN g)r(f)}- 


Also, we get 


(LA d)r(enf) = min{vr(enf), or(enf)} 
> min{min{yr(e), Pr(f)}, min{¢or(e), dr(f) tt 
= min{min{pr(e), dr(e)},min{yr(S), or(f)t} 
=min{(¥N ¢)rle), YN e)r(f/)}, 


(1 g)r(enf) = max{vr(enf), or(enf)} 
< max{max{~7(e), Yr(f)}, max{dr(e), dr(f) }} 
< max{max{~7(e), o7(e)}, max{v7(f), dr(f)}} 
= max{(WN 4)r(e), (WN e)r(f)} 


and 


(1 ¢)r(enf) = max{vr(enf), dr(enf)} 
< max{max{wr(e), Yr(f)},max{or(e), dr(f)t} 
< max{max{pr(e), dr(e)},max{vr(f), dr(f)}} 
=max{(vN ¢)r(e), We) F(f)}- 


Thus, ~M ¢ is a neutrosophic I-semiring of EF. 


Corollary 3.7. The intersection of arbitrary family of neutrosophic T-semirings is a neutro- 


sophic T'-semiring. 


The following example shows that the union of two neutrosophic I’-semirings may not be a 


neutrosophic [-semiring, in general. 


Yella Bhargavi, Akbar Rezaei, On Neutrosophic I’-Semirings 


Neutrosophic Sets and Systems, Vol. 47, 2021 


Example 3.8. consider the additive abelian group Z4 = {0,1,2,3} and the subgroup T = 
{0,2}. Define Z, x T x Z4 > Z4 by eaf usual product of e,a, f, Ve, f € Zs; a ET. 
Then Z, is a T-semiring. 


Let w = (Wr, v1, vr), where wr : Z4 > [0,1], Yr: Z4 > [0,1] and wr: Z4 — [0,1] defined by: 


0.8 if e=0; 
wvr(e) = 0.6 if e=1,; 


0.4 otherwise 


0.2 if e=0; 
wrilej=* OA af e=1; 


0.5 otherwise 


0.2 if e=0; 
we(e)=< 03 if e=1; 


0.5 otherwise 


Let ¢ = (or, $1, Or), where dr : Z4 > [0,1], dy : Z4 > [0,1] and op : Z4 > [0,1] defined by: 


0.6 if e=0; 
ér(e)=¢ 0.5 if e=2; 


0.2 otherwise 


0.2 if e=0; 
ér(e)=4 0.3 if e=2; 


0.4 otherwise 


0.3 if e=0; 
dr(e)=< 0.4 if e=2; 


0.5 otherwise 


Thus, w and ¢ are neutrosophic [’-semirings of Z4, but yU¢ is not a neutrosophic [-semiring 
of ZA. 


In particular we have the following: 


Theorem 3.9. [fw = (Wr,v1, VF) and ¢ = (dr, ¢1, OF) are two neutrosophic T-semirings of 
E, then wU@ is a neutrosophic [-semiring of E only if C é ord Cw. 
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Proof. Assume that e, f € E; 7 €T. Suppose A C B. Then 


(WU ¢)r(e+ f) = max{r(e+ f),dr(et f)} 
= or(e+ f) 
= min{r(e), dr(f)} 
= min{max{yr(e), dr(e)}, max{~r(f), or(f)}} 
=min{(PU ¢)r(e), (PU @)r(f)}, 


(bUd)i(e+ f) =min{vr(e + f), dr(e + f)} 
= or(e+ f) 
< max{¢(e), dr(f)} 
= max{min{¥7(e), dr(e)}, min{y7(f), dr(f)}} 
= max{(vU 4)r(e), (WU d)r(f)} 


and 


(PU d)r(e+ f) =min{vr(e + f), dr(e+ f)} 
= or(e+ f) 
< max{¢r(e), dr(f)} 
= max{min{vp(e), dr(e)}, min{vr(f), dr(f)}} 
=max{(vU ¢)r(e), WU) r(f)}- 


Also, we have 


(HU g)r(enf) = max{pr(enf), dr(enf)} 
= or(enf) 
= min{dr(e), or(f)} 
= min{max{wr(e), dr(e)}, max{vr(f), or(f) tt 
=min{(~PU ¢)r(e), (WU d)r(f)}, 


(b U g)r(@ny) = minty; (ny), dr(@ny)} 
= or(e+ f) 
< max{¢;(e), dr(f)} 
= max{min{¥7(e), dr(e)},min{y7(f), dr(f)}} 
=max{(¥U 4)r(e), (WU d)r(f)} 
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and 


(bU ¢)r(enf) = min{yr(enf), or(enf)} 
= or(enf) 
< max{¢r(e), dr(f)} 
< max{min{vr(e), dr(e)}, min{ve(f), dr(f) th 
=max{(WU ¢)r(e), (WU e)r(f)}- 


Similarly, we can prove if @é C w. Thus, ~ U¢ is a neutrosophic -semiring of E. 


Lemma 3.10. Let A(E) be the set of all neutrosophic T-semirings of E. Then (A(E), C) is 


a poset. 


Proof. Let A,B,C € A(E). 

1. Always A C A, for all A € A(E). So, C is reflexive. 
2. Let AC Band BCA 

=>A=B. 

So, C is anti symmetric. 

3.Let AC Band BCC 

=>ACC. 


So, C is transitive. 


Thus C is partial ordering and hence (A(£), C) is a poset. 


Theorem 3.11. (A(E),U,N,’ ,0,1) is a De-Morgan Algebra. 


Proof. We will show that 
1. (A(E),U,/N,’,0,1) is a bounded distributive lattice 
2. (wy =o, (VUd) =0'Ng! and (Wd) =W UY, for all ¥, 4 € A(E). 
Let } = (vr, 1, vr), 6 = (67, or, ¢F), 6 = (OT, oI, oF) € A(E). 
1. Since 0 < er(e) < 1, 0 < wr(e) < 1 and 0 < wpr(e) < 1, for all x € R. So, A(E) is 
bounded. 
Idempotency: 
VOY = (br, br, be) (or, br, ve) = Yr, or, YF) = Y, 
VU = (br, U1, br) U (Yr, br, UF) = (Ur, Yr, br) = Y. 
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Commutativity: 


vO b= (vr, vr, vr) (or, $1, OF) 
= (min{wr, dr}, max{py, 7}, max{pr, or }) 
= (min{¢r, pr}, max{¢y, vy}, max{¢p, Vr }) 
= (or, 61, Or) (Ur, v1 VF) 
= ony, 

pUd= (vr, 1, br) U (or, $1, oF) 
= (max{vr, dr}, min{v7, ¢7},min{pr, dr}) 
= (max{¢r, vr}, min{¢;, v7}, min{ dp, vr}) 
= (or, 61, Or) U (Yr, v1, VF) 
=itiialy 


Associativity: 


vr, Vr, VF) (or, or, oF) A (or, oF, 0F)) 


min{~r, min{or, or}},max{w7,max{y,o7}},max{wpr, max{dr, oF }S}) 


pN(ene)= 


min{min{wr, dr},or}, max{max{w7, d7},o7},max{max{wr, dr}, or}) 


png)no, 


yas ee eee eC ee 


wU (dU) = (or, v1, vr) U ((6r, $1, oF) U (or, oF, 0F)) 
== max{?r, max{¢r, or}}, min{ yy, min{¢7, ort}, min{wr, min{¢p, or}}) 
= (max{max{wr, ér}, or}, min{min{w,, dr}, 07}, min{min{ypr, dr}, or}) 
= (wUd) Uo. 
Absorption: 


YN (~U¢) = (minty, max{yr, or}},max{py, min{py, o;}},max{yp, min{ Yr, dr} }) 
= (vr, v1, VF), 
=, 
max{vr,min{wr, dr} },min{py, max{,, d7}}, min{yp, max{vp, >r}}) 
vr, 01, VF) 
= yp. 


= 
=i 
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Distributivity: 


YO (~Uoe) = (min{~r, max{¢r, or} },max{yy, min{¢, o;}},max{Yp, min{ dp, oF }}) 
= (max{min{~r, dr}, min{~r, or}}, min{max{y, ¢;}, max{y7, 77 }}, 
min{max{?pr, dr},max{Up, oF }}) 
= (Nd) UWMNoe), 
w~U(dNe) = (max{vr, min{ dr, or}}, min{y, max{¢, or}}, min{yr, max{dp, or}}) 
= (min{max{~wr, dr}, max{vr, or }}, max{min{?7, 67}, min{y, 77 }}, 
max{min{~r, dr}, min{ypr,or}}) 
= (PU 4)N (Uo). 


Thus, (A(£),U,M,’,0,1) is a bounded distributive lattice. 
2. Now, we show that (w’)’ = a, (WU ¢) =wv'N¢' and (WN gd)! =wW' UP. 


(PN g)' = (min{ypr, dr}, max{y, o7},max{vp, or})’ 
= (max{?~r, dr}, min{l — pr, 1 — d7}, min{ 7, ¢r}) 
=p U¢. 
Therefore (WM ¢)' = ~’ U@. Similarly, we can show that (= U ¢)' = v'N @. Also, we have 
w = (wp, 1—v1, v7), and so (y’)! = w. Thus, (A(E),U,M,’,0,1) is a De-Morgan algebra. 


4. Hommorphic image and Pre-image of Neutrosophic I’-semirings 


Theorem 4.1. Let y be a homomorphism from a T-semiring E onto a T-semiring F and 
let @ be a neutrosophic T-semiring of F. Then the pre-image y '(@) of @ is a neutrosophic 
T-semiring of E. 


Proof. Assume that e, f € E; 7 © T. Then 


(ep *(ér))(e + f) = ér(vlet f)) 
= ér(v(e) + ¥(f)) 
= min{ér(y(e)), r(v(f))} 
=min{y ‘(ér)(e),¢ (er) (F)} 
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(po (en))(e+ f) = br(¢le + f)) 
= br(p(e) + v(f)) 
< max{¢7(~(e)), dr(9(F))} 
= max{y"*(¢7)(e),¢ (er) (F)}; 


(ep *(dr))(e+ f) = or(vlet f)) 
= or(vle) + v(f)) 
< max{dr(y(e)), dr(¥(f))} 
= max{y""(¢r)(e),¢ (Fr) (f)} 


and 


(ep *(¢r))(eny) = ér(¢lenf)) 
= ér(v(e)ne(f)) 
> min{¢r(f(e)), r(f(f))} 
= min{(y'dr(e), (e (er) (f)}, 


(pe *(¢1))(enf) = or(¢(enf)) 
= or(vle)ne(f)) 
< max{¢7(y(e)), dr((f))} 
= max{y"*(¢7)(e), ¢ *(¢1)(F)} 


(pe *(dr))(enf) = or(y(enf)) 
= or(vle)ne(f)) 
< max{$r(y(e)), dr(v(/))} 
= max{y '(¢r)(e),¢ ‘(¢r)(f)}- 


Thus, y'(¢) is a neutrosophic I-semiring of E. 


Theorem 4.2. Let y be a homomorphism from aT-semiring E onto a T-semiring F. Let w 


be a neutrosophic T-semiring of E. Then the homomorphic image p(w) of w is a neutrosophic 


T-semiring of F. 


Proof. Let p,q € F; y € T. If either y~!(p) or y'(q) is empty, then the result is trivially 
satisfied. 
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Suppose vy !(p) and y~!(q) are non-empty. Since p,q € F, then there exist e, f € E such that 
e= f(p), f = f(q). Then 


(yo(pr))(pt+q)= sup wpr(z) 


zep—!(p+q) 
= sup{pr(e+ f):e,f € E,e = y(n), f = 9(a)} 
> sup{min{yr(e), Yr(f)}: ef € E,e = 9p), f = 9(9)} 
= min{sup{yr(e):e € E,x = y(p)}, sup{er(f) : f € £, f = 9(a)} 
= min{(¢(vr))(p), (er) (a)}; 


((v1))(p+4) = Aes vr(z) 

=inf{yr(e+ f): e,f € E,z= y(n), f = p(q)} 

< inf{max{¢7(e), vi(f)} : ef € E,x = v(p), f = 9(a)} 

= max{inf{p(e) : e € E,e = y(p)}, inf{ur(f): f € E, f = v(a)} 
= max{(y(r))(p), (e(1))(a)}; 


(o(vr))(p +4) = ee Vr(z) 

=inf{yr(e+ f):e,f € E,e = (np), f = 9(q)} 

< inf{max{vr(e), vr(f)}: ef € E,e = v(p), f = 9(q)} 

= max{inf{pr(e) :e € E,e = y(p)}, inf{ur(f): f ¢ E, f = 9(g)} 


= max{(e(vr))(p), (er) ) (Mt 


and 


(y(vr))(pyq) = sup pr(z) 


zey—!(pyq) 
= sup{Pr(eyf) :e, f € L,e = y(n), f = p(q)} 
> sup{min{yr(e), ¢r(f)}: ef € E,e = (np), f = 9(a)} 
= min{sup{yr(e) :e € E,e = y(p)}, sup{yr(f): f ¢ E, f = p(a)} 
= min{(y(vr))(p), (eWr))(a)}; 
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(y(v1))(pya) = _ inf — yr(z) 


zep”'(pyq) 
= inf{Wr(eyf) : e, f € E,e = op), f = v(a)} 
< inf{max{yr(e), yr(f)}: ef € E,e = v(p), f = ola} 
= max{inf{p7(e) :e € E,e = y(p)}, inf{er(f) : f € BE, f = y(@)} 
= max{(~(v7))(p), (er) (a)}; 


and 


inf br (z) 
zey 1 (pyq) 


= inf{wr(eyf): e, f € E,e = v(p), f = v(a)} 

< inf{max{pr(e), yr(f)}: ¢, f € E,e = 9(p), f = v(g)} 

= max{inf{ppr(e):e € L,e = y(p)}, inf{wr(f): f ¢ LE, f = y(a)} 
= max{(y(vr))(p), (er) )(Q)}- 


(y(wr)) (py) 


Thus, y(w) is neutrosophic [-semiring of F’. 


5. Conclusions and future works 


In this paper, we introduce the notion of a neutrosophic [-semiring and characterized the 
neutrosophic I'-semiring in terms of crisp [-semirings and obtained some properties. In con- 
tinuity of this paper, we study neutrosophic ideals, neutrosophic bi-ideals, neutrosophic quasi 


ideals, neutrosophic interior ideals of I-semiring. 
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ABSTRACT. In this paper, we have given a technique to solve transportation problems in a neutrosophic en- 
vironment. The proposed technique gives solutions in the best possible and the worst possible manner. The 
concept is based on (a, 6, 7) cut-sets of neutrosophic sets. It converts the problem into an interval-valued prob- 
lem, which is further solved to give the best possible and the worst possible solution to the considered problem. 
Moreover, the technique proposed in this paper produces a direct optimal solution. The gained results ensure 
that the proposed method is better than the traditional ones as it is computationally much more efficient. 
The proposed technique has been suitably modified by varying (a, 8, y) according to the decision maker’s 
knowledge of supply and demand requirements. Numerical illustrations have been provided to demonstrate the 


methodology and to prove our claim on efficiency. 


Keywords: Neutrosophic Transportation Problem, Single Valued Trapezoidal Neutrosophic Number, (a, 8, 
y) Cut-Sets, Decision Making Problem 


1. Introduction 


The transportation problem (TP) is a unique magnificence network-based linear program- 
ming problem with utmost significance in literature. TP was first introduced by Hitchcock fi}. 
These days transportation problem is used in many fields like management 2}, job schedul- 
ing [3], investment [4], inventory (5, production (6, etc. To model these real-life problems 
we need to know some parameters values such as transportation cost, demand and supply. 
However, in real-life situations the parameters depend on various factors such as travel time, 
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traffic jam, prices of diesel/petrol, weather condition, and so on. Similarly, the demands of 
several wearing products depends on the season, discount offers, fashion trends, etc. To deal 
with these obstacles amicably, the parameters of the problems can be represented as imprecise 
numbers having some uncertainty and vagueness. 

The fuzzy set theory (FS) symbolizes the uncertainty introduced by Zadeh |7| in the given 
data, which is characterized by the grade of membership. A transportation problem discussed 
in fuzzy environment is called a fuzzy transportation problem (FTP), which has been solved 
by many researchers ( [3|- [14]). However, sometimes the grade of accuracy or membership is 
not enough to describe ambiguity of the problem. Thus, Atanassove developed the theory 
of intuitionistic fuzzy set (IFS). An IFS distinguish between the grade of membership and 
non-membership of each element in the set. The IFS approach is much applicable in real-life 
decision-making problems. The solution approach of transportation in IFS has been applied 
by many researchers ( [16}- [20}). 

Apart from the uncertainty or vagueness of the parameters of the transportation problem 
in real life, there is some indeterminacy due to various reasons such as imperfection of the 
data, ignorance of the problem, poor status forecasting, etc. Inconsistency and indeterminacy 
in information can not be well handled by an IFS. To overcome such uncertainties, Smaran- 
dache [21|developed the concept of neutrosophic set (NS) theory, a generalization of the IFS. 
In the neutrosophic set, the grade of indeterminacy membership is independent of the grade 
of truth-membership and the grade of falsity-membership. When the grade of the uncer- 
tainty of NS equals the grade of hesitation, NS becomes IFS. The single value neutrosophic 
set (SVN) was developed by Wang et al. for the use of the neutrosophic set in practical 
decision-making problems and supply management problems in real life. The transportation 
problem discussed in the neutrosophic environment is known as the neutrosophic transporta- 
tion problem. Thamaraiselvi and Santhi presented a technique to solved transportation 
problems in a neutrosophic environment. Singh et al. developed modified method of 
by correcting mathematical assumptions and introduced a new method to solve the neutro- 
sophic transportation problems. Later, many researchers have explored neutrosophic set in 
decision-making problems [25], (26, (27. 

In spite of the above-mentioned developments, this article aims at providing a simple yet 
efficient technique for solving neutrosophic transportation problems with easy application in 


day-to-day situations. The major advantages of the proposed technique are as follows: 


e The proposed technique produces the optimal solution for the considered problem in 
the best possible and the worst possible solution mode. 

e The proposed technique is based on (a, 3, 7) cut-set values and decision makes can 
vary these parameters according to their requirements. 
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e The method gives direct optimal solution for the considered problem. 
e The proposed method is better than the traditional or oriented previous methods as 
it is computationally much more efficient. 

The rest of the paper has been configuration as follows: The basic definitions of SVN-numbers 
are presented in the next Section. In Sect. 3, the arithmetic operations on Single valued 
trapezoidal neutrosophic (SVTN) numbers are discussed. The concept of (a, 6, y) cut-sets 
on SVTN-number is presented in Sect. 4. In Sect. 5, the mathematical formulation of 
transportation problem in neutrosophic environment is discussed. The developed methodology 
is presented in Sect. 6. The numerical example is illustrated in Sect. 7. The result and 


discussion are given in Sect. 8. The article is then concluded in Section 9. 


2. Mathematical preliminaries 


In this section, a brief overview of neutrosophic sets followed by some elementry definitions. 
Throughout this article, S and R represent the set of all neutrosophic sets and the set of real 


numbers respectively. 


Definition 2.1. The neutrosophic set N is characterized by three membership func- 
tions, which are the truth-membership function T's, indeterminacy-membership function Is, 
and falsity-membership function F's, where P is the universe of discourse and V u € P , 
Ts(u), Ig(u), Fs(u) C J-0,1*[, and ~0 < inf Ts(u) + inf Is(u) + inf Fs(u) < sup Ts(u) + 
sup Ig(u) + sup Fs(u) < 3°. 

See that according to Definition 2.1, Ts(w), Is(u), F's(u) are real standard or non-standard 
subsets of ]~0,1* [and hence, Ts(u), [s(u), Fs(u) can be subintervals of (0, 1]. 


Remark 2.2. If Ts(u) + Ig(u) + Fs(u) = 1, where Fs(u) < 1—Ts(u) (ie. Ig(u) > 0 


may exist) then neutrosophic set is known as IFS. 


Remark 2.3. If Ts(u) + Ig(u) + Fs(u) = 1, where Fs(u) = 1 — Ts(u) (ie. Ig(u) = 0 


does not exist) the neutrosophic set is known as a fuzzy set. 


Definition 2.4. The single-valued neutrosophic set N over P is S = (Ts(u), Is(u), 
Fs(u);u € P) where Ts : P > [0,1], I5 : P > [0,1], and Fs : P > [0,1], 0 < Ts(u) + _Is(u) + 
Peli) < 3: 

The single-valued neutrosophic number is symbolized by N = (t,i, f), such that 0 < t,i, f < 
andO<t+i+f <3. 


Definition 2.5. A single valued trapezoidal neutrosophic number is defined by p = 
((p1, P2, 23, P4); Mp, Np, Op), Where mg,ng,op € [0,1] and pj, p2,p3,pa in R with condition 
that py < po < p3 < pa. The truth-membership, indeterminacy-membership, and falsity- 
membership functions of p are given as follows: 
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0 Pi p2 P3 Pa 


Figure 1. SVTN-number 


p2—Pi 
Mp; p2 [us p3 
p(u) = mnt 
Bp ps)) P39 SUS Ds 
0; otherwise, 
—utns(u—p 
Pa—utngiu Pi) pPisucpe 
np; pa Sus ps3 
Hae) u—p3+np(pa—u) 
pe p3 [us pa 
Is otherwise 
p2—ut+o5(u—p 
fat ea pi Susp 
y. = 1 pz SUS pg 
a U—p3+05(pa—U 
sopetese pg Su < pa 
1; otherwise, 


where ms, nj and og are represents the maximum truth-membership grade, minimum- 
indeterminacy membership grade, minimum falsity-membership grade respectively. The geo- 
metrical representation of SVTN-number is shown by Fig. 1. 
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3. Arithmetic operations on SVTN-number 


In this section, the arithmetic operations on single-valued trapezoidal neutrosophic numbers 
are defined. Let p = ((p1, p2, ps, Pa); Mp, Np, Op) and q = ((41, G2, G3, 94); Mg, Ng, 0g) be two single 
valued trapezoidal neutrosophic numbers and k 4 0 be any number and the operators (A,V) 


are the max, min respectively then the operations on them are defined as follows [25]: 


q = ((p1 + G1, p2 + 92, p3 + 93, pa + Ga); Mp A Mg, Np V Ng, Op V 04), 
g = ((p1 — 44, P2 — 93, P3 — G2, Pa — G1); Mp A Mg, Np V Ng, Op V 04), 


Pi P2 P3 P4)._). a ee ee 
(Cap Ga? qn? quis Mp A Mg, Np V Ng, Op V 0g) if pa > 0,q4 > 0 


DQgG= P4 Ps P2 Pr). eye ee 
ped (Ca Ge? gs? ards Mp A Mg, Np V Ng, Op V 04) if pa < 0,q4 > 0 
(eee aims A mg, np V Ng, op V 04) if pa < 0,q4 < 0 


_ | ((cp1, cp2, cp3, cpa); Mp, Np, op) if c > 0 


((epa, Cp3, CP2, Cpi); Mg, Ng, Op) ifc<0 
(5) B-! = (sys a5 po pi )3 Mp» Mp, Op), where p # 0. 


4. Concepts of Cut-Sets for SVTN-number 


In this section, the (a, 3,7) cut-sets for single valued trapezoidal neutrosophic numbers are 


discussed , 


The cut-sets for SVT'N-number p = ((p1, p2, p3, P4); Mp, Np, Op) are defined as follows: 
An (a, (,7)-cut set of p is a crisp subset of R defined as : 

Pla,8,7) = {U: Mp(u) 2 a, vp(u) SB, Ap(u) < 7} 
which satisfies the conditions as follows: 


O<a<my, 19 < 8 <1, op <y<land0<a+f8+7<3. 


An a-cut of p is a crisp subset of R defined as: 
Pa = {u: ip(u) > 0,u€ RY 
where a € [0, ma]. 
Clearly, any a-cut set of p for truth-membership function is a closed interval, denoted by 


Pa = [La(a), R5(a)] =— (eel tope — 


An £-cut set of p is a crisp subset of R defined as: 
pe = {u: v(u) < Bue R} 
where £ € [ng, 1]. 
Clearly, G-cut set of p for indeterminacy-membership is a closed interval, denoted by 
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Bp = [L4(8), Req] = (SoPete am, Pps Prana) 


1l-ng ; 1l-ng 
An 4-cut set of 6 is a crisp subset of R defined as: 
Py = {Ap(u) Sy, ue R} 
where ¥ € [og, 1]. 
Clearly, y-cut set of p for falsity-membership is a closed interval, denoted by 


Dy = [L5* (7), RB] = [Ave oops, Caps +(1— ep) 


Thus, it can be easily concluded from the definitions of pa, pg and p, cut sets as follows: 


Pla,Byy) = Pa \ Pp \ Py. 


5. Mathematical Formulation of Transportation Problem in Neutrosophic Envi- 


ronment 


In this section, the transportation problem in a neutrosophic environment is considered. 
The cost parameter of the problem is taken as SVT'N-number. Other parameters supply and 
demand of problem are assume to be precisely known. Thus, it is assumed that decision maker 
is indeterminate in considering the value of transportation cost, but there is no hesitation about 
the demand and supply of the commodity. The mathematical formulation of SVT'N- number 


transportation problem under consideration is as follows: 


min ZN = + oc, 


i=1 j=l 
Subject to 

n 

Sp SS 12, »™, 
j=l 

m 

Vy =D; } j = 1, 2 tay, 
i=1 

and Xj > 0. 


Where, 


e m and n denote total number of supply sources and total number of demand points, 
respectively. 

e S; denotes available commodity at ith source. 

e D; denotes demand of the commodity at jth destination. 

e Cc = (Cij,1, Ciz,2, Cij,35 Ciz,4 3; Wa, Ua, Ya) denotes the neutrosophic transportation cost of 
a unit commodity from ith source to jth destination. 

e X;; denotes number of units of the commodity to be transported from ith source to 
jth destination. 
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6. Proposed technique 


In this section, the developed methodology to solve the transportation problem is described 
in which cost parameter is SVTN-number, supply and demand are precisely known. The 
step-by-step procedures of proposed algorithm is as follows: 

Step 1 Consider the transportation problem in a neutrosophic environment where the cost 
parameter is taken as SVI'N-number. 

Step 2 Apply the cut set ranking function as defined in section 4 to convert the transportation 
cost into interval. 

Step 3 Take the most optimistic (least value) members of the interval from each cell of the 
table to convert the interval-valued transportation problem to crisp transportation problem. 
Step 4 Select the minimum element in each row and subtract it from each cell of the corre- 
sponding row. 

Step 5 Select the minimum element from each column and subtract it from each cell of the 
corresponding column. 

Step 6 In this process, at least one zero value cell in each row and each column is obtained. 


Calculate $;; by using the following formula corresponding to each zero cell: 


Sum of cost of cell adjacent to the (i,j)-cell 


Pa Number of non-zero value ranked cells adjacent to (i,j)-cell 

Step 7 Choose the cell which has a maximum value of $;; and assign the maximum possible 
demand to that particular cell. Delete either row/column for which the demand is exhausted. 
Step 8 If there occurs a situation in which two or more cell have the same rank then choose 
a cell which assigns the maximum possible demand. 

Step 9 Repeat the process by applying Step 6 to Step 8 until the total demand fulfilled. 
Step 10 The required optimal solution is denoted by 4%; and corresponding optimal value 
can be obtained by )>7", i c ® X;. This is the best possible solution of the given trans- 
portation problem in the neutrosophic environment for given a, 6, ¥y. 

The worst possible solution of the given transportation problem in the neutrosophic environ- 
ment for the values of the given a, 8, y can be obtained by considering the most pessimistic 
(greatest value) member of the interval from each cell in step 3 and hence following steps 4 to 
10. 


7. Numerical Example 


In this section, a neutrosophic transportation problem with three sources A, B, C’ and 
four destination W, X, Y, Z is considered. The parameters of the problem are taken as single 
valued trapezoidal neutrosophic numbers. The input data of the problem SVTN-TP is denoted 
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in Table 1 as follows (24): 


Table 1. SVTN transportation problem 


Destination + WV X Y b Supply 


Sources | 


A (3,5,6,8 ; 0.6,0.5,0.6) (5,810, 14 0.3,0.6,0.6) (12,15,19,22 ; 0.6,0.4,0.5) (14,17,21,28:0.8,0.2,0.6) 26 
B (0,1,3,6; 0.7,0.5,0.3) (5,7,9,11; 0.9,0.7,0.5) (15,17,19,22 ; 04,0.8,0.4) (9,11,14,16; 05,04,0.7) 24 
C(4,8,11,15; 0.6,08,0.2) (1,34,6: 06,0305) — (6,7,8,10; 0.5,04,0.7)  (5,9,14,19: 03,0.7,0.6) 30 
Demand IT 23 28 W 


For (a, 6,7) = (0.3, 0.8, 0.7), applying the cut set ranking function as discussed in section 4. 


The problem is converted to an inter-valued problm as shown in table 2. 


Table 2. Obtained interval valued transportation problem 


Destination — WwW xX Y¥ Z Supply 
Sources | 
A [4, 7] [8,10]  [13.8,20.2] [16.2, 22.7] 26 
B [.4,4.7] [6.3, 9.6] [17, 19] [11, 14] 24 
C [6,13]  [2.7, 4.8] [7,8] [9, 14] 30 
Demand 7 23 28 12 


Now, taking the most optimistic and most pessimistic values of intervals to get two separate 


transportation problems as shown in Table 3 and Table 4 respectively. 


By solving problem in Table 3 by our proposed technique we will get best possible solution 
for the problem and by solving problem in Table 4 by our methodology we will get the worst 
possible solution for the given problem. 

After solving the problem in Table 3, we have obtained optimal solution {(370, 543, 694, 938); 
0.3,0.7,0.7}, which represent the best possible solution of the problem. Similarly, 
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Table 3. Optimistic values problem 


Destination —> Ww xX YY Za Supply 
Sources | 
A A 8 13.8 16.2 26 
IB -A 6.3 17 11 2A 
Cc 6 2.7 T 9 30 
Demand 17 23 28 12 


Table 4. Pessimistic values problem 


Destination —>- Ww aX YY Zz Supply 
Sources | 
A T 10 20.2 22.7 26 
B A.7 9.6 19 14 2A 
Cc 13 A.8 8 14 30 
Demand 17 23 28 12 


solving problem in Table 4 by our technique, we have obtained optimal solution 
{ (380, 549, 696, 940); 0.7, 0.6, 0.7}. 


8. Result and discussion 


The result of the above numerical example gives two solutions the best and the worst pos- 
sible solutions. For (a, 3,7) = (0.3,0.8,0.7), the best possible solution for the problem is 
{ (370, 543, 694, 938); 0.3, 0.7,0.7}. The obtained solution represents 30 percent level of truth- 
fulness, 70 level of percent indeterminacy and 70 percent level of falsity. The other values for 


level (grade) of truthfulness or acceptance p(x), indeterminacy v(x) and falsity (x) are 


0.3(<t52405), 370 < x < 543 a, SS eS 604 

0.3, 543 < x < 694 0.7, 543 < x < 694 
u(x) = Skee Agee and v(x) = A(z) = 2—694+40.7(938—2) Pere 

0.3(285%,), 694< 2 < 938 4+0.7(938-2) 694 < x < 938 

0, otherwise 1, otherwise. 
respectively. 


For (a, 8, y) = (0.3, 0.8, 0.7), the worst possible solution of the problem is {(380, 549, 696, 
940); 0.7, 0.6,0.7}. The solution represent 70 percent level of truthfulness, 60 percent level of 
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indeterminacy and 70 percent level of falsity. The other values for p(x), v(x) and A(x) are 


0.7( e382), 380 < x < 549 


549—380 
0.7, 549 < x < 696 
H(z) = 940-2 
0.7(si5-gag), 696 <2 < 940 
0, otherwise 
549—2-+0.6(a—380) 
549 —380 , 380 <2 < 696 
0.6, 549 < x < 696 
we x—696-+0.6(940—2) 
Soong «96 Sa < 940 
1, otherwise. 
and 
549—a2+0.7(a—380) 
549—380 , 3880 < x < 696 
0.7, 549 < a < 696 
a= 2—696+0.7(940—a) 
940—696 , 696 < x < 940 
1, otherwise. 


respectively. Therefore, with the help of (a), v(x) and A(x), the decision maker can decide the 
total neutrosophic transportation cost to schedule the transportation and budget allocation. 
The proposed approach in comparison to the methods of Thamaraiselvi and Sathi and 
Singh et.al is computationally much more efficient as it is producing direct optimal solution 
without finding an initial basic feasible solution. Also, our method gives the best and the worst 
possible solutions under neutrosophic of transportation problem, which enables the decision 
maker to choose the compromise solution. The proposed model gives direct optimal solution, 
which makes it computationally less time consuming than other existing methods. Moreover, 
the proposed technique can be modified by the decision maker by choosing the different values 
of (a, 8, y) to get satisfactory result. With different values of (a, 6, y), the neutrosophic 


optimal solutions of the considered problem are shown in Table 5. 


9. Conclusion 


In this article, we have discussed a transportation problem under a neutrosophic environ- 
ment and proposed a technique to obtaining an optimal solution of the considered problem. 
The proposed technique has been useful to solve transportation problems in which the cost 
parameters are taken as single-valued trapezoidal neutrosophic numbers. In this article, we 
have used cut sets to convert the given problem to an interval-valued problem and is then 
solved by the proposed technique. The proposed technique is easy to apply in real-life trans- 
portation problems. The proposed approach in comparison to the methods of Thamaraiselvi 


Ashok Kumar! *, Ritika Chopra? and Ratnesh Rajan Saxena’, An Efficient Enumeration 
Technique for a Transportation Problem in Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 47, 2021 


Table 5. Solutions for different values of (a, 6, y) 


rou B Y Best possible solution Worst possible solution 


0.3 | 0.8 | 0.7 | (870, 543, 694, 938); 0.3,0.7,0.7 | (380, 549, 696, 940); 0.7, 0.6, 0.7 
O | 0.8 | 0.7 | (3870, 543, 694, 938); 0.3,0.7,0.7 | (370, 543, 694, 938); 0.3, 0.7, 0.7 
O 1 1 (370, 543, 694, 938); 0.3,0.7,0.7 | (370, 539, 676, 890); 0.3, 0.6, 0.7 

0.1);0.9} 1 (370, 543, 694, 938); 0.3,0.7,0.7 | (438, 620, 770, 1044); 0.3, 0.7, 0.7 

0.3 | 0.8 | 0.9 | (370, 539, 676, 890); 0.3, 0.6,0.7 | (380, 549, 696, 940); 0.3, 0.6, 0.7 

0.1;0.9} 1 (370, 543, 694, 938); 0.3,0.7,0.7 | (370,543, 694, 930); 0.3, 0.7, 0.7 

0.2 | 0.9 | 0.7 | (370, 543, 694, 938); 0.3,0.7,0.7 | (380, 549, 696, 940); 0.7, 0.6, 0.7 


and Sathi and Singh et.al is computationally much more efficient as it is producing 
direct optimal solution for the problem. Also, our method gives the best and the worst possible 
solutions under neutrosophic of transportation problem, which enables the decision maker to 
choose the compromise solution. Moreover, the proposed technique can be modified by the 
decision maker by choosing the different values of (a, 8, y) to get satisfactory result. 
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Abstract. Single-valued neutrosophic number (SVNN) is an appropriate extension of the ordinary fuzzy num- 
ber. The key feature of the SVNN is that it can capture indeterminacy in the imprecise information. In real-life 
problems, there are many situations where players of a matrix game can not assess their payoffs in terms of 
ordinary fuzzy or intuitionistic fuzzy numbers. The SVNN is used as an excellent tool to handle such situations. 
This paper explores matrix games with SVNN payoffs and investigates a non-linear programming approach to 
solve such a game. First, two auxiliary non-linear multi-objective programming problems have been formulated. 
Then, each of the two multi-objective programming problems is converted into two non-linear bi-objective pro- 
gramming problems. Finally, the lexicographic method is used to solve the reduced bi-objective programming 
problems. It is worth mentioning that the values of the game for both the players are obtained in SVNN forms, 
which is desirable. The applicability of the proposed approach is illustrated with a market share problem and 


results are compared and analyzed with an existing method. 


Keywords: Matrix game; single-valued neutrosophic number; multi-objective optimization; lexicographic 


method. 


1. Introduction 


Matrix game theory gives a mathematical framework to conceive strategies that help 
to overcome real-life conflicting situations. There are several types of mathematical games 
(221/24)/34], which have been broadly studied and successfully utilized in many areas. Many of 
the real-life situations are uncertain due to the imprecision of data, asymmetric information, 
and conflict of interest between opponents in the same field of business. So, it is difficult 


to evaluate payoffs precisely. The players only approximate the payoffs with some imprecise 
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degrees. The most vital and argued issue among the researchers is to settle how to handle the 
uncertainty. Crisp data can not express most of these complicated structures correctly. 

Fuzzy set (FS) was the first to successfully encounter the uncertainty which is not due to 
the randomness of an event. FS represents each element with a degree of membership (DOM) 
which lies between 0 and 1. In the literature, matrix games with fuzzy pay-offs have been 
broadly studied and analyzed by numerous researchers. Campos (6| used a linear programming 
approach to solve fuzzy matrix games. Bector et al. {3} used fuzzy linear programming duality 
to solve matrix games with fuzzy goals and fuzzy pay-offs. Li evolved several methods 
to solve matrix games with payoffs as triangular fuzzy numbers. Verma and Kumar 
proposed the Mehar method for fuzzy matrix games. Seikh et al. implemented an a-cut 
based approach to solve fuzzy matrix games. Very recently, Seikh et al. developed a 
methodology to solve matrix games with hesitant fuzzy payoffs. Some recent references on 
fuzzy matrix games are (12}/23}[251/36). 

FS considers only the DOM of the elements in a universe, which is a single value, and 
cannot provide any additional information regarding the incomplete concept of the elements. 
Atanassov |2| generalized the idea of FS to intuitionistic fuzzy set (IFS) where the degree of 
non-membership (DONM) vx(a) € [0,1] is also attached with DOM pwx(x) € [0,1] for each 
element x € X in a universe where 0 < px(x) + x(x) < 1. IFS outlines uncertainty more 
correctly and descriptively than FS, as IFS considers both complete and incomplete imprecise 
data. Nan et al. proposed solution methodologies to study matrix games with payoffs 
of triangular intuitionistic fuzzy numbers (TIFNs) (18}. Seikh et al. accomplished an 
approach to solve matrix games with intuitionistic fuzzy payoffs. Xing and Qiu used the 
accuracy function method to solve a matrix game where the payoffs are considered as TIFN. 

However, in reality, the available information always contains some imprecise data which 
consists of conflicting, unpredictable, and indeterminate information. The FS can not express 
the DONM and the IFS does not control the indeterminacy of information. Neutrosophic sets 
(NSs) considers the degree of indeterminacy (DOI) wx (x) € [0,1] together with the DOM 
and DONM. Therefore, NS can capture more realistic data than that of FS and IFS. NSs are 
represented by DOM (jz), DOI (w), and DONM (v) which are independent and 0 < py, w, vy < 1 
provided 0 < w+tw+v <3. NS generalizes the classical set when w = 0, ps, v either 0 or 1 
and wtw+v=1; the FS whenw =0,0< yp, w, y<landpu+w+v=1; the IFS when 
O<p,w, v<land0<pt+w+v <1. This concludes the fact that NS is a generalization 
of a classical set, FS and IFS. 

Wang et al. conceptualized a single-valued neutrosophic set (SVNS), a special form of 
NS for realistic applications. SVNNs are a distinctive case of SVNSs. SVNN is an extension of 
a fuzzy number (FN) and an intuitionistic fuzzy number (IFN). SVNS outlined the variables 
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which are completely relevant for human prediction because of the imperfection of information 
that human observes from the outer world. For example, the proposition “The newly launched 
car WV would be the best seller”, has not any precise answer for the human brain as far as yes 
or no, since indeterminacy is the segment of ignorance of the value of a proposition between 
truth and lie. For that reason, the three components of the neutrosophic set are very much 
suitable to exhibit the indeterminacy and inconsistency in the information. 

To express the uncertainty of a conflicting circumstance, SVNNs are better to utilize instead 
of FS/IFS. The following example shows the implication and the relevance of the use of SVNN 
in real-life problems. 

Suppose a smartphone manufacturing company ‘Alpha’ is going to launch a new item ‘1’ 
in the new year 2021. The company Alpha wants to estimate the number of selling a unit of 
new products before starting its production. The selling of the new item depends on various 
uncertain parameters such as new attracting features, the capacity of supply, the selling price, 
advertisement of the product, etc. But, the company wants to know whether the guaranteed 
selling unit would be 1 billion in the year or less’. The existence of this uncertain guaranteed 
selling unit always contains some knowledge of ‘neutral’ (indeterminate/unknown) thought 
besides ‘truth/membership’ and ‘falsehood/non-membership components that lie in FS/IFS. 
This situation can not be revealed by FNs or IFNs and SVNN comes into consideration. Some 
experts (say a, 3, y) are consulted for their opinions and they express their views in SVNNs. 
Let the expert a give its opinion about the guaranteed selling unit as (0.8,0.3,0.4). This 
implies that the company has 80% chance to meet the goal positively and is unable to reach 
the guaranteed selling unit by 40%. In this case, the expert a has a neutral thought that 
Alpha has an indeterminacy to meet the goal by 30%. 

Hence, the application of SVNS theory has been growing quickly in many research ar- 
eas (4[29}[32}[37}[38}. Selvachandran et al. designed a modified TOPSIS (Technique for 
Order Preference by Similarity to Ideal Solution) with maximizing deviation method based on 
the SVNS model. Garg and Nancy (9| discussed some new distance measures under the SVNS 
environment and developed an algorithm for single-valued neutrosophic decision making based 
on TOPSIS method. Garai et al. |8| investigated the weighted possibility mean for SVNNs and 
developed a rigorous ranking methodology to solve multi-attribute decision making. Haque 
et al. presented a new exponential operational law for trapezoidal neutrosophic numbers 
and studied pollution-related MCGDM problems in megacities. Chakraborty et al. eX- 
plored the classification of trapezoidal bipolar neutrosophic numbers and implemented the 
de-bipolarization in cloud service-based MCGDM problem. Ahmed et al. developed a new 
approach to solve linear programming problems in bipolar single-valued neutrosophic environ- 


ments. 
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2. Motivation 


With the use of SVNNs, the decision-maker can set greater flexibility and better depend- 
ability in the strategy-making process. Many uncertain situations are better to present by 
SVNNs than FS/IFS. Moreover, in matrix games due to lack of information in the available 
data, the DOI plays a vital role while assessing the payoff values. So, there are many uncertain 
situations where players can assess payoffs of the matrix game problems in SVNN forms. This 
useful requirement motivates us to investigate the matrix game with SVNN payoffs. 

Here we develop a new methodology to solve matrix game problems with SVNN payoffs. 
First, two multi-objective non-linear programming problems are constructed to get the op- 
timal value and strategies for the players. Then multi-objective programming problems are 
transferred into bi-objective non-linear programming problems by considering the same im- 
portance of the objective functions. Then the Lexicographic method is used to solve the 
reduced bi-objective programming problems. A market share problem is illustrated to show 
the validity of the proposed methodology. The obtained results are discussed and compared 
and the physical significance of the obtained results is explored. The key contributions of this 


paper are augmented as under. 


(1) This is the first attempt to solve matrix game with SVNN payoffs. 

(2) To get the optimal strategies and optimal values of the players, two different non- 
linear multi-objective programming problems are constructed. These multi-objective 
programming problems are transferred to bi-objective problems by considering the 
same importance of the two objective functions. Then Lexicographic method is used 


to solve the bi-objective problems. 


— 
w 
wn 


Owen proposed the concept of optimal strategies of the players and value of the 

game for the crisp matrix game problem. Here, we extend the definition for SVNN 

matrix game. 

(4) The optimal values of the game for both the players are obtained in the SVNN forms, 
which is desirable. 

(5) A real-life market share problem is illustrated to check the applicability and validity 

of the proposed approach. 


The remainder of this paper is sorted out as follows. Some preliminaries on NS are recalled 
in Section 3. Section 4 conceptualized the idea of SVNN matrix games. Section 5 is dedicated 
to the solution process. In Section 6, a market share problem is illustrated to validate our 


proposed methodology. Section 7 concludes the paper. 


3. Preliminaries 


Neutrosophic sets and their basic operations are recalled in this section. 
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Definition 3.1. [23] Mf = {€, (ug¢(2),ug7 (Os vg OE € 4 mgs 0p7 (©), 7 G7) <I-0,17D 
is said to be a neutrosophic set (NS) over a universe 2, where pug, : Q 4]70,175; wy 2 QA 
]~0,1*[ and vx, : 2 >]~0,1*{ are called respectively the membership function, indeterminacy 


membership function and non-membership function and ~0 < py, (€) + wy (€) + Vine) S ar. 


Definition 3.2. BI) MZ = {(€,(uy/(),ur (©). Ym OE € 2% ay O97 (OY uO) € [0,1} 
is said to be a single-valued neutrosophic set (SVNS) over a universe Q, where py : Q > 
[0,1], wy : Q > [0,1] and vy, : Q — [0,1] are called respectively the membership function, 
indeterminacy membership function and non-membership function and 0 < puy,(€) + wy (€)+ 
Vx (§) < 3. 


For convenience, (j1,7(€),wx,(€), Uyy(€)) is called a single-valued neutrosophic number 


(SVNN) which is usually represented by @ = (41,w,V). 


Definition 3.3. Let M and M’ be two SVNSs in the set 2. M C M’ if and only if 
bg (€) < bey (€), Way (€) > way (€) and vy, (€) > vgp(€) for any € € 2. Again M & M’ if and 
only if poy ($) = bag (§), Way (S) = way (€) and v4 (€) = vyqr(€) for any € € Q. 


Definition 3.4. Let M and M’ be two SVNSs in the set 9. The intersection of M 
and M’ is a SVNS C, written as C = MM M’, whose membership function, indeterminacy 


membership function and non-membership functions are related to those of M and M’ by 


Me() = min{ p97 (§), May (S)F, WES) = max{wyy (€), wy (E)} and ve (€) = max{ryy(f), Vy ()} 
for any €€ 2. 


Definition 3.5. Let @ = (u,w,Vv), Gy = (U1, 01,11) and G2 = (p12, w2, V2) be three SVNNs, 


and > 0, then their algebraic operations are defined as follows: 


1. G1 + G2 = (ui + pe — pipe, wW1W2, M1V2); 

2. &y — @2 = (1 — (1 — pr) (1 — pe), wwe, 274); 
3. Qi X 2 = (ipa, W1 + We — Wwe, + V2 — V2); 
4, Aa = (1— (1 —p)*, u,v); 

5. a = (w,1-(1—-w)4,1-(1-v)) 


4. Matrix Games with Pay-offs represented by SVNN 


Consider ¥} as the non-negative orthant of n-dimensional Euclidean space. Let the pure 

strategies €, and ¢, are chosen by Player-I and II with probabilities wu, and vu; respectively, 
Pp 

for h € Ay and k € Ag where A; = {1,2,...,p} and Ao = {1,2,...,q}. If $5 up, = 1 and 
h=1 


q 
>> vg, = 1 for (u,v) € RE x R41 where u = (uj, u2,..., Up) and v = (vj, v2,..., Ug), then u 
k=1 
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and v are called the mixed strategies for Player-I and II, respectively. Let the sets of all mixed 


strategies for Player-I and Player-II are denoted by U and V respectively, where 


Pp 
U={u= (U1, U2,-.-, Up) eR: Soup = i, 
h=1 


q 
V={v= (v1, 02,---,Uq) E RL: S_ UE = i 
k=1 


Let us consider the matrix N = (ftnk)pxq, Where Rink = (nk, hk» Vnk) is a SVNN, which 
represents the payoff for the Player-I. Then, the matrix game with SVNN payoffs is represented 
by {U,V,N}. From this, the two person matrix game {U,V,N} with payoffs of SVNNs is 
supposed to call as a SVNN matrix game N. 

For the choice of mixed strategy (u,v) € U x V by Player-I and I, the expected payoff 


E(u, v) for Player-I will be calculated as 


q 
E(u,v) = u! Av = So finkunve 


II 
Ms 
Me 
a 
> 
= 
€ 
> 
= 
S 
> 
cae 
is 
> 
iS 
> 


q 


g P 

UhUVk URV 
TT =m TI TI it"): 
h=1 


k=1h=1 


q PD 
1—][ [[@- ea)”, 


qd 
k=1h=1 k=1 


II 
wr, 


which is still a SVNN. 

Irrespective of the use of best strategies of the players, the maximum guaranteed gain (or 
the minimum possible loss) is the value of the game for Player-I (or Player-II). According 
to the maximin and minimax principles for Player-I and Player-II respectively, if for some 
(u°, v°) € U x V, such that 

uw?’ Nv = max minfu? Nv} = min max{u? Nv}, 
ucU veV veV ucU 
then in the sense of Definition w? and v® are called optimal strategies for Player-I and 
Player-II, respectively and uw! Nv° is the value of SVNN matrix game N. 

Bector et al. introduced the concept of a reasonable solution of the fuzzy matrix game. 

Here we extend the definition of reasonable solution and solution for the SVNN matrix game 


in the following definitions. 


Definition 4.1. Let @ and ¢ be two SVNNs. Assume that there exist u* € U and v* € V 
such that u*Nv C 6 and uN¥* > ¢ hold for any u € U and v € V, then (u*,v*, 6, d) is called 


a reasonable solution of the SVNN matrix game NV. 


In this case, 6 and ¢ are called reasonable values and u* € U and v* € V are called 


reasonable strategies for Player-I and Player-II, respectively. The reasonable solution, which 
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is defined in the above definition, does not represent the solution of the SVNN matrix game 


N. In the following definition, the concept of solution of SVNN matrix game N is explored. 


Definition 4.2. Assume that O and © are the sets of reasonable values for Player-I and II 
respectively and 6* € © and ¢* € ®. If there do not exist 6’ € © (6’ 4 6*) and d! € & (d/ 4 ¢*) 
such that 6* C 6’ and ¢* D ¢’, then (ii*, ¥*, #*, d*) is said to be a solution of the SVNN matrix 
game N. 

In this case, u* and v* are respectively called the maximin strategy for Player-I and minimax 


strategy for Player-II. 6* is the gain floor for Player-I and be is the loss ceiling for Player-II. 


5. Mathematical Model and Solution Approach for SVNN Matrix game 


Suppose E(u), is the expected payoff for Player-I when Player-I uses the mixed strategy 
u € U and Player-II chooses the pure strategy ¢,, k € Ag. Then 


p p 
E(u), = (1— | 1 — pnk)” * Tle pt). 
h=1 A=] 


Let p = (y,w,v) is the minimum of E(u),. Then, following Definition [3.3} we have 


p= (uyw,») = (mtin{ — TC — sna)"), wb TT on" “Sah TT om (1) 


h=1 


Obviously p is a function of u. Now to get the maximin strategy u* € U and gain-floor 
p*, Player-I should choose the mixed strategy u* € U in such a way that p is maximized. 


Therefore following Definition [3.3] and Definition [4.2] we have 
p 


Pp Pp 
q . 4 ot ond 
ca = es - ok 1 = 1 a Uh : Uh , Uh : y) 
p* = (u*,w*,v") = (max min{1 — [| (1 — unx)""} min moet TT Wak} mip mat] Unk })- (2) 


ucU k=1 
h=1 


Similarly, let E(v), is the expected payoff for Player-II, when Player-II chooses the mixed 
strategy v € V against Player-I’s pure strategy e,, h € A,. Then 


q q 
E(v), = a— [IC 1 — pne)” * Ton" [Dp enb- 
k=1 k=] 


Let 7 = (a, 8,7) is the maximum of E(v),. Then, following Definition [3.3] and Definition 
4.2| we have 


= (a, B,Y) = (mlaxc{1 = IIe — Unk)”*}, eT Wak’ *}, vio TT Unk }). (3) 


k=1 
Clearly, 7 is a function of v. Now, to obtain minimax strategy v* € V and loss-ceiling 7*, 
Player-II should choose the mixed strategy v* € V in such a way that 7 is minimized. Then 


following Definition [3.3] we have 
q 


qd qd 
eee P P 
7 - wn *\ 1 —_ 1 a, Uk ‘ Uk : Uk : 4 
f= (a*, B*,9") = (min max{ | [= ene) }omapermin{ |] one }emaesmind |] vn }). (4) 


h=1 
k=1 
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Theorem 5.1. For SVNN matrix game N, Player-I’s gain floor does not exceed Player-II’s 


loss ceiling, t.e., p* Cn. 


Proof. For any u € U, it implies that 


min{E(u,v)} C E(u, v). 
veV 
Similarly, for any v € V, we have 
E(u,v) © max{E(u, v)}. 
ucU 


Thus, for any u € U and v € V, we obtain 


min{ E(u, v)} Cc max{ E(u, v)}. 


veV 
Therefore, min{ E(u, v)} C min max{ E(u, v)}. 
veV ucU 
Hence, 
E C E 
Wee ED EC S Pap Ev) 
Le, p* C7. 


Following Equation and Equation (2). maximin strategy u* and the gain floor p* = 
(u*,w*,v*) for Player-I can be obtained by solving the following multi-objective programming 


problem 


max{}, min{w}, min{v} 
P P P 
s.t. 1-— [[a _ pag) > Lh, II Wry < W, II Upp hr < VY, (k € Ao) 


Pp 
ae Un = 9, (5) 


w>0,w>0, v0, OS ptwtv<3 


where py = min{1 — il (1 = piggy}; oe = mabe TT Wrp? and vy = max T] il Urpir}. 

Similarly, the following multi-objective programming problem (6) i is constructed by following 
Equation (3) and Equation (4) ) to obtain the minimax strategy v* and the loss-ceiling 7* 
(a*, B*,y*) for Player-II. 


min{a}, max{(},max{y} 
q 


qd qd 
s.t. 1- [[a — Unp)’*® <a, II War *® > B, II Ung *§ >, (hE Aj) 


qd 
Se=1, vp 2 0, (6) 


a>0, B>0, 7>0,0<a+8+7<3, 
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q 
where a = max{1 — a (1 — pax)’ }, B= min{ ui wp} and y= min{ I Ung’ ® }. 
k= 
In Problem (5 (5), the abiectivé functions w ante V Pave the same save tarae, so we take the 
average of these two functions. Again maximization of js is equivalent to minimization of 1— py 


and therefore Problem (5) reduces to the following Problem as follows. 


min{1 cca 


Pp 
s.t. ~T (1 — ping) 2 Il Whe < w, Il Ung” <u, (k € Ao) 
h=1 hai h=1 


ak Un 2 0, (7) 


w>0,w>0, v>0, OS ptwtv<3 


Again, in Problem (6). the objective functions 6 and y have the same importance, so we take 
the average of these two functions. Again minimization of q@ is equivalent to the maximization 


of 1 — a and therefore Problem (6) changes to Problem as follows. 


ern) 


max{1 — a}, max { 5 


qd q qd 
s.t. 1- [JQ an)” <a, [Jon > 8, [[ van’ 7, (he Ar) 
k=l k=I k=l 


qd 
re UE > 0, (8) 


a>0, B>0, 7>0,0<a+B8+7<3 


Clearly, Problem (7) and Problem are bi-objective programming problems. There are 
several methods to solve such problems. The notion of Pareto optimal is commonly-used to 
solve such problems. Here, we use the Lexicographic method to solve Problem and 
Problem (s). 

For Problem (7). the following Problem (9) is constructed first. 


min{1 — pu} 
Pp Pp Pp 
s.t. 1- [[a = prey = py, II Wap? <w, II Uap <y, (k € A) 
h=1 h=1 h=1 
P 
Sin = 1, wm = 0, (9) 
h=1 


w>0, w>0, v0, OS ptwtv<3 


Let the solution of the non-linear programming Problem (9) is denoted by (u’, p’,w’,v’). 
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Following the Lexicographic approach, Problem is constructed by combining the Prob- 
lem (7) and the solution of Problem (9) as follows. 


i {= + =} 
min 
2 
p Pp p 
s.t. 1- [[c — Unk)” > p, II Wap? <w, II Ung? <v, (k € Ag) 
i=l h=1 h=1 
Pp 
So un = 1, uy 0; (10) 
h=1 


w>0, w>0, v0, OS ptwtv<3 


l-p<l-p,w<w, pew 


The optimal solution (u*, u*,w*,v*) will be obtained by solving Problem (10). Then it is 
obvious to prove that (u*, u*,w*,v*) is a Pareto optimal solution of Problem (7). 

Similarly, Problem (8) turns into solving Problem at first according to the Lexicographic 
method. 


max{1-— a} 
q q q 
s.t. 1—[[G—-vrs) <a, [Jone > 8, [] une 27, (he Ar) 


q 
Sou =1, 1% 20 (11) 
k=1 


a>0, B>0, 7>0,0<a+8+7<3 


Let (v’, a’, 6’,9’) is the optimal solution of Problem (11). Then Problem (12) is formulated 


by following the lexicographic approach as follows. 


max ferry 
2 
qd qd qd 
s.t. 1—[[Q- pan)’ <a, [on > 8, [[ van 27, (he Ar) 
k=l k=l k=l 
q 

Soup =1, v2 20 (12) 
k=l 


a>0, B>0, 7>0,0<a+8+7<3 


l-a>1-o', B> 8, y>7 


Let (v*,a*,8*,y*) is the optimal solution of Problem (12). Then obviously the solution 
(v*,a*, 8*,7*) will be the Pareto optimal solution of Problem (s). 
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5.1. Algorithm 


The algorithm for solving SVNN matrix game by the proposed approach is abstracted as 
follows. 
Step-1: Consider a matrix game with payoffs of SVNNs. 
Step-2: To solve the game, two nonlinear multi-objective programming problems are formu- 
lated. 
Step-3: Considering the same preference to the DOI and DONM, the multi-objective program- 
ming problems are converted to corresponding bi-objective programming problems. 
Step-4: Lexicographic method is used to counter the bi-objective programming problems and 


the optimal strategies for the players are obtained. 


The corresponding algorithmic flowchart of the proposed approach is presented in Figure[1| 


Matrix game with SVNN payoffs 


Non-linear multi-objective mathematical 
programming problem for Player-I and Player-Il 


Non- linear bi-objective 
programming problems 
Using Lexicographic 
—_— 
method 
Optimal solution for Player-I 
and Player-II are obtained 


FIGURE 1. Algorithmic flowchart of the proposed approach 


6. Numerical Example 


This subsection provides a market share problem to illustrate the solution procedure of a 


SVNN matrix game. 


6.1. New factory set up-management problem 


Assume that a renowned foreign car manufacturing company ‘X’ is going to launch a new 
factory in India. For smooth functioning of the factory, the industrial manufacturing orga- 
nization of the company ‘X’ suggests setting up the new factory either in the state Gujrat 
or in Hariyana, after considering various government policies and environmental conditions. 
The respective Ministry of Labour and Welfare department looks into the matter on behalf of 
their state governments and they jump to take the opportunity for a new industrial agreement, 


though their resources are limited. In that case, the respective Ministry of both states acts 
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wisely and anticipates opponents’ moves. The relationship of the two departments of the states 
can be regarded as the two players of the game. Here, we assume that the Ministry for Gujrat 
and Hariyana as Player-I and Player-II, respectively, and the opportunity to get the agreement 
as payoff values. Player-I and II has limited resources but they frame the game problem as 
to develop respective strategies and maximize the opportunity to build the new factory. In 
a zero-sum game, the opportunity gain by Player-I is positive and negative for Player-II. It 
is unrealistic for the decision-maker (DM) to get accurate and complete information on the 
payoff values. In this case, the SVNNs are used to express uncertainty. 

Suppose that the marketing research team (MRT) of the company ‘X’ receives the infor- 
mation from the respective Ministry of the two states by following mainly three aspects like- 
Availability of Raw materials (strategy-I), Labour supply- including workers with the right 
skills (strategy-II) and Grants and financial incentives- usually from the government (strategy- 
III). These aspects may be considered as strategies of the two different states. Then according 
to the view of the MRT of the company ‘X’, the opportunity for Player-I is estimated and 


evaluated by using linguistic terms as follows. 


I II Il 
I Very High High Medium 
N= II Low Very High High 


Il Medium Very Low Very High 


Table }1| shows the corresponding relations between linguistic terms and SVNNs. Then the 


TABLE 1. Assigned SVNN corresponding to linguistic term 


Linguistic term Very High High Medium Low Very Low 


SVNN (0.95, 0.07,0.05) (0.7,0.5,0.25) (0.5,0.4,0.4) (0.25,0.3,0.7) (0.05, 0.1, 0.95) 


pay-off matrix A with payoffs of SVNNs may be transformed according to Table [1] as follows. 


I II III 
I / (0.95, 0.07, 0.05) (0.70, 0.50, 0.25) (0.50, 0.40, 0.40) 
A= I | (0.25,0.30,0.70) (0.95, 0.07, 0.05) (0.70, 0.50, 0.25) |, 
IIL \. (0.50, 0.40, 0.40) (0.05, 0.10, 0.95) (0.95, 0.07, 0.05) 


where (0.95, 0.07, 0.05) in the matrix A is a SVNN which represents that Player-I will get the 
opportunity to set up the new project positively by 95%, unable to get the opportunity by 
5%. Player-I has an indeterminacy about the establishment of the new project by 7%. These 
situation occur only when both of the players use the strategy I simultaneously. Other SVNNs 


in A have also a similar explanation. 


Seikh, M. R. and Dutta, S., A Nonlinear Programming Model to Solve Matrix Games with Pay-offs of 


Single-valued Neutrosophic Numbers 


Neutrosophic Sets and Systems, Vol. 47, 2021 


6.2. The solution procedure and result discussion 


Problem is formulated by following Problem (9) as follows. 


min{1 — py} 

s.t. 1 — 0.05"10.75"70.5'3 > py, 1 — 0.3"10.05"70.95"8 > yw, 1 — 0.5"10.3"0.05"8 > pu, 
0.0740.3"70.4"3 < w, 0.5%10.07"70.1% <w, 0.4"10.5%70.07% < w, 
0.05"'0.7%70.4"3 < v,0.25"10.05"70.95'8 < vy, 0.4%10.25"70.05"3 < pv, 

U1 + ug +u3 =1, u1, U2, uz 2 0, 


(13) 


O<ptuwtv<3, pw,yv> 0. 


Solving Equation (13), the obtained optimal solution is pi’ = 0.772989, w’ = 1 and v’ = 1. 
According to Equation (LO), Problem is constructed as follows. 


in {-} 
min 
2 


1 — 0.0510.75"70.5"3 > yw, 1 — 0.3%0.05"70.95"8 > p, 1 — 0.5%0.3%70.05%3 > p, 


s.t. 


0.07" 0.30.4" <w, 0.670.07°70.1" < w, 0.4%0.5"0.07" <a 
0.05" 0.770.4 < v, 0.250.05"°0.95 < v,0.4"0.25"0.05" <v 
1—p< 0.227011, w<1,v<1 

O<sptwt+v<3, pw,y = 0 


uy tug + ug = 1, U1, U2, U3 => 0. 


Solving Problem (14), the obtained optimal solution is u* 


= (0.3151, 0.3138, 0.3711), and 
py = (w*,w*,v*) = (0.7228, 0.2476, 0.2476). 


Now for Player-II, Problem is constructed by following Equation (1a), as follows. 


max{1l—a} 


s.t. 1 — 0.05"10.3°20.5"3 < a, 1 — 0.75°10.05"70.3"8 < a, 1 — 0.5°10.95"70.05"8 < a, 


0.07°10.5°70.4"3 > 8,0.3°10.07°20.5"3 > B, 0.4°10.120.07°3 > 6, 
0.05°10.25°70.4"3 > y, 0.770.05°70.25"8 > +, 0.4710.95"70.05"3 > +, 
Vy + v2 + 3 = 1, V1, v2, 03 > 0, 


(15) 


O<a+f6+7<3, a,8,y2 0. 


Solving Equation (15), the obtained optimal solution is a’ = 0.7346452, 8’ = 0 and 7’ = 0. 
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Then following Equation (12), Problem is constructed as follows. 
max fers = 7} 
2 
s.t. 1 — 0.05"10.3"0.5°3 < a, 1 — 0.75"!0.05°20.3°3 < a, 1—0.5"10.95"20.05"8 < a, 
0.07 0.5"04" > 6, C2" 00T"7 05" > 6, UA0I" 0.07" > 2, 
0.05°10.25"70.4"3 > y, 0.770.05°70.25"8 > -y, 0.4°0.95"70.05"3 > +, 
1—a > 0.2653548, O<a+8+7<3, a,8,y> 0, (16) 


vy t vg +03 = 1, V1,V2,03 => 0. 


Solving Problem (16), the optimal obtained solution is v* = (0.1807, 0.4255, 0.3938), and 
n* = (a*, B*,y*) = (0.7346, 0.1116, 0.1518). 
The following observations can be made for the results obtained. 

(1) p* = (u*,w*,v*) = (0.7228, 0.2476, 0.2476) represents that the state Gujrat has the 
opportunity to set up the new factory positively by 72.28% and unable to get the 
opportunity by 24.76%. Also, it is indeterminate to assume that the state Gujrat will 
get the opportunity by 24.76%. In this case, strategies I, II and III are chosen with 
probability 0.3151, 0.3138 and 0.3711, respectively. 

(2) n* = (a*, B*,y*) = (0.7346, 0.1116, 0.1518) represents that the state Hariyana has the 
opportunity to set up the new factory positively by 73.46% and unable to get the 
opportunity by 11.16%. Whereas, it is indeterminate to say that the state Hariyana 
will get the opportunity by 15.18%. In this case, strategies I, II and III are chosen 
with probability 0.1807,0.4255, and 0.3938, respectively. 

(3) p* and 7* are obtained as SVNN, which is desirable. 

(4) It is clear that u* < a*, w* > B*, v* > y*, then p* C n*, which follows Theorem |5.1 

(5) For the maximin strategy u* = (0.3151, 0.3138, 0.3711) 
and minimax strategy v* = (0.1807, 0.4255, 0.3938), the expected payoff for Player- 
Lis E(u*,v*) = (0.7713, 0.1862, 0.2083), which is the value of SVNN matrix game N. 
From Table [1| it is to conclude that the expected payoff for Player-I is between “Very 


High” and “High” in terms of linguistic terms. 


6.3. Analysis and comparison of results with Li and Nan approach 


NS takes into consideration the indeterminacy together with the membership and non- 
membership whereas intuitionistic fuzzy set (IFS) consider membership and non-membership 
and ignore indeterminacy of the elements. So NS is the generalization of IFS. Therefore 
Atanassov’s intuitionistic fuzzy number is a particular case of SVNN as we can simply 


consider the sum of three independent functions as equal to 1. 
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To verify the efficiency of the proposed approach, at first, we transfer the payoff matrix 
N with payoffs as SVNN to a payoff matrix N’ with Atanassov’s intuitionistic fuzzy sets by 


considering the DOI as zero, where 


I II Ill 


I (0.95,0.05)  (0.70,0.25) (0.50, 0.4) 
N'= It | (0.25,0.70)  (0.95,0.05) (0.70, 0.25) 
TI \ (0.50,0.40) — (0.05,0.95) (0.95, 0.05) 


Here, the payoff matrix N’ is the same as the payoff matrix considered in the paper of Li 
and Nan (13}. Li and Nan proposed a nonlinear programming approach to solve matrix 
game with payoffs of Atanassov’s intuitionistic fuzzy sets. Li and Nan use the weighted 
average method to solve a pair of nonlinear programming models which are derived from two 
auxiliary nonlinear bi-objective programming models. We use the proposed technique for the 
payoff matrix N’ and obtained results are shown in Table Table |2| also shows the results 
obtained by Li and Nan approach for the mid-value 0.5 of the interval of the weight A. 


TABLE 2. Results for the matrix game with pay-off matrix A’ 


Articles u* v* E(u*,v*) 
Li and Nan [13] (for \= 0.5) _(0.4076,0.3325,0.2599) (0.2681,0.2958,0.4361) (0.7729, 0.2035) 
Our proposed technique (0.4009,0.3292,0.2699) (0.2770,0.2972,0.4258) (0.7730, 0.2037) 


Table[2]shows that the optimal expected value obtained by the proposed technique discussed 
in this paper is (0.7729, 0.2035) and obtained by Li and Nan approach is (0.7730, 0.2037), 
which implies the fact that the optimal value for both of the players obtained by the proposed 
method and Li and Nan approach are approximately the same. Table[2|shows that Player- 
I chooses three strategies (I, II, and II) with probability 0.4076,0.3325, 0.2599 respectively 
which is obtained through the proposed approach, whereas Player-I choose the same strategies 
with probability 0.4009, 0.3292, and 0.2699 respectively which is obtained through Li and 
Nan approach. This implies that the optimal strategies for both players are very similar. 
The approach discussed in this paper considers DOI together with the DOM and the DONM. 
Therefore, the proposed method is an extension of Li and Nan method and counter 
uncertainty in a larger sense. This manifests the effectiveness and validity of the proposed 


technique. 


7. Conclusion 


SVNN is a vital tool to tackle uncertainty in decision-making problems. This paper uses 


SVNNs to represent the imprecise payoffs so that players can consider the neutrality of the 
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elements better. In this paper, a solution procedures is established to solve a new matrix game 
where the payoffs are represented by SVNNs. Two non-linear multi-objective programming 
problems are formulated to obtain the optimal values and optimal strategies for the players. 
These multi-objective programming problems are transformed to bi-objective programming 
problems by considering the same importance of the objective functions. Then Lexicographic 
method is applied to counter the bi-objective programming problems. 

The proposed approach is illustrated by solving a market share problem, which implies the 
validity and effectiveness of the proposed approach. The optimal solutions are obtained in 
SVNN form, which is desirable. We consider the matrix game problem from Li and Nan 
with payoffs as IFSs and the proposed approach is illustrated by considering the DOI as zero. 
The obtained results are compared with the results obtained by Li and Nan’s approach 
and observed that the optimal strategies for both players are very similar. This demonstrates 
the reliability of our approach. 

The limitation of the proposed approach is that it does not find the solution to the game 
problem directly, as it considers the construction of multi-objective programming problems. 
Also, we do not make any conclusion about the existence of the solution of the SVNN matrix 
game in the sense discussed in this paper. Therefore these problems need a further investigation 
in the future. 

The proposed methods are indeed able to solve SVNN matrix games. Moreover, the concept 
of this work is readily applicable to other games such as two-person non-zero-sum games, multi- 
objective matrix game problems. Although the discussed approach is applied to solve a market 
share problem, the proposed approach may be applied in management science, war science, 
economics, advertising, cyber security related problems. In addition, a pair of nonlinear bi- 
objective programming problems is derived from the two auxiliary nonlinear multi-objective 
programming problems and countered by using the Lexicographic method. Therefore, other 
new methods for solving matrix games with payoffs of the SVNNs may be investigated in the 


near future. 
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Abstract. The notion of neutrosophic triplet, in the form of (p,np,ap) is a recent subject of neutrosophy, 
where ny is the neutral of the element p and ap is the opposite of p. In this paper, neutrosophic triplet b-metric 
spaces are investigated. Then some new definitions and examples are given for neutrosophic triplet b-metric 
space. Based on these definitions, new theorems are given and proven. A neutrosophic triplet topology induced 
by neutrosophic triplet b-metric is obtained. Furthermore, a contraction map is defined for neutrosophic triplet 


b-metric space, and finally, a fixed point theorem is given for it. 
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1. Introduction 


The classical mathematical methods may not be sufficient to answer some of the complex 
problems encountered in such disciplines as usual set theory, fuzzy set theory, and probability 
theory. Many fields, such as economics, engineering, and environmental science, need to model 
linguistic values and uncertainties mathematically to continue their studies. 

Zadeh defined the fuzzy set concept for handling uncertainty problems in 1965 fi]. A fuzzy 
set is substantially a function that appoints a membership degree (truth value) from the range 
[0,1] to each element in the universal set. In 1986 [2], Atanasov, as an expansion of the fuzzy 
set, described the notion of intuitionistic fuzzy set, via defining a non-membership degree in 
addition to the membership degree. 

These theories can deal with real-world problems, but not with the indeterminate data. 
Based on this, Smarandache published his work in 2005 [3], containing the concept of neu- 
trosophic sets and some of its applications. In this theory, truth, falsity, and indeterminacy 


are defined as independent of each other. A neutrosophic set is a triplet of the functions 
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(T, I, F), each of them is from the universal set to [0,1]; T assigns truth-value, I assigns 
indeterminate-value and F assigns false-value. 

Lately, some researchers have been preoccupied with neutrosophic set theory (4}/9]. 

By using the basic rule of neutrosophy, Smarandache established neutrosophic triplet set 
theory as a generalization of the classical group in 2017 [10]. An neutrosophic triplet space 
is dissimilar from the usual group because for all element p in a neutrosophic triplet space A 
with an operation *, there is a neutral of p, indicated by np and opposite of p, indicated by ap 
such that p*np = Np *p = p and p* dap = ap * p = Ny. The neutral of any element p is distinct 
from the standard algebraic unit element, and it is not unique. A neutrosophic triplet is of 
the form < p, Np, Gp >. 

For a neutrosophic triplet space (A, *) and a subset B C A, if B also forms a neutrosophic 
triplet space under the operation *, then (B, *) is called a neutrosophic triplet subset of A. 

Smarandache and Ali established a group structure on neutrosophic triplet space in 2018 
(11). Therefore, a new group form is assigned to some non-classical group structures. 

Sahin, Kargin and Smarandache introduced neutrosophic triplet topology in [12]. Neutro- 
sophic triplet base was defined for a neutrosophic triplet topology in [13]. Sahin and Kargin 
defined neutrosophic triplet metric space in 2017 and neutrosophic triplet normed ring 
space in 2018 [15]. Also, in 2019 [16], they described neutrosophic triplet metric topology and 
investigated some features of metric topology in neutrosophic triplet metric space. In (17120), 
researchers studied neutrosophic triplet metric spaces. 

In recent years, many generalizations of classical metric spaces appeared. b-metric space is 
one of these generalizations, which was introduced by Czerwik in 1993 (21). Then some fixed 
point theorems were extended to b-metric spaces. Sahin and Kargin extended b-metric to 
neutrosophic triplet metric space and defined convergence sequence and Cauchy sequence in 
neutrosophic triplet b-metric spaces [22]. In 2019 [23], Sahin and Kargin defined neutrosophic 
triplet b-metric topology by using the open balls. 

The main idea of this paper is to describe a contraction for neutrosophic triplet b-metric 
space and prove a fixed point theorem for neutrosophic triplet b-metric space. Section 2 gives 
some basic definitions and examples for b-metric and neutrosophic triplet space. Section 3 
presents the neutrosophic triplet b-metric space. Many examples are given in this section to 
illustrate the difference between neutrosophic triplet metric and neutrosophic triplet b-metric. 
Also, a sufficient condition is given for a convergence sequence in a neutrosophic triplet b- 
metric space to be a Cauchy sequence. Then a neutrosophic triplet topological structure is 
established by using neutrosophic triplet b-metric. Section 4 defines a contraction for neutro- 
sophic triplet b-metric space. It is proven that the contraction is continuous respect to the 


induced topology by neutrosophic triplet b-metric. Also, a fixed point theorem is given and 
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proven for neutrosophic triplet b-metric space. Finally, Section 5 and 6 present a brief of the 


paper and some future works. 


2. Preliminaries 


A review of essential concepts of neutrosophic triplet set are presented in this section. 


Definition 2.1. Let A be set andd: Ax A— Rt U {0}. If the following statements are 
satisfied, then d is called a b-metric; 

bm) u = v if and only if d(u,v) =0 

bmg) d(u,v) = d(v, u) 

bmg) for all u,v,w € A, there is a real number b > 1 such that d(u,v) < b[d(u, w) + d(w,v)]. 


The pair (A, d) is called a b-metric space with coefficient b. 


It is clear that every metric space is a b-metric space with coefficient 1, but the converse 
is not always true. For example, d: Ax A > R,d(u,v) = (u—v)? is a b-metric with a 
coefficient b>2, but it is not a metric. Also, the reader can realize that if d is a b-metric with 


the coefficient b, then d is a b-metric with any coefficient k>b. 


Definition 2.2. Let A be a set and * be a binary operation on A. If for each p€ A 


there exists n, and a, in A such that 
p * Np = Np * D=D) 
and 
Dp * Ap = Ap *P = Np 
then (A, *) is called neutrosophic triplet set. Also, n, and a, are called neutral and opposite of 


p, respectively. A neutrosophic triplet p is indicated by p =< p,np,ap > . Besides, pj = po if 


and only if np, = Np, and ap, = apy. 


Definition 2.3. Let (A, *) be a neutrosophic triplet set, P(A) be set of each subset of 
A and tc P(A). If 

1) B,AET 

2) The intersection of a finite number of sets in 7 is also in T 

3) The union of an arbitrary number of sets in 7 is also in T 
then 7 is called as a neutrosophic triplet topology on A and, ((A,*),7) is called as a neutro- 


sophic triplet topological space. 
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Definition 2.4. A neutrosophic triplet metric on a neutrosophic triplet space (A, *) is a 
function dp : A x A > R such that, for all u,v € A, 
m;) uxvEA 
m2) dr(u,v) > 0 
) If u=v then dr(u,v) =0 
ma) dr(u,v) = dr(v, u) 
) 


ms) If there exists at least an element w € A for each u,v € A such that dr(u,v) < 


m3 


dr(u, v * Ny), then 
dr(u,v * Nw) < dr(u, w) + dr(w,v). 
((A, *), dr) is called a neutrosophic triplet metric space. 
Example 2.5. Let A be a set. Then (P(A),U) is a neutrosophic triplet space with 
ny = ay =U for all U € P(A), where P(A) is the power set of A. 
Define a map d : P(A) x P(A) > R such that d(U,V) = |m(U) —m(V)|, where m(U) 


and m(V) denote the numbers of elements of U and V, respectively. Then ((P(A),U),d) is a 


neutrosophic triplet metric space. 


3. Neutrosophic Triplet b-metric 


This section gives some new examples and definitions for neutrosophic triplet b-metric space. 


Also it defines neutrosophic triplet b-metric topology. 


Definition 3.1. A neutrosophic triplet b-metric is a function d, : A x A > R such that, 
forallu,veA, 


dp(u, v * Nw), then for a real number b> 1 , 
dp(u, v * Nw) < bldy(u, w) + dy(w, v)]. 
((A, *), d,) is called a neutrosophic triplet b-metric space. 
neutrosophic triplet b-metric is distinct from the usual b-metric because of the binary op- 
eration and neutral element. 


It is clear that all neutrosophic triplet metric space is a neutrosophic triplet b-metric space 


with coefficient 1, but the opposite is not true always like the following example indicates. 
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Example 3.2. Let A = {0,2,3,4}. Then A is a neutrosophic triplet space with the multi- 
plication module 6 in Z. Neutrosophic triplets are < 0,0,0 >,< 2,4,2 >,< 3,3,3 > and 
<4,4,4>.Let d: Ax A —-R be defined such that d(u,v) = (u — v)’, for every u,v € A, . 
Then it is clear that dy satisfies conditions b;, bz, b3 and by. 
bs) For u=0,v = 2, 
d'(0,2) < d’(0,2.n2). Also d’(0,2.n2) < d'(0,2) + d’(2, 2). 
d'(0,2) < d’(0,2.n4). Also d’(0,2.n4) < d’(0,4) + d’(4, 2). 
For u=0,v = 3, 
d'(0,3) < d'(0,3.n3). Also d’(0,3.n3) < d'(0,3) + d’(3, 3). 
For u=0,v=4 
d'(0,4) < d’(0,4.n2). Also d’(0,4.n2) < 2 [d'(0, 2) + d'(2,4)]. 
d'(0,4) < d’(0,4.n4). Also d’(0,4.n4) < d’(0,4) + d’(4, 4). 
For u = 2,v = 3, 
d'(2,3) < d’(2,3.no). Also d’(2,3.ng) < d'(2,0) + d’(0, 3). 
d' (2,3) < d’(2,3.nz). Also d'(2,3.n2) < 4 [d’(2, 2) + d’(2,3)). 
d'(2,3) < d'(2,3.n4). Also d’(2,3.n4) < 2 [d'(2,4) + d'(4, 3)]. 
For u = 2,v =4, 
. Also d’(2, 4.9) < d’(2,0) + d’/(0, 4). 
. Also d'(2,4.n2) < d’(2,2) + d/(2, 4). 
. Also d’(2,4.n3) < 2 [d'(2,3) + d’(3,4)]. 
. Also d’(2,4.n4) < d’(2,4) + d’(4, 4). 
For u = 3,v =4, 
d'(3,4) < d'(3,4.no). Also d’(3,4.n9) < d’(3,0) + d’(0, 4). 


d' (3,4) < d’(3,4.n3). Also d’(3,4.n3) < d'(3,3) + d’(3, 4). 


Thus d is not a neutrosophic triplet metric, but a neutrosophic triplet b-metric with a coefficient 


b> 4. 


Example 3.3. Let A 4 @ be a finite subset of the set of natural numbers N and P(A) be the 
power set of A. Then (P(A),U) is a neutrosophic triplet space. Let d: P(A) x P(A) > R be 
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defined as, if U = V,d(U,V) =O andifU FV, 


[aril - gmt¥)| , if m(U) and m(V) are even 
aU,V)= a if m(U) and m(V) are odd, 
1; otherwise 


where m(U) denotes the number of elements of U. Then d is not a neutrosophic triplet metric 
but a neutrosophic triplet b-metric. For example let m(A) = 10 and let m(U) = 8,m(V) = 
6,m(W) =3 and W CV. Then 


d(U,V) < d(U,V Unw) = d(U,V UW) =d(U,V). 


But d(U,V) > d(U,W) + d(W,V) since d(U, VV) = 192,d(U,W) = 1 and d(W,V) = 1. So dis 
not a neutrosophic triplet metric. But for b > 1023 , d is a neutrosophic triplet b-metric. (If 
we take U = A and V = W = @, then b must be at least ae — a), 


For generally d is a neutrosophic triplet b-metric with a coefficient b > (ae) —2I. 


Example 3.4. Let A = {1,2,3,4,5,6,7,8,9,10}. Then (P(A),NM) is a neutrosophic triplet 
space with neutrosophic triplets in the form <U,U,U >. 
Let define a map d: P(A) x P(A) > R such that 


1, ifUNV =, 
dU,V) =) aby, fUNVADUFY, 
0, ifU =V. 


If we take U = {1,2,3}, V = {4,5,6,7}, and W = {1,2,3,4,5,6,7}. Then 
d(U,V) =1<d(U,Vnnw) =d(U,V). 


But 
re es 
a7 de 


Then d is not a neutrosophic triplet metric. But ((P(A),M),d) is a neutrosophic triplet b- 


d(U,V N nw) > d(U,W) + d(W,V) = 


metric space for any coefficient b > 2. For generally, d is a neutrosophic triplet b-metric with 
a coefficient b > mA t 
Now, let give the concept of convergent sequence in neutrosophic triplet b-metric space and 


some properties. 


Definition 3.5. Let ((A,*),d,) be a neutrosophic triplet b-metric space, {p,} be a 
sequence in A. If for all ¢« > 0, there exists an M € N such that for all n > M, dy(p, pn) < €, 
then {pn} converges to p in ((A, *),d,), denoted by limn—soo pn = p OF Pn > Pp. 
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Definition 3.6. (22| Let ((A,*),d,) be a neutrosophic triplet b-metric space, {pn} be a 
sequence in A. If for alle > 0, there exists an M € N such that, for alln,m > M, do(pn, Pm) < 


é, then {p,} is a Cauchy sequence. 


Theorem 3.7. Let ((A,*), dy) be a neutrosophic triplet b-metric space, {pn} be a sequence in 
A. If for alle > 0, there exists an M € N such that, for all n,m > M, dy(pn,p) < © and 
db (Pns Pm) < db(Pns Pm * Np), then {pn} is a Cauchy sequence. 


Proof. By the hypothesis, for all e > 0, and for alln,m > M, dy(p, pn) < 5% and dy(p, pm) < =- 
Since dp(Pn,Pm) < dy(Pn, Pm * Np), it is clear that 


di(Pn,Pm* Np) < b[do(pn,p) + do(p, Pm)| 


lgral== 


Thus {p,} is a Cauchy sequence. 


Definition 3.8. Let ((A,*),d,) be a neutrosophic triplet b-metric space. If every Cauchy 
sequent {z,} in A is convergent in A, then ((A,*),d,) is called a complete neutrosophic 


triplet b-metric space. 


Now, let define neutrosophic triplet b-metric topology and give some properties. First, we 


recall the definition of neutrosophic triplet topology. 


Definition 3.9. Let (A,*) be a neutrosophic triplet space, P(A) be the power set of A and 
Tt C P(A). If the following conditions are satisfied, then 7 is called a neutrosophic triplet 
topology on A, 


Ti) UxVeEA,foralU,VEA 


T3 a €7, for allie J, then QU; E A 


T2) 
) 

tel 
T4) If U; €7, for allie J (J CI, J is finite), then ()U; € A. 
*) 


ied 
,T) is called a neutrosophic triplet topological space. 


((A, 


Now let recall the definition of neutrosophic triplet b-metric topology in |23}. 


Definition 3.10. Let ((A,*),7) be a neutrosophic triplet topological space and B C 
P(A). Then the family 
Br a{y cA|Y=UzZ,7 cv} 


is called as the base of the neutrosophic topology T. 


Definition 3.11. Let ((A, *),d,) be a neutrosophic triplet b-metric space, a € A and 
r >0. Then 
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i) B(a,r) ={x € A| dy(a,x) <r} is called as an open ball with center a and radius r. 
ii) Bla,r] = {x € A| dj(a,x) <r} is called as a closed ball with center a and radius r. 


iii) S(a,r) = {x € A| d(a,x) =7T} is called as a disk with center a and radius r. 


Definition 3.12. Let ((A,*),d,) be a neutrosophic triplet b-metric space and B = 
{B(a,e) | a€ A,e > 0}. Then the family B*¥ = {Y C A| Y =UZ,Z CY} is a neutrosophic 
triplet topology on A, called as neutrosophic triplet b-metric topology. 


Now, let define a neutrosophic triplet topology that arises from neutrosophic triplet b-metric. 
For a neutrosophic triplet b-metric d, : A x A > R, let B?(p) = {q € A | ndy(p,q) < 
é, for any n € N}. 


Theorem 3.13. Let ((A,*),d,) be a neutrosophic triplet b-metric space. Then 


Ta, ={U CA|de>0,5dn EN, BE(p) CU for all p € U} 
is a neutrosophic triplet topology. 


Proof. T; and Ty are clear. So let prove the other conditions. 


T3) Let U; € 7a, and p € LJ Uj. Then there is 7 € I such that p € U;. Since U; € Ta,, 
tel 


de > 0 such that 
B"(p) CU; > B'(p) CU. 
1eL 
Therefore, U US Fas 
T4) Let U; € oO allie J(J CI, J is finite) and p € a U;. Then p € U; for all i € J. 
Also B™(p) C U; for de; > 0,4n; € N, since Uj € ra 


De Ni 


Let inf{e;|ie J} =e and qe Be" (p). Then for allie J, 


nide(p,q) < (= ») .dp(p,q) <€. 


ied 


So nido(p,q) < & for alli ¢ J. Thus q € BY (p) = q¢ € Uj, for alli € J, since 
BE‘ (p) © U;. That means gq € [] U; and thus B2(p) C () Ui, for all 7 ¢ J. So 


ied ied 
‘a U; E Tdy- 
ied 
Consequently, Tq, is an neutrosophic triplet topology. 


This topology called as neutrosophic triplet topology induced by neutrosophic triplet b- 


metric. 
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4. Fixed Point Theorem For Neutrosophic Triplet b-Metric Space 


In this section, first, a contraction is defined for neutrosophic triplet b-metric space and a 


fixed point theorem for neutrosophic triplet b-metric space is given and proven. 
Definition 4.1. Let ((A,*),d,) be a neutrosophic triplet b-metric space and S$: A A bea 
map. If for all p,q € A, 


i) there exists any element z € A such that d,(p,q) < do(p,q * nz) 
ii) there is t € [0,1) such that d,(S(p), S(q)) < t.do(p,q), where t < z 


then S' is called a contraction with the bound t for ((A, *), dp) if for all p,q € A. 


Theorem 4.2. Let ((A,*), dp) be a neutrosophic triplet b-metric space and S be a contraction 


with the bound t. Then S is continuous respect to Tq,. 


Proof. Let for each r > 0 and p € A, there be k > 0 such that dp(p,q) < k. Let k = F, then 
dy(S(p), S(q)) < t.de(p,q) <t.k =t.5 =r. Therefore, S is continuous. 


Theorem 4.3. Let ((A,*),dy) be a neutrosophic triplet b-metric space with the coefficient 
b>1landS:A—>A _ be a contraction with a bound t for ((A, *), dp). 
Tf do(p, S™ (p)) < do(p, S""(p) * Ng(py) for all p € A and for allm € NU {0}, then, 


dy(p, 8" (p ) < oie *dy(p, S(p)). 


i=] 


Proof. Let prove the theorem by induction on m. 
For m = 0 and for all p € A, ds(p, 5°(p)) = do(p,p) = 0 < Sd (p, S(p)). 
i€D 
By the hypothesis and the condition b5 of neutrosophic triplet b-metric, 


dy (p,S*" (p)) << dy (p, S™*" (p) * nsip)) < b [do (p, S (p)) + dy (5 (p) 8" (p)))] 
= b[dy(p, 5 (p)) + dy (S (p) ,S™ (S (p)))] 
= b.dy(p,S(p)) + b.dy (S(p), S™(S(p))) . 


By the inductive hypothesis, dp (S(p),S™(S(p))) < (U2, b't'") dp (S(p), S(S (p))). 
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Since S' is a contraction with the bound ¢, dy (S(p), S(S (p))) < t.dy (p, S (p)). Therefore 


dy (p, or (p)) 


IA 


b.dy (p, S (p)) +6 ( He) t.dy (p, S (p)) 

4=1 

= b.dy(p,S (p)) + (> vont dy (p, S (p)) 
i=1 


m+1 
= b.dy(p, 5 (p)) + S— bit“! (dy (p, S (p))) 
1=2 


= (14 S- He) dy (p, 5 (p)) 


i=2 
m+1 


= So d't "dy (p, 5 (p)). 
t=1 


This completes the proof. 


Next, we give a fixed point theorem for neutrosophic triplet b-metric space. 


Theorem 4.4. Let ((A,*),d,) be a complete neutrosophic triplet b-metric space. IfS: A—> A 


is a contraction with a bound t, then S has a fixed point. 


Proof. Let po € A be an unique element and define a sequence {p,,} such that py, = S(pp_1), 
for all n € N. Then for each n € N, pp = S”(po). 
Now, let show pp is a Cauchy sequence. For ¢ > 0, there exists M € N such that 


eo 
5IM=2"p 7 o0(Po, P1) <€. 


Let m>n> WM. Since S is a contraction, 
dy (Pn: Pm) = dy (S" (po), S™ (po)) = & (9 (S"* (po) 5 (9 * (p0))) 


<_ t.dy(S"~" (po) ,S" (po)) 
t?.dy (S"~? (po) , S™~? (po)) 


IA 


IA 


£” dy (po, 8” (po) « 
By Theorem |4.3} 


dy (po, S”"—” (po)) < (s bt Nd, i) 
t=1 
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Therefore, since t < a 


TS 5 1 m—n 
dy (PnsPm) < t”. (s bt "dp i) Ss (Se :) dp (po; P1) 
i=1 =] 
ae ee | 1 ca 
= pen (> i) dp (po, P1) = p2n—2 (> bi dp ( (po, P1) 
i=1 7 
1 1 
= 8 po (po, P1) 


1 e 
< pap (po, P1) 


Es 


So {pn} is a Cauchy sequence. Then {p,} is converges a point p € A, i.e pn > p 
because ((A, *), dy) is a complete neutrosophic triplet b-metric space. Since S is continuous, 
S(Dn) + S(p). 


5. Conclusion 


In this paper, some new concepts, properties, and examples were given for neutrosophic 


triplet b-metric spaces as follows: 


1) The neutrosophic triplet space A = {0,2,3,4}, with the multiplication module 6 in Z, 
is a neutrosophic triplet b-metric space with d: A x A > R, d(u,v) = (u—v)? where 
b> a4. 

2) The neutrosophic triplet space (P(A), U) is a neutrosophic triplet b-metric space with 
d: P(A) x P(A) > R defined as, if U =V, d(U,V) =0 and if U4 V, 


[oee) - aw) , if m(U) and m(V) are even 
d(U,V) = 3; ifm(U) and m(V) are odd_, 


1, otherwise 


where b > (2I(4)I — 2), 
3) The neutrosophic triplet space (P(A),M) is a neutrosophic triplet b-metric space where 
ACN is finite, with 


i, if UNV =, 
dU,V) =) aay, fUNVEDUFY, 
0, ifU =V. 


where b > eee 
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4) A sequence {p,} in a neutrosophic triplet b-metric space ((A,*), dp) is a Cauchy se- 
quence if for all e > 0, there exists an M € N such that, for all n,m > M, dy(pn,p) <€ 
and 


di Dns Dra) < dy Pax Pre * Oy). 


Since S$ is continuous. Since S(pp_-1) = pn then S(pr) = pn4i > p. Thus S(p) = p. 
5) The family tg, = {U C A| de > 0,4n EN, B2(p) C U for all p € U} is a neutro- 


sophic triplet topology on a neutrosophic triplet b-metric space ((A, *), dp), called as 
neutrosophic triplet topology induced by neutrosophic triplet b-metric dp. 
6) A map S$: A > A is called a contraction with the bound t > 0 if, 
i) there exists any element z € A such that dy(p,q) < do(p,q* nz) 
ii) there is t € [0,1) such that d,(S(p), S(q)) < t.dy(p,q), where t < 7 
7) A contraction S on a neutrosophic triplet b-metric space ((A,*),d,) is continuous 
respect to Tq,. 
8) For contraction S on neutrosophic triplet b-metric space ((A, *), dy), if dy(p, S’””(p)) 
dy(p, S""(p) * Ng(p)) for all p € A and for all m € NU {0}, then, d,(p,S™(p)) 
eg UE 8): 


A IA 


dy(p, S"(p)) < S_ b't "dy (p, S(p)). 


i=1 


9) A contraction S on a neutrosophic triplet b-metric space ((A, *), d,) has a fixed point. 


6. Future Work 


By utilizing these results, the researcher can define neutrosophic triplet partial b-metric, 
neutrosophic triplet quasi-partial b-metric, neutrosophic triplet rectangular b-metric and can 


investigate fixed point theorems in these spaces. 
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Abstract. The concept of neutrosophic normed spaces was introduced by Murat Kirisci* and Necip Simsek 3]. 
In this paper, by using the compact operator ~(z;) and the concept of statistical convergence. we introduce 
some neutrosophic statistical convergence of sequence spaces defined by compact operator and study of neutro- 
sophic norm and derive the relation between statistical convergence in NNS with the help of compact operator. 


We also focus on some topological and algebraic properties of these convergent sequence spaces. 


Keywords: NNS; t-norm; t-conorm; Statistical convergence; compact linear operator; Bounded linear 


operator; neutrosophic set. 


1. Introduction 


The notion of fuzzy set was presented by Zadeh 4], since then several kinds of research have 
appeared and fuzzication of many classical theories has also been made. Fuzzy sets hypothesis 
is an amazing handset for demonstrating vulnerability and dubiousness in different problems 
and issues emerging in field of science and designing. fuzzy topology is perhaps the absolute 
significant and generally utilized outfits and it ends up being valuable for managing such cir- 
cumstances where utilization of old style speculations breakdown. he used the concept 
of fuzzy sets and examine the fuzzy real valued p-absolutely summable multiple sequences in 
probabilistic normed spaces. Atanassov generalized the fuzzy sets theory and studied the 
concepts of intuitionistic fuzzy sets (IF'S). In 2004, (6| Park researched the idea of (IF'S), 
further Saadati and Park analyzed this concept in the norm. The idea of JF NS and the 
thought of statistical convergence is a valuable utilitarian apparatus for contemplating the 
convergence issues of mathematical problems (double sequence) herewith the idea of thick- 
ness. |14|. The idea of neutrosophic sets (NS) was introduced by Smarandache [23]. This set 
is an expansion of I F'S regardless, if the summation of neutrosophic segments is < 1, or > 1, 


or = 1. For the situation when the aggregate of the components is 1 (as in IFS), in the wake 
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of satisfying the condition by applying the neutrosophic set operators, different outcomes can 
be acquired by applying the intuitionistic fuzzy (IF) operators, since the IF operators disre- 
gard the (indeterminacy), while the NS operators taken into cognizance of the indeterminacy 
at a similar level as (truth — membership) and (falsehood — nonmembersip) are taken. 
using the idea of neutrosophic sets defined the notion of Neutrosophic Bipolar Vague Soft Set 
and Its Application to Decision Making Problems. Further, Smarandache (9}[10})1.2|/35) inves- 
tigated neutroalgebra which is generalization of partial algebra , neutroalgebraic structures 
and antialgebraic structures. NS is likewise more adaptable and effective in light of the fact 
that it handles, aside from autonomous (free) components, additionally partially independent 
and dependent components,while [FS can’t manage these cases. Moreover define neu- 
trosophic fuzzy matrices and Some Algebraic Operations. Smarandache analyzed the 
conflict between neutrosophic rationale, intuitionistic fuzzy rationale, and the comparing NS 
and IFS. defined Neutrosophic simply soft open set in neutrosophic soft topological space. 
Moreover, Bera and Mahapatra introduced the neutrosophic soft linear space. Bera and 
Mahapatra studied convexity, metric, Cauchy sequence, and neutrosophic soft norm linear 
space (NSNLS). A lot of developments have been made in this areas after the work of Das, 
S and Pramanik, S defined the Generalized neutrosophic b-open sets in neutrosophic topolog- 
ical space. Further, examine Neutrosophic Multiset Topological Space. another term 
find Statistically pre-Cauchy fuzzy real-valued sequences defined by Orlicz function. Later on, 
the concepts of statistical convergence of double sequences have been analyzed in IFNS by 
Mursaleen and Mohiuddin (14). Quite recently, Kirisci and Simsek introduced the notion 
of NNS and statistical convergence. Further |8| examine On almost statistical convergence of 
new type of generalized difference sequence of fuzzy numbers. Since NV NS is a natural general- 
ization of IFNS and statistical convergence. defined a new concept On pointwise statistical 
convergence of order alpha of sequences of fuzzy mappings. In this paper we aim to define 
novel statistical convergence of sequence spaces. sequence spaces using neutrosophic norm and 
using compact operator as a tool and discussed their topological and algebraic properties. We 


mention the following notions that will be put to use in the paper further. 


2. Preliminaries 


Definition 2.1. A sequence z = (z;) is called a 6 -convergent to the number € for each € > 0, 


the set Y(e) has 6-density zero, where 
Y(F) = {7 EN: |z; — €| > ef (1) 


we write Ss — lim z = € or z; — €(S5). 
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Definition 2.2. A sequence z = (z;) is called statistically Cauchy sequences if 4, a 
number K = K(e) such that for each € > 0 


Fae “Iti <j: |% — (zw)| 2 ef] = 0. (2) 


Definition 2.3. Let X 4 @, the W intuitionistic fuzzy set, WC X is defined by 


Wet<az7, Tz), Fe) >2exb (3) 
where T(z), F(z) : X — [0,1], T(z) = (Truth) and F(z) = (Falsehood) respectively. 


0< T(z)+F(z) <1 
Definition 2.4. Let X A ¢ and WC X Then, 
Wns = {< z, T(z), I(z), F(z) >: z € X}, 


where T(z), I(z), F(z) : X — [0,1], T(z) = Truth, I(z) = Indeterminacy, and F(z) = False- 
hood respectively. 
0< T(z) +1(z) + F(z) <3. 


The components of neutrosophic are T(z), I(z) and F(z) independent of each other. 


Definition 2.5. Suppose X # ¢, Q and R are neutrosophic sets in X. Then, 


(a) QCR = Taz) < Tr(2), 1Q() < In), Fol) 2 Fr(z) V2 X 

(b) Q=R <= To(z) = Tr(2),Io(2) = Ik(z), Folz) = Faz) V2 X 

(c) QO R= {(z,min(TQ(z), Tr(z)), minIo(z), Ir(z)), min(Fo(z), Fr(z))) | 2 € X} 
(d) ee {(z, max(T@(z), Tr(z, max(I@(z), Ir(z)), max(Fo(z), Fr(z))),2 € X} 
(e) Q° = {(z, Fo(z), 1 — In(z)), Ta(z)) | 2 © X} 

(f) 


f) Q\R = {(z, To(z) min Fr(z), Ig(z) min 1 — Ir(z), Fo(z) max TRr(z)) | z € X}. 


Definition 2.6. Consider a binary operation © on the interval.if satisfying following ax- 


ioms, 


©: [0,1]? — [0,1] 


(4) &o B < 06 whenever @ < \ and 8 < @ for each 4, 8,4, 6 € (0, 1]. 
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is called a continuous t-norm. 


where A = min and V = max. 


Example 2.7. For 4,8 € [(0, 1], define @o 8 = &B or do B= A{ a, BY. then © is continuous 


t-norm. 


Definition 2.8. Consider a binary operation * on the interval.if satisfying following ax- 


ioms, 


*: [0,1]? — [0,1] 


(4) &* B < \*6 whenever & < \ and 8 < 6 for each 4, 8, A, 6 € [0, 1]. 
is called a continuous t-conorm. 


where A = min and V = max. 


Example 2.9. Consider 4, 6 € [0,1]. define @* 8 = A{@+ 6,1} or @x B = V{a, B}. Then * 


is continuous t-conorm 


Definition 2.10. Take X as a vector space and M = {< 2, T(z), I(z), F(z) >: z € X} be 
a normed space such that T(z), I(z), F(z) : X x Rt — [0,1]. Assume o show the continuous 
t-norm and x be a continuous t-conorm respectively, then V = (X,M,°,x) is called (NN). 


if the subsequent terms holds; V z,a € X and s,k >0 
(i) O< T(z,s) <1,0<[(z,s) <1,0<F(z,s)<1, se R", 


(ii) T(z, s) + 1(z,s) + F(z,s) < 3, for s€ Rt, 
(iii) T(z,s) =1 for s > 0 iffz=0 
(iv) Tlax, 8) = Tle, ;) 


(v) T(z,s)oT(a,s) < T(z+a,5s+h), 


(vi) T(z,¢) is continuous non-decreasing function 
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(vii) jim, Tiz,s)=1 
(viii) I(z,s) =0 for s > 0 iff z=0 
(ix) I(az,s) =I(y, Tal) for each a £ 0, 
(x) I(z,s)xI(a,k) > I(z+a,s+h), 
(xi) I(z,x) is continuous non-increasing function, 
(xii) Jim. (4,8) =U; 
(xiii) F(z,s) =0 for s > 0 iff z=0 
(xiv) F(az,s) = F(z, Tal) for each a # 0, 
(xv) F(z,s)* F(z,k) > F(z+a,s+h), 
(xvi) F(z,.) is continuous non-increasing function, 


(xvii) lim F(z,s) =0, 


s—0o 


(xviii) If s < 0, then T(z, s) = 0, I(z,s) = 1, F(z,s) =1. 


In this case M = (T,I, F) is said to be neutrosophic normed (NNS). 


Example 2.11. Suppose (X, || . ||) be a NNS. Give the operations as TC zoa = z+a—za 


and TN z*a=min(z,a). For s > ||z||, 


Ip(z, 8) = Heal , Fo(z,s) = Hell (4) 


Ss 
To(z, s) = ——_,, = 
129)= Tag © >+ lla F 


for all z,a € [0,1] and s > 0. If we take s < ||z||, and let To, Ip and Fo be neutrosophic 
sets on X x (0,00) then 


To(z, s) = 0,Io(z,s) = 1 and Fo(z,s) = 1. 


Then, (X,M,°,*,) is neutrosophic normed space such that M: X x R* = [0,1]. 
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3. Main Results 


In this article, we examine the algebriac and topological properties on the space of neutro- 


sophic statistical convegence given by : 


Definition 3.1. Suppose (X,M,x,o) bea NNS and z = (z;) is called a Cauchy sequence 
with respect to M, if for each € > 0 and s > 0 4, u € N such that T(z; — ag,s) > 1—e, 


I(zj; — ag, 8) < € and F(z; — ax, s) < € for all j,k > u. 


Definition 3.2. Let X be a NNS, the sequence z = (z;) in X is called convergent at € € X 
iff 3, N € N, with respect NN (T,1,F) if for every « > 0, s >0 


T(b(z;) — € 8) > 1—e, I((z;) — €,8) < € and F(¥(z;) — €,8) <e (5) 
for all 7 > N, i.e., 
jroo jroo jroo 
In such case, we denote M — lim z; = €. 


Definition 3.3. (See [2|).Suppose A and B be two normed linear spaces (NZS) and w : 
D-— B bea linear operator, where D(w) C A Then, the operator w is called a bounded, if 4, 


a +ve real no c’ such that 


IIpzI| < ellzll, Vz € Dy). 


The set of all bounded linear operators B(A, B) {2| is a (NZS) normed by 


II|= sup |[eaI| 


z€A, ||2||=1 
and B(A, B) is a Banach space if B is a Banach space. 
Definition 3.4. Let us Consider two NLS A and B 
wy:A>B 


is called a compact linear operator, if 
(i) ¢ is linear 


(ii) ~ maps every bounded sequence (z;) in A on to a sequence w(z;) in B which has a 


convergent subsequence. 
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The set of all compact linear operators C(A, B) is a closed subspace of B(A, B) and C(A, B) 


is Banach space, if B is a Banach space. 


Inspire by this [5], we proposed the previous sequence spaces with the assist of compact 


operator in NNS: 


Slap) () = {(2) € boo : HTKREN VY 7S hk, Taz) 6,8) > 1—e or Iab(2;) =€,8) =€ 
F(w(z;) — €, 8) > e}. 


Siri?) = {(zj) Elo: JKENVI>kK, T(z) -€,s8) > 1—€ or I((z;) — €, 8) > 
F(o(z;) — &,8) 2 €}. 
Definition 3.5. Let V = (X,M,0,x) is a NNS. For s > 0. we define a open ball 
(OB) B(r, z,s)(w) with centre z € X and raduis 0 < r < 1, there exist k € N such that for all 
jak 


B(z,1, 8)(b) = {(aj) € loo + T(o(2j)-Y(ax), 8) < 1L-e or Ip(z3)-W (ax), 8) < 6, F(W(zj)- (ae), 8) < ef. 


Presently, we are prepared to state and demonstrate our primary outcomes. This hypothesis 


depends on the linearity of new characterize sequence spaces which is expressed as follows. 
Theorem 3.6. S(hLF) (Ww) and Siri (Y) are linear spaces. 


Proof. We shall prove the result for SCR) (w) the proof for the different space will take 
accordingly, let z = (zj),a = (aj) € Sir i F)(v) and h,7 be scalars then for a given € > 0, we 


have 


w= {7 EN: T(v(e) fam) < 1 €or I(1(%) - fsa) 2 é, F(a-fs50) 24 


We = {J EN: T(#(aj)—€ 9-7) <1-c or 1(W(q;)-&, 7) 2 o F( Was) -&. a7) > ef 


wi = {7 EN: T(ve))— Gg) > 1 © or Ile) —& ag) < OFWs) —& ge) < ef 


Ws = {J EN: T(v(a;) aa, :) >1 c or L(¥(a,) —& 5) <6F(v(q)-& 3) <4 
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Define the set W3 = W, UW» so that W3 € M. It follow that Ws 4 @. we shall show that 
for each (z;), (aj) € Slr) (?). 


wc {jeN: T((heb(z;) + mv(aj)) — (Re + n2),8) > 1 —€ or U(heb(z;) + n(ay)) — (Rei + n&),8) <e. 
F ( (ins(25) + mas) ~ (Re + nf), 8) < ef 


let m € W3. In this case, 


T(Y(2m) &1, sin) >1l-eor 1(v(2m) — &, I < 6 F( bm) — &, a <e 


and 


T(W(am) — £2, 384) > 1 - € or I(b(am) — &25 987) <  F(Y(am) — &25 367) <e. 


We have 


T ((Fieh(2m) + (4m)) — (Ti + 082), 8) 


> T (Tieh(2m) = Net; 5) © T(1(2m) — 1825 5) 


= £(H(2m) — 557) # T( 86m) — &. 57) 


>(1-e)o(1-e) =1-e. 
In similar way, 


I ( (He(2m) + 194(am)) — (és + 0&2); 8) 


< 1(fib(2m) — REL 5) *X(m(=m) — mE 5) 
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=1(YGm) ~ &s a) #1(¥Em) — & gr) 


<K EXE <E. 


and, 


F((Pib(2m) + mb(am)) — (Ré + m6), 8) 


F (ith(2m) — éi, =) *F (2m) — n&2, 5 ) 


=F (lem) — &1 gap) *F(YGm) — & 7) 


SK EXE <E. 


This implies that, 


WSC {i EN: T ((hub(2)) + nb(aj)) — (REL + n€2), s) >l-eor 1 (heb(z) + mib(a;)) — (hE, + nk2), 8) Zé, 
F ((had(zs) + (ay) ~ (RE + nb2),8) < ef. 


Hence Slr, I FY) is a linear space. 


Remark 3.7. Slr, LF) (=) is an NNS. 


Define Titus (b (w={We Ship) : for every z € W, 5, s > 0 and r € (0,1) such that 
B(z,r,s)(w) C WH. 


Theorem 3.8. The topology Tet ir(?) on Str, LF) (q) ts first countable. 


Proof. {Bz(4,z) :n = 1,2,3,...} is a local base at a, Tar) (w) on S(hLR) (w) is first count- 
able. Slr, LF) (w) is Hausdorff. 


Theorem 3.9. Slr) () is an NNS and Tr) (w) is a topology on Strip) (?) Then a 
sequence (z;) € Slory (Y), (z;) — z,if and only if T((W(z;) — z),t) > 1, 1((v(z;) — z),8) > 
1 and F((w(z;) — z),s) 4 1 as j > o. 
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Proof. Fix so > 0. suppose w(z;) — z. Then for r € (0,1) 4, no € N such that (w(z;)) € 
B.(r,s) for all 7 > no, 


Bis) = {i EN: T(¥(z;) — 2,8) or I((z;) — z, 8) < r, F(W(z;) — 2,8) < r} 
Such that, BS(r,s) Then, 
1— T((o(z;) — z),8) <r and I(((z;) — z),8) <r, F((W(2;) — z), 8) <r. 


Hence, 


T((w(z;) — z), 8) 4 1 and I((%(z; — z), s) 4 0, F((#(z; — 2), 8) 20 as j 4 ow. 


— 

if for every s > 0, T((#~(z;) — z), 8) > 1 and I((w(z;) — z),s) 4 0, F((#(xx) — 2), 8) > 0 as 
j — oo then for r € (0,1) 4,9 € N such that 1—T((w(z;)—z), 8) < r and I((~(z;) —z), 8) <r, 
F((#(z;) — z), 8) <r for all 7 > no. 


It follows that T((~(z;) — z),s) > 1—r and I((#(z;) — z), 8) <r, F((Y(z;) — z), 8) <r for 
all 7 > no. Thus (¢(z;)) € BE(r,s) for all 7 > no and hence > (z;) 


Theorem 3.10. A sequence z = (zp) € Sry) is M-convergent iff for each « > 0 and 
s>04, a number K = K(z,¢,t) such that 


{G EN: T((H(e)— 9,5) > 1—€ or I(W((%) - 9,5) <€ or F((W(%)- 9,5) <el 


Proof. Suppose M — lim x = £. For a given € > 0, Let s > 0 such that (l—e)o(1—«) >1—-s 
and exe <s,exe<s. Then 


for every z € SCrLE) (a) 


Ss 
= 


w= {jEN: T(((%) - 9,5 


) <1 cor I((H@) - 9,5) = FU) - 9,5) 2 4} 
which implies that 

We = {i EN: T (H(z) i. >) Se 1((w(z)) ~ 0), =) < 6 F((W(2)) ~ 0), =) < e} 
Conversely, take N € W. Then 


T((W(%) - 0,5) > 1-€ or I(W(%) - 9,5) <eF((W) - 9,5) <e 


Now we have to prove that 4, a number K = K(z,e¢,t) such that, 


{i EN: T(W(z;) — Yen), 8) <1 —7 or I(W(ze) — W(zn)), 8) = 7, FW) — Ven), 8) = 7} 
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for each z € SN 


(rR) (Y) 


B= {j EN: T(;)—¥Gn), 8) $ 1-7 or W(z)) Wen), 8) = VFWE)—Ylew),8) = 7}. 


Now we will prove that B C W. consider that B C W Then J, n € B and n ¢ W so we get 


T((Zn) — U(aw)), 8) <1 —8 or U(b(zn — 9), 5) Si eFC — 2), 5) eee 


In a diffrent way T((d(zn) — £), 3) > 1—e Therefore we have 


1-7 > TW(%)- Yew), 8) > T((W(en)—O, 5) oT ((Wlew)—4), 5) 2 (1-1-6) > 1-7, 


which is impossible. At the same time, 


I(U(2n) — W(2n))»8) 27 or I( (Wn) — 5) <e 


In a similar way, 


In particular, 


S S 
1S F(U(2n) — Ulew), 8) < F( (en) - 9,5) #F((Ulew) - 9,5) Sexe <1, 
which is impossible. Therefore B C W. Hence W € M implies B € M. 


Definition 3.11. Let V = (X, M,°,x) is a NNS. For 0 < s < 1 we fix a closed ball Biz,r, 5] 
with centre z € X and raduis r > 0, there exist k € N such that for all 7 >k 


Biz,r, s] = {(ak) € loo : T(W(z;)-w(ax), 8) = 1-1 or I(¢)(z;)—(ax), 8) <r, F(W(z;)-V (ae), 8) <r}. 


Lemma 3.12. Every closed ball Biz,r,s|(w) is a closed set (C'S). 
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Proof. Consider a = (aj) € fo such that a € Blz,r,s|(w). Since X is first countable, 4 


a = (a;) € Blz,r, s|(w) such that a; —> a as 7 —> oo. implies the set 


, 


Since a; — a, T(v(a;)—-#(a), s) —> land I((a;)—v(a), s) —> 0, F(u(a;)—(a), s) — 
0, as 7 —> oo. for all s. For a given € > 0, 


Hence for 7 € X 


T(W(z) — ¥(a),s +) > lim T(z) — (ay), 8) o T(v(aj) — ¥(a),€) 2 Lo(L—r)=1—r 


co 


and 


I((z) — p(a),s+e) < tim Tle) — (aj), 8) *1(p(a;) — (a), €) <Oxr =r. 


F(¥(z) — v(a),s+e) < lim Fv) — ¥(a;), 8) x F(¥(a;) — Y(a),e) <O*r =r. 


In particuler for b € N, take € = i: Then, 


T(w(2) ~ ¥(a),5) = lim. T(H(2)-v(a),s+ 5) 21-r 
and 
I((2) — Y(a), 8) =, lim I(¥(2) - ¥(a),r +5) <r 
F((2) — ¥(a),5) = lim F(W(2)- Wa), s+ 5) <r 
=> The set 


= aé€ Biz,r,s](w). Therefore Biz,r, s](q) is a closed set. 
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4. Conclusions 


In this review, we have studied the concept of statistical convergence using neutrosophic 
norm space with the help of compact operator, which has an important place in the litera- 
ture. We have defined the compact operator form statistical convergence of sequence spaces 
SCLLF) (w) and SOLE) (w) and investigated basic properties. These are illustrated by proper 


examples. 
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Abstract. Pythagorean Neutrosophic fuzzy graph, an extension of Pythagorean and Neutrosophic graph, is 
more efficient in representing relationship between various objects where the relation between the objects is 
uncertain, while the Dombi operators with adaptable operational parameter is very useful by taking distinct 
values. The Pythagorean Neutrosophic Dombi fuzzy graphs (PNDFG) is a novel concept proposed in this re- 
search paper by integrating the concepts Pythagorean Neutrosophic fuzzy graph and Dombi operator. Various 
basic graphical ideas using Dombi operator have been introduced for Pythagorean Neutrosophic fuzzy graphs. 
The main important part is the MCDM model which is proposed for the developed PNDFG and demonstrated 


with an illustrative example for choosing the best alternative. 


Keywords: Pythagorean Neutrosophic sets; Pythagorean Neutrosophic Dombi fuzzy graphs; Dombi; 
Pythagorean fuzzy graphs. 


1. Introduction 


In real-life situations, fuzzy set theory [1] plays an important role in resolving incomplete 
and ambiguous information. A fuzzy set is a variant of a regular set in which elements have 
a membership degree between 0 and 1. Fuzzy set and its conceptual development have wide- 
ranging applications in fields like engineering, computer science, mathematics, artificial intel- 
ligence,decision making and image analysis. The passage presented below gives some of the 


recent advancements in fuzzy set theory. 


Atanassov [2] extended the fuzzy set to intuitionistic fuzzy set, which gives each element a 
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membership and non-membership degree. An intuitionistic fuzzy set is one that meets the re- 
quirement that the sum of both membership and non-membership values is between 0 and 1. 
Smarandache’s Neutrosophic set [3] is a generalization of the theory of fuzzy and intuitionistic 
fuzzy sets [1, 4] which deals with imprecise information. Elements with truth, indeterminacy, 
and false membership degrees that lie within the interval [0,1] characterize the single valued 


neutrosophic set which was introduced by Wang et al [5]. 


Yager [6-8] introduced Pythagorean fuzzy sets as an extension of intuitionistic fuzzy sets to 
deal with complex imprecision and uncertainty when the sum of squares of membership and 
non-membership degrees is between 0 and 1. Hence, Pythagorean fuzzy set accounts for larger 
amount of uncertainty than intuitionistic fuzzy set. The degree of dependence among compo- 
nents of fuzzy sets and neutrosophic sets was introduced by Smarandache and was developed 
further. Out of three membership functions of neutrosophic sets, one special case with inde- 
pendent indeterminacy and dependent truth and falsity are chosen with the constraint that 
the total of squares of membership, indeterminacy and non-membership lies between 0 and 2 


and it is termed as Pythagorean Neutrosophic set [23]. 


Graphs are pictorial representations of objects and their relationships. More uncertainties oc- 
cur in relations among objects which results in the need for framing fuzzy graph model rather 
than ordinary graph, which has the same structure. Using Zadeh’s fuzzy relation, Kaufmann 
[9] introduced the concept of fuzzy graphs. Various fundamental and theoretical ideas like 
bridges, cycles and connectedness were defined and developed by Rosenfeld [10]. Karunam- 
bigai and Parvathi [11] instituted the intuitionistic fuzzy graphs which was further extended 
to intuitionistic fuzzy hypergraph and its applications have been explored [12]. Broumi et 
al. presented single-valued neutrosophic graphs [13] with examples and properties, and the 
properties of degree and regular single valued neutrosophic graphs were also examined [14]. 
The concept of fuzzy graph was advanced to pythagorean fuzzy graphs in [15]. The new 
emerging concept of Pythagorean neutrosophic fuzzy graph [16] were advanced by blending 
the concept of Pythagorean Neutrosophic sets and fuzzy graphs. Ashraf et al. [17] proposed 
the idea of Dombi fuzzy graphs. Subsequently, many researchers worked on this Dombi fuzzy 
graphs and made advancements like interval valued Dombi fuzzy neutrosophic graph [18], de- 
cision making using Dombi fuzzy graphs [19], Pythagorean Dombi fuzzy graphs [20], picture 
Dombi fuzzy graph [21] and Dombi bipolar fuzzy graph [22]. Application of the fuzzy theory 
in decision making is an effective way for solving real-life problems, and it is advanced using 
all the new concept developments most recently in [24-30]. This paper presents Pythagorean 
neutrosophic Dombi graphs as a generalization of Pythagorean and Neutrosophic Dombi fuzzy 
graphs (PNDFG). 


The following is the layout of the research paper: In section 2, the paper’s basic terminologies 
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are explained. In section 3, we define the complement, homomorphism, isomorphism, strength, 
and completeness of PNDFG. Section 4 proposes an algorithm for Multi-criteria decision mak- 
ing based on the PNDFG, which is demonstrated with an example and concluded in section 
5. 


2. Preliminaries 


Definition 2.1.[1] On a universe U, A = {(5, pug (s)) |s € U} is a fuzzy set (FS) where 
fig, : L — [0,1] symbolizes the membership grade of 2. 


Definition 2.2.{1] A fuzzy relation on a fuzzy set X is X x X, represented by B = 
{ (st, 493 (st)) [st © 2 x X}, where puss : X x X — [0,1] is the membership grades of 2. 


Definition 2.3.[9] A fuzzy graph is a duo G = (2,8) on X with Aa FS on X and Ba FR 
on ¥ such that juss (st) < py (s) A pag (t) V s,t € ¥, where 2: X — [0,1] and B from X x ¥ to 
[0, 1]. 


Definition 2.4./6] A Pythagorean fuzzy set (PFS) on a universe X is A = 
{(s, Uy (5), Ya(s)) |s € X}, where py : X — [0,1] and vy : X — [0,1] signify the member- 
ship and non-membership grades of 2, and py, Jy satisfying 0 < 3 (s) + JZ(s) <1 V5 eX. 


Definition 2.5.[6] A Pythagorean fuzzy set on X x X is called a Pythagorean fuzzy relation 
(PFR) on X, represented by B = { (st, pig (st), Vos (st)) |s € X}, where pig : X x X — [0,1] and 
Vg : Xx X > [0,1] signify the membership and non-membership grades of %, correspondingly, 
such that 0 < (st) + J&(st) <1Vs5,te X. 


Definition 2.6.[15] A Pythagorean fuzzy graph (PFG) on a non-empty set X is a pair 
G = (2,8) with 2a PFS on ¥ and BS a PFR on &X such that ps(st) < pug(s) A pa (t), 
03 (st) > Vy(s) V Vy(t) and 0 < pe (st) + VR (st) < 1 V5,t € X. where py : X x X > [0,1] and 
Ogg : X x X — [0,1] symbolize the membership and non-membership grades of 8, correspond- 
ingly. 


Definition 2.7.[19] A binary function © : [0,1] x [0,1] — [0,1] is named as t-norm if V 
a, 6,u € [0, 1], it fulfills the following criteria: 

1; Sid, 1) =a, 

2. £(a, 6) = 2(6, a); 
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3. Ta, T(b,u)) = (Ta, b), u), 
4. (a,b) < Tu, v) ifa<uandb<v. 


r;y > 0. and 


The Dombi’s t-norm and t-conorm are given by 
1+ (452) 71+(452) 17 


1 
LHC) gE) 7 
By putting y = 1 in Dombi’s t-norm and t-conorm one gets the other set of T-operators 


Ta, 6) = =H and P(a,t) = ease 


,yY > 0 respectively. 


Definition 2.8./16] Pythagorean Neutrosophic Fuzzy Graph (PNFG) is G = (V, E), where 
V = {v1, v2, ..., Un} such that ju, 61,01 are from V to [0,1] with 0 < p1(vj)?+61(vi)? +o1(vj)? < 
2 Vu; € V indicates the membership, indeterminacy and non-membership functions and 
[2, 82, 72 are from V x V to [0,1] such that p2(vj;vj) < pa (vi) Apa (vj) ,B2(viv;) < Gi (vi) AB1(v;) 
and 09(vjv;) < o1(v;) V o1(v;) with 0 < pe(vjv;)? + Bo(vjv;)? + o2(vjvj)? < 2 Voi EV XV. 


Definition 2.9.[17] A Dombi fuzzy graph on V is a pair that has been ordered as G = (2, B), 


where 2: V — [0,1] is contained in V and 8: V x V — [0,1] is a symmetric fuzzy relation 


on 2 such that pisg(st) < ee a VY s,t € V, where py and pis symbolize the 


membership grades of 2 and %, correspondingly. 


3. Pythagorean Neutrosophic Dombi Fuzzy Graphs 


Definition 3.1. A Pythagorean Neutrosophic Dombi Fuzzy Graph (PNDFG) with finite un- 
derlying set U is a pair G = (n,¢), where 7 = (t41, 81,01) from UY to [0,1] is a Pythagorean 
neutrosophic subset in UW and ¢ = (12, 32,02) from UV x GW to [0,1] is a symmetric Pythagorean 


Neutrosophic fuzzy relation on 7 such that 


H2(gh) < b1(g) + 1 (b) — pr(g) - 1 (gb) 


\< o1(g) +01(6) — 2 o1(g) o1(b) 
= 1 —04(g) o1(5) 


and 0 < 13(g6) + 53(gh) + o3(gh) < 2 for all g,6 € B. 
7 and ¢ denote the Pythagorean Neutrosophic Dombi fuzzy vertex and edge sets of G. 
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Example 1. Consider a PNDFG over U = {a,b,c,d,e, f} defined by 

(a bi 5 (Bint, ied), Cee WB.) BO. T esa ost ct At pedal) 

((ab, .44, 316, 556), (af, .231, .429, .769), (bc, 432, 316, 33), (cd, 316, 376, .721), (de, 477, .286, 
734), (ef, .266, 316, .734), (ad, 375, .375, .769), (be, .596, .25, .404), (cf, .207, 429, .721)) 


(5, -6, .5) 
(.6, .5, .7) 


(.266, .316, .734) 


FIGURE 1. Pythagorean Neutrosophic Dombi Fuzzy graph 


Definition 3.2. Let ¢ = {(gh, “2(gb), G2(gh), c2(gb)) /gh € E} be a PN Dombi fuzzy edge set 
in PNDFG G; then 


1. The order of G is represented by 


SS Hi(g), > Bi(g), Se o1(g) 


geu gEeu gEU 
2. The size of G is symbolized as S(G) and is defined by 


Y= H2(95), $2 82(gb), $2 o2(g5) 


ghee ghe€ abe€ 
Example 2. For the PNDFG in Example 1, the order of G as (3.3, 3.1, 2.6) and size of the 


PNDFG as (3.34, 3.092, 5.738). 


Definition 3.3. Let ¢ = {(gb, w2(g9h), G2(gh), c2(gh)) /gh € €} be a PN Dombi fuzzy edge 
set in PNDFG G; then the degree of vertex g € U is symbolized by (D)g(g) and defined as 


(D)a(g) = ((P)y(g); (P)a(g); (P)o(g)), where 


7 _ Hi(g) H1(6) 
ee a seal (a) + (6) = 1(6) 2a) 
PORNO 
= 2) Balsh)= >) aH TA) —Aw@ AG) 


g hAgeV g,5AGEV 
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(D)o(9) 


a1(6) 


o1(g) +01(h) — 2 o1(g) 
on 1=ai(g)-a1(b) 


The total degree of vertex g € U is symbolized by (TD)g(g) and defined as 


> o2(gh) = 


g hAgeD 


(TD)a(g) = 


(LD), (g), (LP)a(g), (LD)o(g)), where 


=» = Ss f(g) Ha (5) 
(TD), (g) — me + L(g) = cone 11 (g) a u1(6) _ ui (g) 11 (b) I H1(g), 
_ 81(g) 81 (5) 
ED) = Dy P+ A= do Baye Al6)— Ai Bile) * HO 
= 54 age Sr 2 o1(g) + o1(5) ~ 2 o1(g) o1(6) 
(TD).>(g) — a 2(gh) + 1(g) <5 1_ 1 (g) o1(6) + 1(g)- 


Example 3. For the PNDFG in Figure 1, the degree and the total degree of the vertices are 


De(a) = (1.046, 1.12, 2.094), TDg(a) = (1.546, 1.72, 2.594) 
g(b) = (1.468, 0.882, 1.29), T.Dg(b) = (2.268, 1.282, 1.49) 
De(c) = (0.995, 1.12, 1.772), TDa(c) = (1.355, 1.72, 1.972) 
Da(d) = (1.168, 1.036, 2.224), TDg(d) = (1.768, 1.536, 2.924) 
De(e) = (1.339, 0.852, 1.872), TDg(e) = (2.039, 1.252, 2.172) 
De(f) = (0.704, 1.174, 2.224), TDg(f) = (1.004, 1.774, 2.924) 


Definition 3.4. The complement of a PNDFG G = 


(n,¢) is a PNDFG G = 


defined by 

1. 41(g) = 41(g), 1(g) = Bi(g) and o1(g) = o1(g). 

11(a)e1(6) . _ 

2. algo) < § OF) OMT) if wo(gb) = 0, 

in Frit emamty ~ #2(86) if 0 < u2(gh) <1 
(a) Bs(6) . _ 

5 =f FGFAG DEOETO) if Bo(gh) = 0, 
Baa eitayay ~ 92(95) if 0 < Ba(gh) <1 
o1(8)-+01(5)—201 (g)o1(5) ; _ 

4. o2(gh) = I-oi@er) if o2(gb) = 0, 
culo ea ee — on(gh) if 0 <ov(gh) <1 


Theorem 1. If G= 


(n,C) is a PNDFG, then G = G. 


(7,¢) which is 


Proof: Consider G as a PNDFG. By definition of complement of PNDFG, we have 


“i(g) = 41(g) = #1(g), 1(g) 


= Bi(g) 


= Pi 


(g), o1(g) = o1(g) = o1(g), for all 


If w2(gb) =0, G2(gb) =0, o2(gh) = 0, then 


Hi(g) 1(6) 


Ha(g) 11(6) 


pe aaa) 


— pi(g) H1(5) 


~ pa(g) + p1(6) — 41 (g) 1(5) 


gEeU. 


= p12(gh), 
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_ B1(g) B1(6) _ B1(g) B1(6) _ 

(00) = StH) — Bulg) Bath) BuC@) + Fil) — Bila) Facey — 218) 
ry — i(g) + 21(5) — 2 on(g) 2106) _ or(g) + 2106) — 2 or(g) 2105) _ 
o2(gb) = 1 —o01(g) o1(6) 7 1 — 01(g) o1(5) = oxtgh) 

If 0 < pe(gh), 82(gh), c2(gh) < 1, then 
an Hi(g) 11(5) TA 
a ee, 
a pa(a) a(b) pug) 5) y2(g6)] = H2(a), 


a1(g) + 01(5) — 2 o1(g) o1(5) 


72(gh) = 1 —04(g) o1(b) 


_ 71(g) + 01(5) — 2 o1(g) o1(6) (culs) + o1(6) — 2 o1(g) o1(6) 
1 —o1(g) o1(5) 1 —o1(g) o1(5) 


72(gh)] = o2(96) Vg, 6 € BU. 


Hence, the complement of a complement PNDFG is a PNDFG itself. 


Definition 3.5. A homomorphism H : G, — Gy» of two PNDFGs G; = (m,¢,) and 
G2 = (2, G2) is a mapping H : VU, > Vo satisfying 
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(1) Hm (9) S Hn (9); 
Bry (g) < Bn (A(g 


) 
On (9) S On (H(g)). 


(2) we (gt) < we, (A (g) A(t), 


o¢, (gt) < o¢,(A(g) A(t) Vg € Ui, gte Er. 


Definition 3.6. An isomorphism H : G,; — Gp» of two PNDFGs Gy = (m,¢,) and 
G2 = (1, C2) is a bijective mapping H : Uy > Woe satisfying 


(1) Hm (9) = Hn (9); 
Bm (9) = Bno(H(g)), 


) 
Om (9) = Fn. (H(g)). 
(2) Mer (gt) = Men (AT (g)-A(E)), 


o¢, (gt) = o¢,(H(g)H(t)) Vg € Bi, gt € Ei. 


Definition 3.7. A weak isomorphism H : G, — G2 of two PNDFGs G; = (m,¢,) and 
G2 = (2, C2) is a bijective mapping H : VU, > Ve satisfying 


(1) A is a homomorphism. 


Definition 3.8. A co-weak isomorphism H : G, — G2 of two PNDFGs Gy = (m,¢1) and 
G2 = (1, C2) is a bijective mapping H : U1 > Ve satisfying 


(1) A is a homomorphism. 
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(2) be, (gt) = Me, (A (g) A (t)), 
Be, (gt) = Bo, (H(g) H(t), 
¢, (gt) = o¢,(H(g)H(t)) Vg € Di, gte &. 


Definition 3.9. A PNDFG G = (7, ¢) is called self-complement if G & G. 


Proposition 1. If G = (7, ¢) is a self-complementary PNDFG, then 


oi bn(Q) Hn (t) 
> ame: a Hin(Q) + Hn(t) = Hn (B) Hn ()’ 


fa) Bud 
2 ele) = 2 a FRO a) BO 


fat) EST Aula) + onlt) — 2 a4(9) on(8 
ae Oe 


Proof: Assume that G is a self-complementary PNDFG; then there exists an isomorphism 
HA :% —+ % such that 

bn (H(g)) = Hn (9)s Bn( A (g)) = Bn(g), om(H(g)) = on(g). V9 EU 

ic(H(g)A(t)) = uc(gt), Be(H (a) H(t) = Be(gt), oc(A(g)A(t)) = o¢(at). V gte € 


By definition of complement of G, we have 


ae fi HOY) Po AC) mene 

MED TTT) + nH) — tH) oO) PE) 

nl) tat 
He Ono O me Mo 
- fn(8) tent 
2 (a! 7 X Hin (Q) + Hn (t) — by (B) Hn (t) 2H) (8) 
bn (9) Mn) 
2H) +) aelF 2 FB) nl ~ Hy 8) Fal 
- pn(8) tnt 

Sees Fa) Bn) — BB) BO 


gAt gAt 
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1 Hin(Q) n(*) 
a uc(at) = 5 a Hn (G) + Hint) = Hn (B) Hn (4) 


Similarly for indeterminacy membership grade, we have 


Bn(H(g)) Bn(H(t)) 
H(g)H(t)) = H(g)H(t 
DE) = ST + BHO) — Pola Potoy  RY) 
-_ Bn(g) Bn(t) 
PG) = BY Bal) — By(a) Pate) PHA) 
9) By(t) 
Be(gt) = Bc (H(g)H(t)) 
y D5) pene — Bn(g) Bn(t) a 
= Bn(Q) Bn (t) 
2 PCO!) + 2 AHO EO) =D Fars BC) = 66) Fy) 
Bn(g) Br, (t) 
2 > Pela) = _ By(@) + By(#) — Bn() Bn(®) 
Bn(g) Bn (t) 
2H = 2 Fale + Bn(®) — Bra) Bo(® 
Likewise, for non-membership, we have 
On(H(g)) + on (H(t) — 20, (H(g)) on (H(t) 
o¢(H(g)H(t)) = S i o¢(H(g)H 
¢(H(g) H(t) T— o,(H(g)) o,(H() ¢(H(g) H(t) 
oc(gt) = on(Q) site on (t) 7 207,(g) On (t) o¢(H(g) H(t) 


Y ae(at) = Yo HS ala) Oat) ac H(Q) (0) 
gAt gAt gt 


S oe(at) + S > o¢(A(g) H(t) = \- On(g) + oOn(t) — 2on(g) on(t) 
gAt gt 1 —o,,(g) on(t) 


gAt 
fa) Sr ul) + alt) — 209 (0) 0418 
20 88) = DT T= on(8) anf 


fat) = EST auld) + Onlt) — 24 (0) on) 
D7 0) = 5 FT onl) ol) 


This completes the proof. 
Proposition 2. Let G = (7,¢) be a PNDFG. If 
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al Mn (9) Hn (t) 
ela) = 3 (Gaeerme) 


i Bn(g) Bn(t) 
Ba) = 3 (ara Ora) 


oc(gt) = 4 (ctl eae zal) VY g,t € U then G is self-complementary. 


Proof: Assume that G is a PNDFG that satisfies 


_ 1 Hn(g)_ bn (t) 
pela) = 3 (saree at) 


esl Bn(g) Bn(t) 
Be(at) = 5 Gomtceno wath) 


oe(gt) = $ (sen rala) onl) yg tem. 


Then the identify mapping J : GV — W is an isomorphism from G to G that satisfies the 


following condition: 


Hn(G) = Hn(L(g)); Bn(g) = Bn (g)), and on(g) = om (g)) Vg € B. 


The membership grade of an edge gt is given by 


_ 1 Hn (g) bn (t) 
He(at) = 2 (eee 0) Vg,te %. 


we have p¢(1(g)1(#)) = we (at) 


= Hn (9) Mn (t) 

Feo uae 
_ Ln (g) Hn (t) 1 ( Ln (Gg) H(t) ) 
~~ pn (g)+ Bn (H—Hn(g) wn(t) 2 \ en (a) + Bn (Hen (g) Hn (t) 


al 


L(g) bn (t) _ 
=3 (othe =H) = He (at) 


Likewise, the indeterminacy grade of an edge gt is 


4 Bn(g) Bn (t) 
Be(gt) = 5 (aS a5) Vg,te B. 


we have {¢(I(g)I(#)) = Bc(gt) 


Bn(a) Bn(t) 
Bn (9)-+Bn(t)—Bn(g) Bn (t) Be(gt) 


_ Bn(g) Bn(t) 1 ( Bn(g) Bn(t) ) 
~~ Bn(g)+Bn(t)—Bn(g) Bn(t) 2 \ Bn(9)+Bn(t)—Bn(g) Bn(t) 


ae Bn(g) Bn(*) = 
— 2 (ror ee, a0) = Be(gt) 


Similarly for the non-membership grade of an edge gt is, 
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ac(gt) = } (22WtenlO— Peale) a9) yg te a. 


1—on(g) on(t 


So, we have 


ac(I(a)I(®) = ac (gt) = Ln Wten—2 ens) onl) _ 5. (gt) 
1—on(g) on(t) 


On(g)ton(t)—2 on(g) on(t) 1 (+= on(g) u(t) 
1-on(g) on(t) 2 1-on(g) on(t) 


o +on(t)-2 o On(t 
= } (salddseal=2 enle) 209) — oc (gt) 


Since the conditions of isomorphism pc(J(g)I(t)) = pme(gt), BeU(g)l()) = Be(gt) and 
o¢(I(g)L(t)) = oc(gt) are satisfied by J, G = (7, ¢) is self-complementary. 
Proposition 3. If Gi = (m,¢1) and Gz = (2,¢2) are two isomorphic PNDFGs, then the 


complement of G, and G2 are also isomorphic to each other and the converse also holds. 


Proof: Assume that G; and G2 are two isomorphic PNDFGs. Then by definition of isomor- 
phism, there exists a bijective mapping H : UJ, > We that satisfies 


bn (9) = Mn ((g)), Bn (9) = Bro (H(g)) and on, (9) = Om (H(g)). Vg € Bi, 
Me, (Gt) = He, (A (g)A(t)), Be, (gt) = Gc,(A(g) H(t) and o¢, (gt) = o¢,(A(g) A(t). V gt © G1. 


By using the definition of complement of PNDFG, the membership grade of an edge gt is 


_ Hn, (9) bn CH) 
He (98) = etn, Oman) a) ~ Hoa (Gt) 


_ dng (H(9)) ng (HC) 
= Finn HCG) hins (Y= Hing HCQ)) Ping HD) ~ MGo H (g)47()) 


= Me (A (g) H(t). 


Similarly, 


_ Bny (9) Bny (t) 
Ba (at) = gate, OB) Baty ~ Per (gt) 


7 Bug (H(a)) Buy (H(t) 
= By (HG) FB, H())—Bno HG) Bro) ~ Peo (H(g) H(t) 


= Be (H(g)H(t)). 


Also, the non-membership grade of an edge gt is, 


—F oO On, (t)—20: Op, (th 
7 (BE) ee ~ 2a (98) 


— 


On, (H On (H(t))—2 on, (1 Ong (A(t 
See ON eat — 76H (8) (1) 
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Hence, the complement of G' is isomorphic to the complement of G2. Similarly, the converse 
can be proved. 


Definition 3.10. A PNDFG is said to be complete if 


= bn(g) bn (t) 
He (St) = Bayt ()Hn@) ea? 


_ Bala) Bolt) 
Bo(at) = Barta, (O—Bn(a) Ba 


o +on(t)-—20 On(t 
o¢(gt) = n(g) oS ne n() Vg,tew. 
The above mentioned properties are satisfied for the PNDFG in Example 1, thus the PNDFG 
is a complete PNDFG. 


Definition 3.11. A PNDFG is said to be strong if 


Hn (g) bn () 
tin (t)—bn(g) Hn (t)? 


7 Bn(a) Bn (t) 
Be(gt) = BgyeBn Bn (a) Ba” 


Hc (gt) 7 Hn (g)4 


o¢(gt) = Zuo) eal) en) on(t) V gt e €. 


1-on(g) on 


Example 4. The PNDFG over U = {m 1, m2, m3, m4,™m5, m6} 

Cts Bcc ,.c0), (ia, B42), Cig, 6, D(a 2. ie 1) (ibs 428) VIG 6838, 1) 

and the edge set 

((mymg, 44, .316, 556), (mymg, .231, .429, .769), (moms, 432, .316, 33), (moms, .596, .25, .404), 
(m3m4, .316, .375, .721), (mams, .477, .286, .734), (m5me, .266, .316, .734)) is strong. 


8, 4, .2 4, .6, « 
{ ym, (.432, .316, .33) ma , 


(.5, .6, .5) 
«'s'9) 


(3,.6,.7m, 0766 316-739) 7, 4,3) 


FIGURE 2. Strong PNDFG 
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4. Numerical Approach 


We solve a decision-making problem involving the selection of the best money-transfer appli- 
cations in this section to demonstrate the suitability of the proposed Pythagorean Neutrosophic 


Dombi fuzzy graphs concept in a real-world scenario. 


4.1 Algorithm: 

The following algorithm depicts our proposed technique for multi-criteria decision making. 
The algorithm for the selection of the best money transferring application. 

Step 1: Input the attributes M = {m 1, mo,....mz} and set of criteria C = {c1, c2,....¢n} with 
weight vector W = {wy, we, ....w,} and construct Pythagorean fuzzy relation QY) = (12) huh 
corresponding to each criterion. 


(9) _ ie Be a) (l,p = 1,2,..,k) regarding criteria c¢(l = 


Step 2: Aggregate all dip 
1,2,3,4,5) and get Q = ie where qip = (Lip, Sip, Fp) is the value assigned for the 
alternative mj; over m, with respect to all the considered criteria C; by using Pythagorean 


Neutrosophic Dombi fuzzy weighted arithmetic averaging (PNDFWAA) operator given by 


dip = PNDFWAA(GY)) dip ss Gps) = 


1 1 1 i 1 


2 py a” py Bp’ n j 
ir a(S (5) tre) | roe (Are) | abso (ar) 
E be ip re ip) 
Step 3: According to Q, draw the Pythagorean Neutrosophic fuzzy directed graph. 
Step 4: By considering the condition ju, > 0.5 (J,p = 1,2,...,k), draw the Pythagorean Neu- 
trosophic fuzzy partial directed graph. 
Step 5: Calculate the out degrees out — d(M;) (4 = 1,2,..k) of all the alternatives M; in the 
Pythagorean Neutrosophic fuzzy partial directed graph. 
Step 6: Arrange the alternatives according to the diminishing value of the membership de- 
grees of out — d(M;). 


Step 7: The optimal alternative is the alternative with the maximum membership degree of 
out — d(M;). 


4.2 Selection of the best money transferring application: 


In this modern technology-filled world, everything is turning to online and digital cards. There 
is no need of searching for money exchanges as money can be easily transferred in online mode 
or through online transferring. According to existing trends, the fastest and easiest way of 


transferring is pivotal. Let us consider the following case. A person who has created a new 
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bank account wants to sync with this existing trends and techniques and want to have a money 
transferring app. Let us consider five money transferring applications M;(i = 1,2,3,4,5) that 
are doing really well on the market. The decision-making expert makes a comparison between 
five money transferring apps with respect to five criteria C)(J = 1,2,3,4,5) which are given as 
C; = Safety & security 

Cy = Fast transfer without delay 

C3 = Money remittance 

C4 = User friendly 

Cs = Offers & gifts 

with the respective weight W = (0.3, 0.2,0.3,0.1,0.1) and presents preferable information 
Qo) =(q ip )oxs o = 1,2,3,4,5), where 


go) = (Hp Bip Ge )) is the Pythagorean Neutrosophic number assigned by decision-making 


expert Pied ee and ae 9) are the degree to which money transferring application M; is pre- 
ferred and not preferred over the application M, regarding the given criteria, respectively. The 
relations QY) = (ah? )5x5 are given in the following tables (1-5). 


Table 1. Comparision for Criteria 1 


Qu M M2 M3 Ms Ms 

Mi (5,555) (84,2) (73,1) (62,4) (4,4,.6) 
My (.2,4,.8) (.5,.5,.5) (.6,.5,.4)  (.8,.2,.6) _(.6,.4,.7) 
Mz (.1,.3,7) (4,5,.6) (5,.5,.5) (84,3) (.7,.5,.2) 
Mz (.4,.2,.6) (.6,.2,.8) (.3,.4,.8) (.5,.5,.B) (.8,.4,.7) 
Ms (64,4) (.7).4,-6)  (.2).5,.7) (7.4.8) (.5,05,.5) 


Table 2. Comparision for Criteria 2 


Qe?) M, M2 M3 Ma Ms 

M, (5,5,5) (9,8,5) (7,4,4) (9,4,7) (86,6) 
My (.5,.8,.9)  (.5,.5,.5)  (.8,.-4,.5)  (.5,.4,.6) _(.7,.6,.8) 
M3 (A4,4,.7)  (.5,.4,.8) (.5,.5,.5)  (.7,.8,-6)  (.7,.7,.8) 
Ms (.7,.4,.9)  (.6,.4,.5)  (.6,.8,-7) (.5,.5,.5)  (.7,.8,-6) 
Ms (.6,-6,.8) (.8)-6,-7) (8.77) (6,-8.7) (55,45) 
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Table 3. Comparision for Criteria 3 


Qe?) M, Mp M3 Ms Ms 

M,  (.5,.5,.5)  (.9,.6,.5)  (.8,.4,.6) (.9,.8,.4) _(.7,.6,.5) 
Mz  (.5,-6,-9) (.5,.5,.5) (.8,.7,.6) (-9,.8,.7)  (.6,.6,.5) 
M3; (.6,.4,.8) (.6,.7,.8) (.5,.5,.5) (.8,.2,.7) _ (.7,.8,.7) 
My,  (.4,.8,.9) (.7,.8,.9) (7,.2,.8)  (.5,.5,.5) — (.9,.6,.7) 
Ni. (207050) “beOeB). LALBat) (el fiO). (255555) 

Table 4. Comparision for Criteria 4 

Q) M Me M3 Ma Ms 

M, ~ (.5,.5,.5) (.9,.7,.5)  (.6,.3,.4) (.7,.5,.6) — (.8,.3,.6) 
Mo = (.5,.7,.9)  (.5,.5,.5) (.9,.6,.5) (.6,.4,.7) —_(.7,.6,.6) 
M3 (.4,.3,.6) (.5,.6,.9) (.5,.5,.5) (.9,.6,.4) _(.6,.7,.8) 
M,  (.6,.5,.7) (.7,.4,.6) (.4,.6,.9) (.5,.5,.5) ~~ (.9,.7,.6) 
Ms {0,358) (36,627) (28.27.36) (26,.7,.9) (5,255) 

Table 5. Comparision for Criteria 5 

Q©®) M, Mp M3 Ms Ms 

My (.5,.5,5) -686,4) (7,.6,.8) (66,8) (¢9,:3,.6) 
Ms {(A,6;8) ~G5.5.5) (8,76) (7.54) (8,.6;.5) 
Ma (8.627) (byTe8) (.555,5) (9.5.4)  08,.5,.7) 
Ma (68,66) (4.5.7) ~(4,.5,9) (5.5.5) ©9,8,-7) 
Ms. (6,850) (5 960,8). 7.538) (e859). (2552555) 


The Pythagorean Neutrosophic directed graphs for Q’ (g = 1,2,3,4,5) in Tables 1-5 are dis- 
played in Figure 3. 


With the purpose to complete the grouped qp, = (Hip; Sip,%p) (e,p = 1,2,3,4,5) of 
the money transferring application M) over M, regarding all considered criteria eD(g = 


1,2,3,4,5), the PNDFWAA operator is defined as 


dip = PNDFWAA(Q®), g), ... ,) = 


1 : r, |l 1 ; T > , ; T 
[ n | ( a *) v7 [ n | (uj)? | p [ n | qt (o},) "1 p 
1+ Pe Tao 2 Gar | 1+ Pe To 1ga2 (BF 2 | ape (or) | 


lp 
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(4, 5,9) 


FIGURE 3. Pythagorean Neutrosophic directed graph for QY (¢=1,2,3,4,5) 


In the above equation, we consider p = 1 as in Dombi’s t-norm and t-conorm to obtain the 


(9) 


lp )5x5, which is shown in Table 6. 


corresponding Q9 = (q 
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Table 6. Combined Pythagorean Neutrosophic fuzzy relation 


£4 


Q M, M2 M3 

M, (.5,.5,.5) _ (.875,.651,.357) _(.734,.606,.239) (.843,.635,.481) (.752,.514,.565) 
M> — (.432,.651,.858) (.5,.5,.5)  (.79,.605,.496)  (.819,.624,.602) (.671,.557,.545) 
Mz (.538,.401,.715) (.525,.605,.734) —(.5,.5,.5)  (.824,.583,.444) (.708,.644,.409) 
My —_(.593,.635,.732) (.637,.624,.705) (.565,.583,.795) (.861,.679,.666) 
Ms (.575,.514,.601) (.674,.558,.64)  (.694,.699,.697)  (.676,.679,.822) 


The Pythagorean Neutrosophic directed graphs according to Q, is in Figure 4. 


4 


a 
(.824, 583,444) 


(.565, .583, .795) 


FIGURE 4. Pythagorean Neutrosophic directed graph according to Q 


We consider the condition of pj, > 0.5 (l,p = 1,2,3,4,5) a partial directed graph is drawn in 


Figure 5. 


The out-degrees out — d(M;) (1 = 1,2,3,4,5) of the money transferring app in the partial 


graph are calculated as 

out — d(M,) = (3.204, 2.4061, 1.642) 
out — d(M) = (2.28, 1.786, 1.643) 
out — d(M3) = (1.532, 1.227, 0.853) 
out — d(M4) = (0.861, 0.679, 0.666) 
out — d(Ms) = (0, 0,0) 
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(,824, 583, 444) 


FIGURE 5. Partial directed Pythagorean Neutrosophic directed graph 


According to the membership value of out-degrees of Mj(l = 1,2,3,4,5) we get the optimal 


ranking order as: 


My > My > M3 > M4 > M5 


On the basis of ranking, we conclude that Mj is the best money transferring application. 


5. Conclusion 


In this paper, the concept of Pythagorean Neutrosophic Dombi Fuzzy graph has been in- 
troduced. Along with the introduction of this new model of Pythagorean neutrosophic Dombi 
fuzzy graph some of its definitions and few properties have been discussed. An application 
in decision making has been done by using the graph model of Pythagorean Neutrosophic 
Dombi Fuzzy graphs using the newly defined PNDFWAA operator. In the proposed MCDM, 
the limitation of jp is restrained to be greater than 0.5, because the value less than 0.5 will 
have very low chances to be in the obtained alternative and it is defined to be more precise for 
making decision. This work on the concept of Pythgorean Neutrosophic Dombi Fuzzy graph 
can be extended further to investigate the operations of PNDFG and bipolar PNDFG along 


with some real life applications. 
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Abstract: In supply chain management (SCM), selecting a sustainable supplier has improved 
as one of the most urgent issues. Several previous research has attempted to determine how to 
choose a sustainable supplier using various strategies and approaches. A suitable supplier 
needs to be chosen to improve the quality of products, services, reduce prices of purchasing, 
and regulate time. This paper aims to Enhance Supply Chain Management for the Suitable 
Supplier selection by integrating the neutrosophic Analytical Hierarchy Process (AHP) with 
Multiplicative Multi-Objective Optimization based on Ratio Analysis (MULTIMOORA) 
approach. Furthermore, this is a Multi-Criteria Decision-Making (MCDM) issue, selecting 
sustainable providers is complex. because includes unclear information, decision-makers’ loss 
of accuracy, indeterminate, uncertainty, and inconsistent information. For this, we use a single 
value neutrosophic set (SVNS) to can handle unclear information, the knowledge that is 
inaccurate, and indeterminate, uncertain information. The proposed study applies integrating 
Single Valued Neutrosophic AHP for calculating the weights of different criteria taking into 
account their interdependencies. Then the MULTIOORA technique ranks the different 
alternatives, then chooses the best provider. A case study is utilized on the pharmaceutical 
manufacturing company. The case study uses the integrated approach to analyze and choose 


the ideal supplier. 
Keywords: Supply Chain Management; Neutrosophic; AHP; MULTIMOORA; MCDM 


1. Introduction 
Nowadays, Organizations have understood that to compete in local and global 
marketplaces, they must implement effective strategies to strengthen the supply chain and 
achieve a competitive advantage over their competitors. Supply chain management (SCM) is a 
way of referring to a collection of three or more enterprises (organizations or persons) that 


participate in the input and output flows of products, resources, finances, and information from 
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a resource to a consumer[1]. SCM allows organizations to efficiently integrate products and 
services to build long-term relationships[2]. SCM is a concept whose main goal is to "integrate 
and manage the source, flow, and control of materials across various functions using a whole 
systems approach." Supply chains include both suppliers and consumers so, the SCM method 
may be used in the greatest organizations to control the flow of information, goods, and 
materials and to be more reactive in an organizational environment including Lowering prices, 
ensuring quick delivery, and reducing shipping times. 

The Supplier Selection Problem (SSP) is a great issue for most industrial companies 
and supply chain management. The fundamental goal of a Supplier Selection Problem is really 
to identify one supplier with the best chance of meeting the company's demands while 
lowering costs. A well-known and fundamental component of supply chain planning 
challenges is the supplier selection problem. The best suppliers are chosen based on a variety 
of factors, including overall performance ratings, item rejection rates, timely delivery, and 
meeting aggregate demand. SSP is the main issue we want to solve[3]. Furthermore, we 
proposed neutrosophic logic to solve it. Neutrosophic logic (NL) is one of the most current 
fuzzy system suggestions, Smarandache [4] proposed it work with inconsistent, fuzzy, 
imprecise, and incomplete information simultaneously. Various ways for approximation and 
uncertain reasoning have been created to deal with an ambiguous choice process involving 
imprecise, partial, and incomplete information. One is fuzzy logic, intuitionistic, and interval 
logic. The neutrosophic set is an expansion of the fuzzy sets. It contains three terms (trusty, 
indeterminacy, falsity) to characterize the uncertain membership at the same time[5]. The 
neutrosophic set assists specialists and decision-makers in comprehending information in an 
ambiguous context and expressing their opinions more clearly. Wang et al. [6]proposed a 
single-valued neutrosophic set as an example of a neutrosophic set (SVNS). The classic set, 
fuzzy set, interval-valued fuzzy set, and intuitionistic fuzzy set are all extensions of the single- 
valued neutrosophic set. The terms inclusion, complement, union, and intersection have all 
been defined on SVNS. 

Supplier selection is a multi-criteria decision-making (MCDM) problem that 
incorporates a variety of criteria, options, and decision-makers in determining the best 
candidate for the company. MCDM problems using neutrosophic or single-valued 
neutrosophic information, like the neutrosophic Analytic Hierarchy Process (AHP), have been 
researched by many researchers[7]. Multi-Criteria Decision-Making (MCDM) techniques use a 
group of experts and decision-makers to address goal evaluation to numerous criteria utilizing 


computational and mathematical models to tackle real-life decision-making problems. 
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Engineering, management, technology, and science are all sectors where MCDM approaches 
are commonly employed. The use of MCDM methodologies to construct specific MCDM 
models is a viable solution to such situations. These models differ from one another because 
they use various MCDM methodologies or have distinct requirements. In this paper, we use 
integrated AHP with a MULTIMOORA method. The AHP uses a hierarchical structure to 
express and analyze the link between the criteria, sub-criteria and to assess them. 

The MULTIMOORA method is an enhanced version of multi-objective optimization 
(MOORA), a simple and effective multi-attribute decision making (MADM) tool [8]. 
MULTIMOORA is now the most reliable multi-objective optimization system, as evidenced by 
the fact that it is the only multi-criteria methodology capable of meeting numerous criteria 
employing three or more techniques [9]. Many authors proposed a MULTIMOORA to aid 
decision-makers in selecting a suitable supplier by assessing multiple risks and benefits and 
knowing how they impact the supply chain[10]. The main benefit of adopting the combination 
fuzzy AHP- MULTIMOORA method is the ability to categorize and evaluate the criteria, sub- 
criteria, and alternatives for each risk. So we proposed a hybrid model AHP and 
MULTIMOORA by using SVNS for selecting a supplier to enhance the supply chain 
management SCM. 

The paper is organized as follows. Section 2, reviews the literature for sustainable 
supplier selection. Section 3, the preliminaries of the neutrosophic set and SVNS are provided. 
Section 4, presents the proposed methodology of AHP and MULTIMOORA. Section 5, the 
results of the case study are presented and analyzed. Section 6, the conclusion and future work 


are presented. 


2. Literature review 

In SCM, one of the really difficult multi-criteria decision-making tasks is supplier 
selection. especially when it comes to sustainability. Several approaches for determining 
supplier criteria, evaluations, and selection have been published in major scientific journals. 
Fallahpour et al (2017). [11]produced a fuzzy AHP-TOPSIS approach to aid the supplier 
evaluation and selection criteria. The fuzzy preference programming technique was used to 
generate the relative fuzzy weights of the ranking criterion, and the ranking of possible 
suppliers was determined using fuzzy TOPSIS. Luthra et al (2017). [12] AHP and VIKOR 
approaches were utilized to develop a sustainable supplier selection strategy. The suggested 
framework includes 22 criteria for each of the three sustainability pillars. The sustainable 
supplier selection (SSS) criteria were weighted using the AHP method, and the VIKOR 


approach was used to choose the most efficient sustainable supplier. Ghorabaee et al (2017). 
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[13] A study of multi-attribute decision-making procedures for analyzing and selecting the best 
providers in a fuzzy environment. Tavana et al (2017). [14] Introduced an integrated ANP-QFD 
method to calculate the decision criteria and sub-criteria to achieve customer needs and 
sustainable supplier selection. Qin et al (2017). [15] developed a TODIM method for supplier 
assessment using fuzzy sets of interval type 2. Liu et al (2018). [16] proposed ANP and VIKOR 
methods to assess supplier choice using interval type-2 fuzzy sets. The criteria are weighted 
using an ANP technique, and the VIKOR method was used to select and rank sustainable 
suppliers. 

Abdel-Basset et al (2018). [17] combined ANP with TOPSIS for solving the sustainable 
supplier selection issue using interval-valued neutrosophic numbers. Kumar et al (2018). [18] 
a Combined method of fuzzy theory and AHP-DEMATEL to aid the automobile industry in 
optimizing their supplier selection process for capital procurement. Jain et al (2018). [19] fuzzy 
multi-criteria decision-making techniques that are combined In an Indian car firm, AHP and 
the approach for order of preference by similarity to ideal solution (TOPSIS) were applied to 
the problem of supplier selection. Van et al (2018) [20] Proposed Quality Function Deployment 
(QFD) for supplier selection and assessment using a neutrosophic interval set. Chen et al 
(2018). [21] For sustainable supplier selection, OWA distance was used in conjunction with a 
single-valued neutrosophic linguistic (SVNL) based TOPSIS method. Abdel-Basset et al (2018). 
[22] For sustainable supplier selection challenges, integrate AHP- TOPSIS with interval-valued 
neutrosophic sets and a multi-criteria decision-making technique. They calculated criterion 
weights using the AHP approach and SSS using TOPSIS. Abdel-Basset et al (2018). [23] used a 
neutrosophic set and the DEMATEL approach for decision making and analysis. to examine 
and determine the factors impacting the selection of supply chain management vendors. 
Abdel-Basset et al (2018). [24] combined neutrosophic (AHP) with quality function deployment 
(QFD) to choose the best provider. Neutrosophic set determines three-way judgments based 
on the categorization into three parts (acceptance, rejection, and not sure). For selected best 
supplier should satisfy company requirements, so use (QFD) to determine efficient business 
requirements. Wang et al (2018). [25] Introduced a 2-tuple linguistic neutrosophic numbers 
(2TLNNs) operator to handle the MADM difficulty and identify sustainable suppliers. 

Sinha et al (2018). [26] developed a decision framework for sustainable supplier 
selection based on a combination of MCDM approaches and graph theory. Song et al (2019). 
[27] proposed a large-scale decision-making model that involves many stakeholders in the 
decision-making process. SSS is accomplished using TOPSIS, and their approach comprises 


partial language phrases depending on risk attitudes. Matic et al (2019). [28] On a sustainable 
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supply chain, created a novel hybrid MCDM model for evaluating and choosing suppliers. 
Abdel-Basset et al (2019). [29] Developed the ANP and VIKOR approaches for sustainable 
supplier selection based on triangular neutrosophic numbers (TriNs). Islam et al (2019). [30] To 
handle supplier selection difficulties, they developed a neutrosophic goal programming 
technique based on triangular neutrosophic numbers. to identify the optimum compromise for 
the company, the authors employ neutrosophic goal programming. A multi-objective linear 
programming problem (MOLP) is an example of this. 

Jain et al (2020). [31] suggested Multi-Criteria Decision Making (MCDM) with Fuzzy 
Inference System (FIS) techniques for weighting and ordering to Suitable Supplier Selection, 
and fuzzy AHP and fuzzy TOPSIS algorithms. Wang et al (2020) [32]. created a fuzzy ANP- 
PROMETHEE II to help the textile sector evaluate and choose suppliers. Selection criteria for 
the proposed model are based on the widely used Supply Chain Operation Reference (SCOR) 
model. Zeng and al (2020). [33] Proposed a single value neutrosophic for sustainable supplier 
selection based on ambiguous information given by decision-makers and established a single 
value neutrosophic hybrid weighted similarity (GVNHWS) measure. Yalcin et al (2020). [34] 
combined ANP technique and TODIM approach, under interval-valued neutrosophic sets 
(IVNSs) to Sustainable Supplier's choice. Amiri et al (2020). [35] presented a novel approach 
multi-criteria decision method based on Best-Worst technique and a-cut for suitable supplier 
selection. Pamucar et al (2020). [36] the suggested fuzzy neutrosophic technique for robust 
supplier selection based on trapezoidal linguistic factors. Tavana et al (2021). [37] For a suitable 
provider, combine AHP with fuzzy multiplicative multi-objective based on (MULTIMOORA). 
The MULTIMOORA is also used to select the providers and the AHP is used to evaluate the 
importance of company risks and benefits. Yazdani et al (2021). [38] proposed criteria 
Correlation and compromised solution under neutrosophic environment and uses multiple 
alternatives for evaluation and selection of suppliers. Uluas et al (2021). [39] introduced a novel 
MULTIMOOSRAL method to the supplier selection issue. From previous works, it is the first 
study to hybrid the AHP and MULTIMMORA method with large dimension data to enhance 


the SCM by evaluating the best supplier. 
3. Preliminaries 


This section covers the most important definitions of neutrosophic sets, as well as single- 


valued neutrosophic sets and their processes. 


3.1. Neutrosophic sets 
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Definition 1. [40]Let L be a collection of elements (objects). A neutrosophic set B in L is 
characterized by a truth-membership function T,(1) , an indeterminacy membership function 
I,(1) , and a falsity-membership function F,(l). The functions T,(1), 4), F,() are there any 
actual normal or non-standard subsets of ]-0,1*[ . Thatis T,():L —-]0,1., 4(D):L - 
}0, 1*[ and F,(): L > }-0, 1°L. 


The total amount is unrestricted of 7,(D, I,(),and F,(l).S0,0<T%()+ ()+ Fy() <3. 


From a philosophical viewpoint, a neutrosophic set derives its worth from a real norm or non- 
standard subsets of]-0, 1*[. Because in real-life scientific circumstances, using a neutrosophic set 
with values from genuine standard or non-standard subsets of]-0, 1+[ is impossible. the 
neutrosophic set (single-valued neutrosophic set) whose value is determined by the subset [0, 
1]. Now, we’ll make use of the notions. my, s, and z, instead of notions Ty, I, and Fy, 


respectively. 


Neutrosophic set is a recent proposal for a strong generic set theory. Therefore, from a technical 
standpoint, the neutrosophic set should be specified. in this manner, In 2010, Wang et al. 
[41]presented the single-valued neutrosophic set (SVNS) that is an example of the neutrosophic 


set. 


3.2. Single valued neutrosophic sets 


Wang [41] proposed a single-valued neutrosophic as follows: 


Definition 2: [41] that L be a universe of discourse with general components indicated by | An 
SVNS A in L is described by truth-membership function m, (I), indeterminacy-membership 
function s,(1), and falsity-membership function z,(l). A single valued neutrosophic set An 


over L is an object with the form: 
A= { (Lm,(), 54, za)? | € L}, (1) 
Where m,:L — [0,1],5,:L — [0, 1] and z,:L— [0, 1] with the condition 
0<m,(D + s,D+ z,(D <3, vl EL (2) 
Definition 3: Let X and B be two single-valued neutrosophic sets, 
X= { (LimeO/sx(Di ze) 21 © L) and (3) 
B= { (l,mg(), sp()), zp(D?) :l € L}. (4) 


Then some operations can be defined as follows: 
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1. XUB={ (1: max{m,(D),mp(D}, 
min{sy(l),sg()} ,min{zy(), z—()}) }; 
2. XNB={ (1: min{my(1),ms()}, max {sy(J), sp(D} ,max {zx(), z—(D}) }; 
3. ACBifand only if my(l) S$ mg(l),sxOQ 2 sp) ,andz() = z3 ,vleEL 
4. X=Bifand only if X € BandB CX; 
5. X°={ (12zy(I),1— sy(1),my(D) > }- 


Because each membership value is independent of the others, there are definitions of distinct 
neutrosophic empty sets and, as a result, absolute neutrosophic sets in single-valued 


neutrosophic information. 
Definition 4: Let X be a single-valued neutrosophic set on L. 


1. A single valued neutrosophic set X is empty, denoted by 0 = {0, 1, 1} 
if my(1 =0, sy(l) =1 and zy(I) = 1 for each 1 € L. 


2. A single valued neutrosophic set X is absolute, denoted by 1 = ({1, 0, O} 
if my(l) = 1, sy(1) = 0 and zy(1) =0 for each! € L. 


Definition 5: Alternative ratings are in the form of INS x,, = [xd,,x{p] in Interval Target value 
Based on MULTIMOORA. The maximum, minimum, and ordering of INs are determined 
using the preference matrix. As well, the IN interval distance is used. In this approach, the 
normalization ratio x3, is defined as follows: 


=* * * *(Xqp,t 
Xap = etre | = exp (- fees] (5) 


max * (Xap,tp) 


0 if Xqpntp#O 


(eee Dade I}, Hebe uy 2)- ((eM +tp B)/2)|) | 


eerrey A ((<f+x¥))/2)- (chee Y)/2)]} 
exp [okra ((xM,+x4,)/2)-((eM+e¥),2)])/2, pele 


s I((«M,+2¥,)/2)-((eM +e) 2) |/2, if tqpntpe0 


(6) 


where ft, is the interval target value of each criterion and is computed as t, = [t}", t}/] = 
{max Xap, if bEA; min Xqp, if DEB; Ss, if bEK } where A, B, and K are the sets of 
a a 


beneficial, non-beneficial, and target-based criteria, together. And, ‘s, is the interval goal 


number of each target-based criterion. The utility values of the Ratio system, Good Reference 
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Method, and Complete Multipliers Form interval target-based methods, i.e., ¥4, Tg, and ZF, 
respectively, are obtained as follows: 

are the sets of benefit, non-beneficial, and target-based criteria, together. And, ‘s, is the 
target-based criterion's interval goal number. Interval target-based approaches are formed by 
the utility values of the Comparison system, Great Reference Method, ie., 7%, Tf, and Z7, 


are obtained in the following way: 


9 = [ya ye" ] = Bins Verbs = Diy Vor Sig ox? mi 
fale = maxl*(Vp[1,1], VoXap 
= max (Vp - {[min{l1 — xayl 11 — x25 13, [1 — (Cah + xap)/2)I], 
if [1,1] 1 £3, = 0; [0,|1 — (GM, + x¥,)/2)|],if [1.1] 9 x3, # 9}) (8) 


Co 7 ee ee ee (9) 


4. Research Methodology 
A hybrid MULTIMOORA method with neutrosophic analytical hierarchy process (AHP) is 
used to select the best supplier. In this section, we present a summary of the two methods 


utilized in our proposed research. Figure. 1 summarized the proposed method and its steps. 
1, Research literature review: 


Establishing decision-making 
criteria based on studies and 


expert views 
2. create the comparison mateix. 
| decision makers evaluate the 
+) criteria. Then replace Linguistic 


terms to Single Valued 
Neutrosophic Numbers 
3. Applying the AHP for 
calculating the weights of 
different criteria considering their 
interdependencies 


——_————— te 


4. Using MULTIMOORA to 
aggregate three decision matrices 
into one matrm and then rank the 
alternat:ves 


5.Rank suppliers and choose the 
best suppkes 


Figure 1. Proposed method framework 
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4.1 The AHP Approach 


Saaty 1980 was the first to introduce the analytical hierarchy approach. The method has been 
used to solve a wide range of decision-making issues. It also provides a way for calculating the 
weights of criteria in a structured manner. 


Phase 1: In a neutrosophic environment, get expert information. 


e Decide on the study's objective, criteria, and alternative. 
e Create a pairwise matrix of decision making judgments using the following form: 


U U 
My, - Myy 


AY (10) 


My oo Mey 
Where u presents the decision makers, u=1, 2,....d, x presents the criteria and b presents the 
alternatives; x=1,2,....a; b =1,2,....¢ 


e Using the score function of M,,, convert neutrosophic scales to crisp values. 


h(Mgc) = > (11) 
where T,I, F presents the truth, indeterminacy, and falsity membership degrees. 
e Aggregate a pairwise matrix by: 
Mae = 2st (12) 
e Create the first pairwise comparison matrix as follows: 
Mi, ne Mip 
M= | : “, : | (13) 
My, ** Myy 
Phase 2: Then calculate the weights of criteria. 
e Compute the average of row 
Py = Bead) sy = 1,23, 0... ab = 12,3, oc (14) 
e The following equation is used to compute crisp value normalization. 
px = =e = 12,3, .0...4 (15) 


4.2 The MULTIMOORA Approach 
Phase 3: Forming the decision matrix M is the first stage in the MULTIMOORA technique. 
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o Inwhich M,, presents the performance index of bth alternative respecting x th 
attribute x =1, 2,...a andb=1, 2,...c, and 
M = [Mx lac (17) 
o In the MULTIMOORA approach, to make performance indices comparable, these 
parameters should be dimensionless. As a result, the choice matrix is a normalized 
ratio of comparison between each alternative's response to criteria as a numerator and 
a denominator that represents all alternative performances on that attribute as a 


denominator. 


(18) 
where, Nx, denotes the normalized performance index of bth alternative respecting x th 


attribute x =1, 2, ...aand b=1, 2, ...cand M,, The performance index is displayed.. 


o Determine the total assessment 


Ve = on PS Nxp — ere P5 Nx» (19) 


yz denotes the total assessment of alternative bth for subjective importance coefficients of all 
attributes xth, where g indicates the objectives to be maximized and (n-g) indicates the 


objectives to be minimized 


o Anordinal ordering of the y,; with the highest assessment value is the best option based 


on the ratio system : 
Bis= (Zp max Mj } (20) 


o The MULTIMOORA approach's second stage is built on the foundation of the ratio 
scheme displayed in eq. (20). In the procedure, a maximum objective reference point is 


also established in this form : 


maxM;, incase of maximization 
m 


Ug = SS io eet (21) 
¢~ |maxMj, incase of minimization 
m 


Where u, is the maximal objective reference point vector's ath co-ordinate. 
a J Pp 


o A performance index's deviation from the reference point u, can be represented as 
(ua — Mac) . The greatest value of the deviation for each alternative t, may then be 


computed using subjective significance coefficients for all criterion vi and as follows: 


H. Hosny, E. El-Henawey, S. Abo-EL-Hadid, Selection a Suitable Supplier for Enhancing Supply Chain 
Management under Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 47, 2021 442 
tt = max |(P,’ up — PY Mi.) (22) 


The best option is determined using the reference point approach, which involves determining 


the smallest number in prior calculations. Equation (22). Demonstrated shown as: 
Zic = {Zq | mint} (23) 
a 


The MULTIMOORA approach's third stage is proposed by Brauers and Zavadskas in 2010 is 
based on an idea from economic mathematics. As seen in this Equation, the formula for the full 


multiplicative form may well be calculated as demonstrated. 


J 
P 
1 — Tea Mac)?e_ 


a J 
b P 
Me=g+1 Mac) ¢ 


(24) 


where g refers to the maximized objectives and (b-g) refers to the minimized objectives. The 
product of performance indices of ath alternative related to advantageous attributes is the 
numerator of Eq. (23). The product of performance indices of mth alternative responding to 
non-beneficial features respects subjective importance coefficients of each attribute P®% is the 
denominator of Eq. (23). In the MULTIMOORA method, to keep all elements of the 
computations in harmony. Equation (23). Presents the whole multiplicative form in its 
normalized form. It is based on the search for the maximum among all assessment values of 


W,' similar to the ratio system calculation of the best alternative. 


Zic = {Za | max Wi} (25) 
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sustainable supplier selection 


cost Ecological Social 
(CT) (Eg) | (SA) 
. Company 
Time to delivery Scholarship 
(CT; ) Catastrophic (SA;) 
Economic Power ( Eg:) > System E 
(CT) Air Pollution slat spicata 
(SAg) 
Martial Cost (Eg,) ae 
(CT;) oe Satisfaction 
ollution 
Rate of Effective (SA3) 
(CT,) (EBs) Employee 
. Leadership Satisfaction 
Operation Cost 
(ce) (Eg.) (SAq) 
3 Service After Sales 
. Se SAs) 
supplier 1 supplier2 supplier 3 


Figure 2. The hierarchical structure of SSS 
5. Case Study 


The proposed framework in this paper was applied for sustainable supplier selection (SSS) in 
an Egyptian pharmaceutical manufacturing company. The company makes and develops a 
variety of pharmaceuticals and tries to deal with various regulations relating to drug 
production, and drug marketing. This company's logistics section is in charge of supplying raw 
materials and chemicals. One of the company objectives is to create a framework for analyzing 
and finding top sustainable suppliers to improve efficiency and stay competitive. It is critical 
to choose the proper specialists while making decisions. We employ the integrated 


neutrosophic AHP-MULTIMOORA technique to choose the best one. 
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5.1 Results and Discussion 


In this subsection, we discuss the results of the case study by using three experts to 
evaluate twenty criteria and three alternatives. The collected twenty criteria from the previous 
studies. Figure. 2 shows the hierarchical structure of sustainable supplier selection. We use the 
Single Valued Neutrosophic Scale for this study[42]. First steps, let decision-makers assess the 
criteria to build the comparison matrix. Then replace the linguistic terms with the Single Valued 
Neutrosophic Numbers. Then apply the score function to obtain the crisp value. Then 
aggregate the opinions of three experts into one matrix. Then compute the weights of main and 
sub-criteria. The weights of criteria show as CT1 =0.017554, CT2= 0.015736, CT3 =0.037136, CT4= 
0. 035797, CT5=0.056704, Eg] =0.039392, Eg2=0.074838, Eg3=0.105902, Eg4=0.09291, SA1 = 
0.053527, SA2 =0.095759, SA3=0.088025, SA4=0.097024, SA5=0.189697. Figure 3. Show the 


weights of criteria. 


Weights of Criteria 


mCT1 = CT2 = CT3 = CT4 wCT5 wEgl mEg2 
mEg3 mEg4 mSA1 mSA2 #SA3 = SA4 ®SA5 


Figure 3. The Weights of Criteria 


In the MULTIMOORA method, we let decision-makers evaluate the criteria and alternatives to 
obtain three decision matrices. Then convert these linguistic terms to neutrosophic numbers. 
Then convert these neutrosophic numbers into a crisp value. Then aggregate three decision 
matrices into one matrix in Table 1. Then compute the normalized decision matrix. Then 
compute the weighted normalized decision matrix by multiplying the normalized decision 
matrix by the weights of criteria in Table 2. Then compute the deviation references of the 
decision matrix in Table 3. Then compute the full multiplicative decision matrix in Table 4. 
Then rank the ratio system, reference point, and full multiplicative form in Table 5. From Table 
7 we found that S2 is the best supplier and S1 is the worst Supplier in the ratio system. In the 
Reference point, we found that 52 is the best supplier and S3 is the worst supplier. But in the 


H. Hosny, E. El-Henawey, S. Abo-EL-Hadid, Selection a Suitable Supplier for Enhancing Supply Chain 
Management under Neutrosophic Environment 


Neutrosophic Sets and Systems, Vol. 47, 2021 445 


full multiplicative form, we found that S1 is the best supplier and S3 is the worst supplier. In 


the final rank, we conclude that 52 is the best supplier and s1 is the worst supplier. Figure 4 


shows the rank of the supplier. 
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Rank 


Ratio System Reference Point Full Multiplicative Form Final Rank 
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msl 2 
mS2 
mS3 


0. 


wn 


0 


Figure 4. Rank of alternatives by the MULTIMOORA approach 


6. Conclusions 


Recently decision-making issues contain imprecision, vagueness, ambiguity, 
inconsistency, incompleteness, and indeterminacy, Neutrosophic set and logic are gaining 
traction as solutions and has been used to solve the various problem as a critical path problem. 

Neutrosophic set helped to deal with ambiguous details, imprecise understanding, 
missing information, and linguistic imprecision through the neutrosophic environment. three 
membership degrees include the truth, indeterminacy, and falsity degrees, which are the main 
parts of a neutrosophic set. This feature is critical in a variety of applications including helping 
experts and decision-makers understand the information in an uncertain environment and 
make more precisely expressing their judgments to select the best supplier in supply chain 
management. NS is employed to evaluate and enhance supply chain management. The 
proposed study integrates neutrosophic analytical hierarchy process (AHP) and 
MULTIMOORA technique to suitable supplier selection. The AHP is used to calculate the 
weight of criteria and sub-criteria. The MULTIMOORA rank in different criteria. A case study 
is applied to a pharmaceutical manufacturing company demonstrates the efficacy of the 
suggested method and offers the final judgment to choose the best-qualified applicant for 
company success. The future work aims to use multiple multi-criteria decision-making 
strategies and display them in a neutrosophic environment utilizing the DEMETAL with 
MULTIMOORA method to solve the sustainable supplier selection problem. 
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Abstract. Soft set deals with single set of attributes whereas its generalization i.e. hypersoft set deals with 
multiple disjoint attribute-valued sets corresponding to distinct attributes. In this paper, we first introduced 
the concept of single valued neutrosophic hypersoft expert sets (SVNHESs) which combines single valued 
neutrosophic sets and hypersoft expert sets. Some fundamental properties (i.e. subset, not set and equal 
set), results (i.e. commutative, associative, distributive and D’ Morgan Laws) and set-theoretic operations (i.e. 
complement, union intersection AND, and OR ) are discussed. An algorithm is proposed to solve decision- 


making problems and applied to select the best product. 


Keywords: Soft Set; Soft Expert Set; Neutrosophic set; Single Valued Neutrosophic set; Hypersoft Set; Single 
Valued Neutrosophic Hypersoft Expert Set. 


1. Introduction 


Neutrosophy has been introduced by Smarandache as a new branch of philosophy and 
generalization of fuzzy logic, intuitionistic fuzzy logic, para-consistent logic. Fuzzy sets 
and intuitionistic fuzzy sets |5| are defined by membership functions while intuitionistic fuzzy 
sets are characterized by membership and nonmembership functions, respectively. In some 
real life problems for proper description of an object in uncertain and ambiguous environ- 
ment, we need to handle the indeterminate and incomplete information. But fuzzy sets and 
intuitionistic fuzzy sets do not handle the indeterminate and inconsistent information. Thus 
neutrosophic set (NS) is defined by Smarandache, as a new mathematical tool for dealing 
with problems involving incomplete, indeterminacy, inconsistent knowledge. In NS, the in- 
determinacy is quantified explicitly and truth-membership, indeterminacy membership, and 


false-membership are completely independent. From scientific or engineering point of view, 


Muhammad Ihsan, Atiqe Ur Rahman, Muhammad Saeed, Single Valued Neutrosophic Hypersoft Expert Set 


with Application in Decision Making 


Neutrosophic Sets and Systems, Vol. 47, 2021 42) 


the neutrosophic set and set- theoretic view, operators need to be specified. Otherwise, it will 
be difficult to apply in the real applications. Therefore, Wang et al (6| defined a single valued 
neutrosophic set (SVNS) and then provided the set theoretic operations and various properties 
of single valued neutrosophic sets. Broumi et al. defined single valued neutrosophic soft 
expert sets and applied it in decision making. 

Molodtsov conceptualized soft set theory as a new parameterized family of subsets of the 
universe of discourse. Maji et al. (9| developed fuzzy soft set as a parametrization tool to 
deal with uncertainty. The fundamentals of soft set like subset, union, intersection, relations, 
functions etc., have been investigated by researchers (10}{15). Alkhazaleh et al. concep- 
tualized soft expert set and fuzzy soft expert set. They discussed their applications in decision 
making. Broumi et al. conceptualized intuitionistic fuzzy soft expert sets and presented 
its application in decision making. 

In 2018, Smarandache generalized soft set to hypersoft set by replacing single attribute- 
valued function to multi-attribute valued function. Saeed et al. and Mujahid et al. dis- 
cussed the rudiments of hypersoft sets along with illustrative examples. Rahman et al. 
discussed the notions of complex set, convex set, parameterization, bijection, neutrosophic 
graph and rough set under hypersoft set environment. Saeed et al. explored the con- 
cepts of complex multi-fuzzy set, mappings and neutrosophic graph with hypersoft settings. 
They discussed application of these models in decision-making problems. Ihsan et al. 
introduced the expert system with multi-decisive opinions embedded with hypersoft set sce- 
nario. Some decision-making techniques i.e. TOPSIS etc. have been discussed for hypersoft 
set and its hybrids by researchers [39}{43}. 

Having motivation from above literature, new notions of single valued neutrosophic hypersoft 
expert set are developed and an application is discussed in decision making through a proposed 
method. The pattern of rest of the paper is: section 2 reviews the notions of soft sets, fuzzy 
soft set, fuzzy soft expert set, hypersoft set and relevant definitions used in the proposed work. 
Section 3, presents notions of single valued neutrosophic hypersoft expert set with properties. 
Section 4, demonstrates an application of this concept in a decision-making problem. Section 


5, concludes the paper. 


2. Preliminaries 
In this section, some basic definitions and terms regarding the main study, are presented 


from the literature. 


Definition 2.1. 


Let P(Q) denote power set of Q(universe of discourse) and F' be a collection of parameters 
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defining 2. A soft set Uy, is defined by mapping 
Ua {Fs P@). 


Definition 2.2. (9| Suppose Q be a set of universe, while F is a set of parameters. Here I® 
represents the power set of all fuzzy subsets of Q. Let C C F.. A pair (R,C) is called a fuzzy 
soft set with R is a mapping given by 


Re 7". 


Definition 2.3. 
Assume that Y be a set of specialists (operators) and O be aset of conclusions, T = F x Y x O 
with S C T where 2 denotes the universe , F’ a set of parameters. 


A pair(®,S) is known as a soft expert set over 2, where H is a mapping given by 
®:S—> P(Q). 


Definition 2.4. A pair (H,C) is called a fuzzy soft expert set over 2. where F is a 
mapping given by 
H:C 31° 


where I® the set of all fuzzy subsets of 2. 


Definition 2.5. Suppose 2 denotes the universe of discourse then the neutrosophic set N 
is an object with the form 

N= {< 8: un (8), un (8), wn (8) >, 8 € QO} 

While the functions fy(8),vn(8),wn(8) : Q 4]~0,17[ denote the degree of membership, 
indeterminacy and non membership respectively for all 6 € Q with the condition 

~0 < pn (8) + vn(B) + wn (8B) < 3°. 


Definition 2.6. (6| Let 2 be a set of points (objects), with a generic element in Q denoted by 
GB. A single valued neutrosophic set (SVNS) N in Q is defined by truth-membership function 
Ty, indeterminacy-membership function Jy and falsity-membership function Fy. 

Tn, In, Fw € [0,1] for all 8 in Q with the condition 

0 < Ty(8) + In(8) + Frv(@) < 3. 


Definition 2.7. 

Let hy, ho, h3,.....,2m, form > 1, be m distinct attributes, whose corresponding attribute 
values are respectively the sets H1, Ho, H3,......Hm, with Hj; H; = 0, for i # j, and i,j € 
{1,2,3,...,m}. Then the pair (V,G), where G = H, x Hz x H3x..... x Hp, and UV: G > P(Q) 
is called a hypersoft Set over (2. 
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3. Single Valued Neutrosophic Hypersoft Expert set (SVNHSE-Set) 


In this section, a new structure of single valued neutrosophic hypersoft expert set is devel- 


oped and some properties are discussed. 


Definition 3.1. Fuzzy Hypersoft Expert set (FHSE-Set) 
A pair(€,S) is known as a fuzzy hypersoft expert set over |], where 


€:S35 7 


where 


e IU is collection of all fuzzy subsets of [] 
eSCH=GxDxC 


eG =G X Go x G3 xX .... X Gp where Gj are disjoint attributive-valued sets corresponding 


to distinct attributes g;,7 = 1,2,3,...,p 
e D be a set of specialists (operators) 


e C be a set of conclusions 


For simplicity, C = {0 = disagree, 1 = agree}. 


Definition 3.2. Single Valued Neutrosophic Hypersoft Expert set (SVNHSE-Set) 
A pair(€,S) in definition]3.2| is known as a single valued neutrosophic hypersoft expert set over 
[| if 

€:S> SvnFuU 


with SVN FU is collection of all single valued neutrosophic subsets of I 


Example 3.3. Suppose that a multi-national company aims to proceed the evaluation of 
certain specialists about its certain products. Let [] = {m1,m2,mg3,m4} be a set of products 
and 
Gi = {q11, 12} 
Go = {q21, 922} 
G3 = {931, 932} 
be disjoint attributive sets for distinct attributes q;= simple to utilize, qa= nature, gg= modest. 
Now G = G1 X Go x G3 

Ha = (411, 921; 931); M2 = (115 921, 932); M3 = (G11, 922; 931), Ma = (411; 922; 932); 


G= 
M5 = (q12, 921, 931), 6 = (412, 921, 932), 7 = (q12, 922; 931), Hs = (412, 922, 932) 
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Now H=GxDxC 


let 


(u1, 8,0), (M1, 8,1), (Hi, ¢,0), (Hi, ¢, 1), (Hi, u, 0), (ua, u, 1), 
(112, 8,0), (H2, 8, 1), (u2,t,0), (M2, t, 1), (He, u, 0), (u2, wu, 1), 
(3, 8,0), (3, 8, 1), (us, t,0), (us, t, 1), (us, u, 0), (us, u, 1), 
(u4, 8,0), (Ha, 8, 1), (Ha, t, 0), (44, ¢, 1), (ua, u, 0), (ua, u, 1), 
(45, 8,0), (us, 8,1), (us, t,0), (us, ¢, 1), (Hs, u, 0), (us, uv, 1), 
(u6, 8,0), (ue, 8, 1), (46, t, 0), (6, ¢, 1), (ue, uv, 0), (ue, u, 1), 
(U7, 8,0), (7, 8, 1), (47, t,0), (H7, ¢, 1), (uz, u, 0), (U7, u, 1), 
(118, 8,0), (Hs, $, 1), (us, t,0), (us, t, 1), (Hs, u, 0), (us, wu, 1) 


(11, 8,0), (41, 8, 1), (H41, t,0); (pa, t, 1), (t1, u, 0), (u1, U, 1), 
(2, s,0), (2, 8, 1), (2, t,0), (uW2, t, 1); (2, u, 0), (H2, U, 1) 
(143, s,0), (143, S, 1), (3, 10), (3, t, 1), (143, u, 0), (p13, U, 1), 


be a subset of H and D = {s,t,u,} be a set of specialists. 


Following survey depicts choices of three specialists: 


my mag 


™3 


f1 = E(q1, 8, 1) = { 


€o =€(11,#,1) = 


M3 


<02,05,04>" <2 0.7,0.2,05>° <05,04,0.6 >" < 0,1, OE 


mea 


M3 


Ako 03 >’ 206,0.10.5 >" £04,05,06 >" sa. 5, 0.3 > 


&=€ (p11, U, 1) 


f= E(p2, 8, 1) = 


M3 


Sorte 0.3 >" =< 0.5,0.3,0.6 >" < 0.6,0.3, 0.7 >" Are 0.6 > 


0 a 0.3 >" < 0.4,0.5,04 >" < 0.7,0.2,06 >" < 0,8, Ave 


meg 


™3 


6 = (9,4; 1) = 


™3 


PENT 0.6 >" <0.5,0.1,0.7 > <03,06,0.5 >" 0 06. 0.7 > 


€7 =€(p13,8;.1) ie 


M3 


< 0.2, oe <0.9,0.1,04 >* <04,0.5,0.7 >" < 6.5, eS 


m2 


M3 


Eg = = E(ji3,4,1) = 


f9 = = E(yu3, U, 1) uh 


M3 


Pa WneS 0.2 >’ < 0.6,0.3,0.1 >’ < 0.7,0.2,0.3 >’ < 0.9, 1 0.4 > 


m2 


m3 


Tae) (6 >" < 02,0.5,0.7 >< 0.5,04,05 >’ < 02, oe 


| 
“| 
“| 
&6 = E(H2,u, 1) = { — 
3 
| 
“| 


E10 = E(f41, 8, 0) 


Ae 02, 01> <0.2,04,05>° <04,0,5,0.8 >" < 0.1, EE 


mea 


M3 


fia = €( ua, 4,0) = { = 


j 
I 
I 
f 
I 
< 0.5, TA OTS’ < 0.3,0.6,0.4 >’ < 0.6,0.2,0.5 >’ < 0.8, 0.1, noes} 
j 
I 
} 
j 
I 


< 0.1,0.8,0.4 >" < 0.9,0.1,0.2 >’ < 0.6,0.3,0.4 >” < 0.2, AOS 
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My meg M3 
<02,0.7,05 >' < 0.1,0.8,0.6 >’ -03,050,7 >" PaaS 


£19 >= E(p11, u, 0) = { 


£13 = E(12, 5, 0) 


m2 ™s3 


= €(}12, t, 0) 
S14 = §(H2,6, PUT AER EES < 0.2,0.6,0.4 >’ < 0.9,0.1,0.6 >’ PAE MOREE 


=i 
| 

15 = €(ti2,u,0) = { ~ a 
= 


Figo: om 05 >" <2 0.7,0.2 04 >< 03.05,04 >" 2 02, TRACES 
msg M3 

< 0.1, eS <04,0.5, 0.7 >" = 0,7,0.2,05 = = 08, os 0.4 > 
meg M3 

< 0.2, AES < 0.9,0.1,0.6 >’ < 0.8,0.2,0.4 >’ ace 0.7 > 


E16 = E(p3, 8, 0) 


mg M3 
Pa RIES) < 0.3,0.6,0.7 >* < 0.5,0.4,0.8 >’ ee 
fy = €(15,4,0) = , 


£13 = E(u13, 4,0) = — = — 
ee 20a 008 —0000dl= 0G 0807> 2 
The single valued neutrosophic hypersoft expert set can be described as 


H41,U, 1), NARS EO R0ES? DEOROT>? PERE 


BIO10SS? i08045" STO 2065" s04055 


.4,0.50.65? 080.1 0.75? 0.5,0.60.55? <0.5,0.6,0.75 


SS OAOTS? 50-6045" 602055" E01 06S 


my m2 m3 ma 
<0.2,0.7,0.5>? <0.9,0.1,0.4>? <0.4,0.5,0.7>? <0.5,0.4,0.8> 


my m2 m3 ma 
<0.4,0.3,0.2>’? <0.6,0.3,0.1>’ <0.7,0.2,0.3>° <0.9,0.1,0.4> 


LOT 02065? LO50S 07S? L050 055 ZO507085 


(¢,S) = 


0.108045" 2050-1005" 060.3045" 50-7055 


EOTOSS? 10.80.65" O08 07S° 2050.40.65 


my m2 m3 ma 
<0.8,0.1,0.6>° <0.3,0.6,0.7>’ <0.5,0.4,0.8>° <0.7,0.2,0.9> 


DOT O205S? VF0604S? 0501065? 2040.50.75 


DG02055? LO.703 045 LO508 04S S0.50.7065 


10-7055" 405075? 070.2055" 050.2045 


}) 
=| 
| 
1). 
502015? IOLOSS? EOS 08S? cartons) 
t) 
| 
i): 
1). 
i) 


S01 04S? =O501065" 2503045" =05,0.5,0.75 


SS 
ee 
# :s 
j=) 
= 
ae ae oe Peg Se eee en ae ae ae pee 


H3, 2504025? 0.3,0.6,01>? 20.60.3025’ 0.108035 


Definition 3.4. Single Valued Neutrosophic Hypersoft Expert subset 

A single valued neutrosophic hypersoft expert set (€;,S) is said to be single valued neutrosophic 
hypersoft expert subset of (£2, R) over [[, if 

(Gi) SCR, 
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(ii) Va €S, &(a) C &(a). 
and denoted by (£1,S) C (,R). Similarly (€2,R) is said to be single valued neutrosophic 
hypersoft expert superset of (€,S). 


Example 3.5. Considering Example [3.3] Suppose 
A = { (141, S, 1), (13, 8, 0), (141, t, Lh, (Ls, t, 1), (us, t, 0), (141, U, 0), (us, U, 1) 


Ag = { (158; 1), (U3, 8,0), (U3, 8, 1), (past, 1); (u3,t, 1), (11, t, 0), (3, t, 0), (41, u, 0), (U3, U, 1), (Mig Us 1) 


It is clear thatA,; C Ap.Suppose (£1, Ai) and (£2, Az) be defined as following 


} 
=) 
} 
} 
} 


BSOL05S? SOLOS? DIOS 0TS? 105065 


20.5,0.6,045" S05 0407S? 2060.30.85" 0.5,0.6,045 


<0.6,0.4,0.3>? <0.2,0.7,0.6>? <0.4,0.5,0.3>? <0.1,0.7,0.4> 


( 
( 
( 
(41,41) =4 ( (us, 4, 1), 
( 
( 
( 


wf 
M1, ———— 
13, 8,0), 4 TOS0GS 0506055? 60304S SUT 02065 
H3,t,0) ) {atts ates sorts arts } 
(111,8,1), {= sfhan arn sete serie } 
(Hit A. sotihe: asthe: ardthar: aottonc j 
(H3, 8, iy a ee ake a \ 
(u3, 0, 1 aa TL02035? 060.3065 V7 0405S? 09.0502 y 

(fo, As) = (Hi, u artis: axtins sation avton} 

(u3, u DTHS0IS? VIVS OAS? BS OAVIS? ADVE VIS } 
(Hi, u DIS 0IS’ VLVEUSS? LVF05 04S? 0503055 
~ he if eee eam anette 
(u3,s 0). | cobtnas: corbtoes: sorters: aostttess })- 
(15,60) atin artis astins ast }) 


which implies that (£1, A1) C (€2, Ag). 


Definition 3.6. Two single valued neutrosophic hypersoft expert sets (€,,A1) and (2, A2) 
over [| are said to be equal if (€;, Ai) is a single valued neutrosophic hypersoft expert subset 


of (€2, Ag) and (£2, Az) is a single valued neutrosophic hypersoft expert subset of (£1, A1). 


Definition 3.7. The complement of a single valued neutrosophic hypersoft expert set (€,S), 
denoted by (£,S)°, is defined by 
(€,S)° = e(€(8)) V 6 € [|] while ¢ is a NF complement. 
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sia 


Example 3.8. Taking complement of single valued neutrosophic hypersoft expert set deter- 


mined in B.3] we have 


(€,S)° = 


Maly?) L505) LUSOR OTS? 20606055’ 0607015 
11%, DI0806S’ L05 0908S? 060.5045? 20305025 
H1,U, 1), ) x0suTS? 2607055? 20707065? 2605055 
(u2,8,1),4 =pzoapeS LOS 04S’ SEOROTS’ SH060IS \, 
(2, t, 1), 0 O1 
2, E05 0ES LOT O90ES? LO50403S? 704025 
my m2 m3 
(H2,u, 1), [srt cris str ec}) 
(us, 8,1), 03 09 03 
3) 5; 5030IS’ VLVIV9S? <0.7,0.5,045' 0806055 
(us, t, 1), 07 a: 
39% DIVAS’ SLOT VES? LVSORV7TS’ 409095 
mi m2 ™3 
(u3,u, 1), ster ania arfins ltr} 
H1,5,0),) =pros 03s? 050.6025’ S08 0804S’ 050.2015 
(H1,,0), 09 07 
11% DAVOS? VIAVIVIS? AV 7 VSS? VSS VIS 
m2 m3 
ons aim sat). 
(H2, 8,0), 09 Od 06 
2,5; 609085? LUT 0403S? 080.6055? 0080.75 
(142, t, 0), 04 
21% DSVSOTS? VAVAVIS? E09 09S? 0705 0aS 
(H2,U,0),) aoRoaDes SULOSO7S SOLO 03S’ L0603025 ; 
H3,8,0),) =pxos0Is? <U705 055? 20908085 SOLOS 085 
(113, t, 0), 09 03 
30%) DAVSVIS? VEVIVIS? AVS VSS? VT OS 03S 
M1 m2 m3 
(us, u, 0), | cana atMnas wanes oatmis)) 


Definition 3.9. An agree-single valued neutrosophic hypersoft expert set (€,S)ag over [[, is 


a single valued neutrosophic hypersoft expert subset of (€,S) and is characterized as 


(€,S)ag = {§ag(8): BEG x Dx {1}}. 
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Example 3.10. Finding agree-single valued neutrosophic hypersoft expert set determined in 
3.3, we get 


a) BIOS 04S? LO702055? 0504065 010.3065 
(u1,t,1), { atfise cnn aftne cmftee|: 
Hi, DIO 20S DEO S0GS? VEOS0TS’ 50S 00S 
( S “ my m2 m3 
H2, §; BDIOL0sS DLOS0AS? 703065 250-4085 
= m2 m3 
(€,S) = (u2,t, 1), {scart erin ato} 
H2,U, BSOLOTS? LO506045? 603055 BBO10OS 
( 8 i my m2 m3 
ee SOEOT OSS? LOT 010AS SOLOS OTS LO50L0ES 
(13, t,1) mg 
Boho tds 40.3055) 060.3015? 20702035 205,010.45 
H3, DIO208S SOSOTS? SOLES’ LOTT OES 


Definition 3.11. A disagree-single valued neutrosophic hypersoft expert set (€,S)dag over [[, 


is a single valued neutrosophic hypersoft expert subset of (€,S) and is characterized as 


(€,S day = {&dag(Z) : B €GxDx {O}}. 


Example 3.12. Getting disagree-single valued neutrosophic hypersoft expert set determined 


in 3) 


ma m3 
ae 0) 2 ee 
( m2 m3 
M1, 108045 20901025’ 20603045 20907055 
( m2 m3 
M1; ADTOTOSS’ SLOS0S’ VTOS07S’ EO L0ES 
( m2 m3 
M2; ROLES? DSGGOTS? DOSES’ DTD 
(€.S)= 4 ((Ha,t ae 
D DIVI0SS? DIT e0S’ DOSS’ DLOSNTS 
( m2 ™Ms3 
H12,U, 0), DEoL0SS) BIO s0dS Ds0s0ss) Dae 
( m2 m3 
H3; Dios’ DAVSOTS’ 703095 802045 
( m2 m3 
H3; 30-7045? 0901065? 20802045? 203,050.75 
(U3, U “i ae 
3) DEUALOIS? SVGOIS’ DSOS0IS’ LO S03S 


Proposition 3.13. If (€,S) is a single valued neutrosophic hypersoft expert set over ||, then 


(1). ((6,S)°)* = (€,8) 
(2 Ds ( S)og = (, S)dag 
(3). (Saag = (8: Sag 


Definition 3.14. The union of (£1,S) and (£2, R) over [| is (€3, L) with L = SUR, defined as 
£3(8) = (3) ;BER-S 
U(E1(8), €2(8)) 3;B6ESOR 
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where U(éi (8), €2(8)) = {< u, max {#1(f), w2(8)}, min {71 (8), v2(9)f, min {w1(G), w2(8)} >: 
ue U}. 


Example 3.15. Taking into consideration the concept of example [3.3 consider the following 


two sets 


Aj = { (141, 8, 1}, (113, 8, 0), (Hist, 1), (143, t, 1); (113, t, 0), (111, u, 0), (143, U, 1) 


Ag = { (141, 5, 1), (U3, s,0), (U3, 8, 1), (iis t 1), (U3, t, 1), (41, U, 1), (3, t,0), (41, u, 0), (U3, U, 1), (,1,0)} 


Suppose (£1, A1) and (£2, Ag) over [| are two single valued neutrosophic hypersoft expert sets 
such that 


mi m2 m3 ma 
<0.1,0.6,0.4>’ <0.6,0.3,0.2>’ <0.4,0.5,0.1>° <0.1,0.8,0.5> 


1, 8, 1 


Mizst, 1), 
M3; 1), <0.2,0.6,0.7>? <0.5,0.2,0.3>° <0.6,0.3,0.5>’ <0.8,0.1,0.9> 


(ins 14 
me 
( 

(1, A1) = (Hs, u, 1), 20.60.2045" 22,070.65? Z040.3055? Z0.1,0.5,045 
| 2 | 
(5140), 4 
(57450) { 


m4 m2 m3 ma 


m1 m2 M3 MA 
<0.3,0.4,0.5>? <0.6,0.2,0.3>’ <0.2,0.5,0.6>’ <0.1,0.5,0.3> 


my m2 m3 ma 
M1; =£0.1,0.3,0.5>" <0.1,0.7,0.6>" <02, 0.7, 0.4>7? <0.4,0.6,0.8> 
L3, 8,0) 


3, f, 0 ’ 


] 


me m3 ma 
106055" <0.3,0.6,0.7>? <0.6,0.1,0.2>? <0.7,0.2,0.3> 


m1 m2 m3 ma 1) 


<0.1,0.7,0.3>° <0.8,0.1,0.2>° <0.7,0.2,0.4>’ <0.2,0.7,0.6> 


o] 


(141, 8,1) 0 ove 
1,5,1),) =z 03045) <U7 04055) 0504065) 0204075 
(ua, oe Bs abner str): 
( ; m2 m3 
H3,8,1),4 =pros06S? VG0LO7S’ LOA05 085? 20503055 
M35 a 
(fo, A) = Hagts ss aotthos: aeithos: sadthe acta } 
2,A2) = cai er ae ue 
H3,U, 1), 7 0307S? 20305065? 0504035? 0206045 
DZ050AS? DZVC VIS? HOS 0G? V5 0307S 
mn 40), 06 O04 
DIV60SS’ VIVA VIS? LGV3 VAS’ VTV6 USS 
(us, 8,0), [2am xine afin ant) 


(u 1,0), 03 03 
3) TOS OAS? LOT 02035? 0502065? 2050.50.75 
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Then (&1, Ai) U (€2, A2) = (&3, Az) 


), 


pt) Cas 0502055" 24503055" aanittons |). 


), 


| waithors: corbioxs. <osélimr aaittnss 


10.30.65" SOG 01 07S? 40.8085" 50-305 


> 
40.20.55" 60.20.55" SOTOa05S? et 


alee so 3045" Deo sas? Hao 506 7 


<0.7,0.2,0.4>° s0S06S? ZO50.3055° 305045 


50.3045? £05 0.60.35 £0.3,0.5,045' £0.5,03,0.75 


m4 me m3 
SOL06 05S? SOT 01055' 260304S? 20306055 


H3; iy Daoe0ss’ Baneoes’ Tota’ PEKIN VES ) D 


( 
( 
( 
( 
(€3, A3) = 
( 
( 
( 
( 
( 


my m2 m3 ma 
<0.2,0.5,0.3> 7 <0.8,0.1,0.2>° <0.8,0.2,0.4>° <0.3,0.5,0.6> 


Proposition 3.16. Jf (€,A1),(€2,A2) and (&3, A3) are three single valued neutrosophic hy- 


persoft expert sets over |[, then 


(1). (€1, Ai) U (€2, Ae) = (€2, Ao) U (&1, Ar) 
(2). ((&1, Ai) U (2, A2)) U (€3, As) = (€1, Ar) U ((€2, Az) U (€3, A3)) 


Definition 3.17. The intersection of (€1,S) and (€2,R) over || is (€3,L) with L = SOR, 
defined as 


1(6) -BES-R 
&3(8) = £2(3) -BER-S 
N(E1(8), €2(8)) ;BESOR 


where M(£1(), €2(8)) = {< u, min {11 (8), H2(G)}, max {v1 (8), v2(8)}, max {w1(8), w2(8)} >: 
u EU}. 


Example 3.18. Taking into consideration the concept of example [3.3] consider the following 


two sets 


Aj = { (iis, i), (143, 8, 0), (Hist, I, (143, t, 1), (3, t, 0), (t11, u, 0), (143, U, 1) 


Ap = { (141, 8, 1), (143, 8,0), (113, 8, 1); (p41, t, 1), (3, t, 1), (111, t, 0), (p13, t, 0), (f41, u, 0), (p13, U, 1), ’ (f41, U, 1) 
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Suppose (&, Ai) and (£2, Ag) over [| are two single valued neutrosophic hypersoft expert sets 
such that 


> 
m2 ma 
PRESS <0.6,0.3,0.5> ATH405S: <0.9,0.5,0.7 


Mi m2 m3 ma 
<0.7,0.3,0.7>? <0.3,0.5,0.6>’° <0.5,0.4,0.3>° <0.2,0.6,0.4> 
m4 m2 ™3 ma 
<0.2,0.5,0.4>? <0.2,0.6,0.3>° <0.3,0.5,0.6>? <0.5,0.3,0.7> 


m4 me m3 ma 
<0.7,0.2,0.3>° <0.5,0.2,0.4>?° <0.6,0.2,0.4>° <0.3,0.5,0.6 , 


m2 m4 


10.60.55" <0.9,0.1,0.2>° 260.3045" <0.2,0.6,0.3> 


) 
Bas cee ees: ets) 


eee <0.2,0.7,0.5>? <0.4,0.5,0.6>? Z0.7,0.2035° <0.8,0.1,0.4> 


( 5 1), my m2 m3 ma 
Mla LO1,06045? 2060.30.25? 20.40.5015? 0108055 
(4 t 1), my m2 ™3 ma 
os <0.3,0.4,0.5>? <0.6,0.2,0.3>? <0.2,0.5,0.6>° <0.1,0.5,0.35 f } 
(u t 1) m1 m2 m3 ma 
39%) *)) | <0.2,0.6,0.7>? <0.5,0.2,0.3> <0.6,0.3,0.5>° <0.8,0.1,0.95 f } 
= my m2 13 ™Ma 
(1, A1) = (u3,4,1),) aomoapas SUDO7OSS’ SULO305S’ SOLOS 0a f) > 
my mg ma 
(11,U,0),) apros0ss SOLO 06S? LOT OAS’ <OA60RS f) 
(u3, 5,0), ) =pro6 09S? UR0607S’ 0601025" artttoss }): 
(u t 0) me m3 ma 
3,0), | unoross SURO LOIS? LUT 0204S’ 070.7065 
H1,8,1),) pzosuds: SUT 0405S’ S05 0406S? SOZ04 07S 
H1,t, 1), paospes 0803055? 0403055" sate) 
H3,5,1),) pros 06S USO OTS? LUA05 08S? 050305 


t <0); mi m2 m3 m4 
M3; 2,0.5,0.4>? <0.7,0.2,0.3> 7 <0.8,0.2,0.6>° <0.3,0.5,0.7> 


Then (£1, Ai) M (£2, A2) = (&3, A3) 


( 
( 
( 
( 
(£2, Ae) = \ 
( 
( 
( 
( 
( 


( s, — mi m2 m3 ma 
Pi, <0.1,0.6,0.4>’ <0.6,0.4,0.5>’ <0.4,0.5,0.6>° <0.1,0.8,0.7> 
( ,1), my m2 M3 Ma 
M1; 050.4085? <06,0.3,0.55? <0.2,0.5,0.65? <0.1,060.75 ; 
( 1), My m2 m3 ma4 
M3; <0.2,0.6,0.7>? <0.5,0.4,0.5>° <0.6,0.4,0.5> ° <0.8,0.1,0.7> 3 
— m1 m2 m3 mA 
(3, Az) — (u3, Us 1), <0.6,0.3,0.7>? <0.2,0.7,0.6>? <0.4,0.4,0.5>? <0.1,0.6,0.4> ? 
( u, 0) my mg ™3 Ma 
H1, > | <0.1,0.5,0.5>? <0.1,0.6,0.6>° <0.2,0.7,0.6>° <0.4,0.6,0.8> 2 
(u3,8,0), { prt “ 7 
a DiOTOIs' DIETS’ 60305S’ VOT02045 , 
3) , =.L0.7045° 20.50.2035" Z0.7,0.2065° ZO5,0.70.75 


Proposition 3.19. Jf (1, A1),(€2, Ag) and (&3, A3) are three single valued neutrosophic hy- 


persoft expert sets over |[, then 


(1). (€1, Ar) 9 (€2, A2) = (2, A2) 9 (&1, Ar) 
(2). ((€1, Ar) A (€2, A2)) M (€3, As) = (€1, Ar) N ((€2, A2) 9 (£3, A3)) 
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Proposition 3.20. Jf (€1, A1),(€2, A2) and (&3, A3) are three single valued neutrosophic hy- 


persoft expert sets over |[, then 


(1). (€1, Ai) U ((€2, Ae) M (€3, A3)) = ((€1, Ar) U ((€2, A2)) A ((&1, Ar) U (3, As)) 
(2). (1, Ar) M ((€2, Ae) U (€3, A3)) = ((€1, Ar) 9 ((€2, A2)) U ((&1, Ai) 9 (3, A3)) 


Definition 3.21. If (1, A1) and (£2, Az) are two single valued neutrosophic hypersoft expert 
sets over [| then (€;,A1) AND (&, Ag) denoted by (£1, A1) A (2, Ag) is defined by 

(£1, A1) A (&2, Aa) = (€3, Ar x Ag), 

while €3(8,y) = &(8) M 2(7), (8,7) € Ai x Ae. 


Example 3.22. Taking into consideration the concept of example [3.3] let two sets 


Ay = { ite 1), (p11, t, 1), (113, 8,0)} 


Ay = { (11, 8,0), (us, 8,1)} 


Suppose (£1, A1) and (£2, Ag) over [| are two single valued neutrosophic hypersoft expert sets 
such that 


( 5 1) mi m2 m3 ma 
Pireiey <0.1,0.6,0.4>? <0.6,0.4,0.5> 7? <0.4,0.5,0.6>? <0.1,0.8,0.7> 


—_ my mz M3 m4 
(f1,A1) = (H1,t, 1), <0.3,0.4,0.8>? <0.6,0.3,0.5>? <0.2,0.5,0.6>° <0.1,0.6,0.7> 


( S 0) My m2 ™M3 ma 
(é A ) Pla yh <0.2,0.1,0.3>? <0.7,0.2,0.4>? <0.5,0.2,0.5> 7? <0.2,0.3,0.6> 
2,442) = 


\ 

). 
( 5 0) mi m2 m3 ma 
H3,5,U), <0.1,0.6,0.9>? <0.3,0.6,0.7>7 <0.6,0.1,0.2> 7° <0.7,0.2,0.3> 

b) 

} ’ 


( Ss 1) My m2 M3 m4 
ee ae bs <0.1,0.5,0.6>’ <0.4,0.2,0.5>° <0.7,0.1,0.2>7 <0.8,0.1,0.4> 


Then (£3, A3) A (2, A2) = (€3, Ai X Aa), 


) m1 m2 M3 ma 
» | <0.2,0.4,0.8>7 <0.6,0.3,0.5>? <0.2,0.5,0.6>? <0.1,0.6,0.7> ; 
) my m2 m3 m4 

> | <0.1,0.5,0.8>7 <0.4,0.3,0.5>? <0.2,0.5,0.6>? <0.1,0.6,0.7> ; 


my m2 m3 ma 
> | <0.1,0.6,0.6>’ <0.4,0.4,0.5>? <0.4,0.5,0.6>? <0.1,0.8,0.7> 2 


my m2 m3 ma 
> | <0.1,0.6,0.9>° <0.3,0.6,0.7>? <0.5,0.2,0.5>? <0.2,0.3,0.6> 


(( 
(( 
(€3, Ay x Ag) = ) 
(( 
(( 


mI m2 m3 ma 
> | <0.1,0.6,0.9>° <0.3,0.6,0.7>? <0.6,0.1,0.2>? <0.7,0.2,0.4> 


Definition 3.23. If (€, Ai) and (£2, Az) are two single valued neutrosophic hypersoft expert 
sets over [| then (€:,A1) OR (£2, Az) denoted by (1, A1) V (&2, Az) is defined by 

(€1, A1) V (2, Ao) = (€3, Ar x Ag), 

while €3(8, 7) = &1(8) U €2(7),V(8, 7) € Ai x Ao. 
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Example 3.24. Taking into consideration the concept of example [3.3 suppose the following 


sets 


Ay = { (11,81), (H1,4,1), (H3,8,0)} 


Ag = { (11, 8,0), (us, 8, 1) 


Suppose (£1, A;) and (£2, Ag) over [| are two single valued neutrosophic hypersoft expert sets 
such that 


(1, , 1) ),{ ortho: DEVAVSS? LAOS OSS anrtinss }) , 
(1,41) = (u1,t,1), {=p sittors: conbiioss  comttinas: atts | 
(us, 8,0) ).{ orthoses: BHV6OTS? LEO LOIS artim }) 
( 8 0) M4 m2 m3 m4 
(f2, Az) = H1;8,Y); ) 202,0.1,0.35? <0.7,0.2,04>? <0.5,0.2,0.5>? <0.2,0.3,0.6> 
2) 2) ( 8 1) m1 m2 m3 ma 
M358) 1)s) 201,05,0.65? <0.4,0.2,0.5>? <0.7,0.1,02>? <0.8,0.1,0.45 


Then (£3, A3) V (2, A2) = (€3, Ai X Aa), 


(€3, Ai x Ao) = 


mI m2 m3 ma 
> | <0.1,0.5,0.4>° <0.6,0.2,0.5>? <0.7,0.1,0.2>? <0.8,0.1,0.4> , 


M1 m2 m3 ma 

> | <0.2,0.1,0.3>’ <0.7,0.2,0.4>? <0.6,0.1,0.2>? <0.7,0.2,0.3> : 
my m2 m3 ma 

? | <0.1,0.5,0.6>’ <0.4,0.2,0.5>? <0.7,0.1,0.2>? <0.8,0.1,0.4> 


) 
) 
)+4 SOSOLOGS? OG 03 055) SO7010IS ZOE010aS f) 
) 
) 
) 


Proposition 3.25. If (€,A1),(€2,A2) and (&3, A3) are three single valued neutrosophic hy- 


persoft expert sets over |[, then 


(1). ((€1, At) A (€2, Aa))© = ((€1, A1))° V ((E2, Ar))® 
(2). ((€1, At) V (€2, A2))© = ((€1, A1))° A ((E2, Ar))® 


Proposition 3.26. Jf (€, A1),(€2, A2) and (&3, Ag) are three single valued neutrosophic hy- 


persoft expert sets over |[, then 


(1). ((&1, Ai) A (2, A2)) A (€3, As) = (€1, A1) A (2, Az) A (€3, A3)) 
(2). ((€1, A1) V (2, A2)) V (€3, As) = (£1, Ar) V ((€2, Aa) V (€3, As) 
(3). (€1, Ar) V ((€2, Aa) A (&3, Aa) = ((€1, Ar) V ((€2, Aa)) A ((€1, Ar) V (€3, Aa) 
(4). (€1, A1) A ((€2, Az) V (€3, A3)) = ((&1, A1) A ((€2, Aa)) V ((&1, A1) A (3, A3)) 
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4. An Application to Single valued Neutrosophic Hypersoft expert set 


In this section, an application of single valued neutrosophic hypersoft expert set theory in 
a decision making problem, is presented. 
Statement of the problem 
Mr. John wants to purchase a mobile from a mobile market for his personal use. He takes help 
from his some friends (Stephen, Thomas and Umar) who have expertise in mobile purchase. 
Proposed Algorithm 
The following algorithm is adopted for this selection (purchase). 


(1). Construct SVNHSES (€, Kk), 

(2). Determine the values of pu(c;)—v(¢;) —w(c;) for each ¢; € [| where ju(c;) is a membership 
function, v(c;)indeterminacy function and w(c;) is a non membership function for each 
element of ||. 

(3). Calculate the the highest numerical grade for the agree-SVNHSES and disagree- 
SVNHSES, 

(4). Determine the score of each element c; € ][ by taking the sum of the products of the nu- 
merical grade of each element for the agree- SVNHSES and disagree SVNHSES,denoted 
by G; and H; respectively 

(5). Determine j; = G; — H; for each element c; € J], 

(6). Compute n, for which M= max j;. Then the decision is to choose element as the 


optimal or best solution to the problem. 


Step-1 

Let four categories of mobile are there which form the universe of discourse coprod = 
{c1,c2,¢3,c4} and X = {F, = Stephen, Fy = Thomas, E3 = Umar} be a set of experts 
for this purchase. The following are the attribute-valued sets for prescribed attributes: 

iy = Brand ={X =i, Y¥ =e} 

lig = Price = {20,000 = Iz, 15, 000 = 14} 

L3 = Colour = {White = ls, Blue = Ig} 

L4 = Memory = {6GB = 17,4GB = Ig} 

Ls = Resolution(size) = {5inch = lg, 6inch = lio} 

and then 

L=T1, x Le x Lg x Lg x Ls 
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11, 13, U5, 7,19), (l1, ds, Us, 7, tio), 
I, l3, 06, ¢7, lio), (41, Is, U6, ts, lo), 
ly, la, 5,08, %9), (1, la, ds, Us, t10), 
li, la, 16, lg, ti), (la, 13, Is, I7, lo), 
Ig, 13, 6, t7, lg), (da, b3, be, 17, f10) 
lo, da, bs, 7, l10), (la, la, ds, Ig, lo), 
) 


(Iz, la, le, Ig, lg), (la, la, le, lg, Lio 
Now take K C Las 


? 


7 al a a a 
NNN Ni 


11, 3, U5, 0g, 09), (1, lg, Us, lg, lio), 
ly, 13,06, ls, l10), (41, Ua, Us, l7, lo), 
11, la, l6, 17, 19), (a, la, Ue, t7, lio) 
Ia, 13, ls, 17, lio), (da, U3, ds, Is, lg) 
Ig, 13, le, 1g, 19), (da; 13, U6, Is, tio), 
) 


lo, la, U5, lg, lio), (le, la, le, l7, lo ry 


’ 


o) 


a eS SE. Ee SS 


(11, la, U6, Us, 19), ka 


K = fky = (hiylaslstyjlo)jho = (hiyjtgyleytz, io), ks. = 
(lo, 13, U6, tg, l9), k5 = (le, la, le, 7, bio) } 
C1 c2 C3 C4 
(k1, £1, 1), <0.9,0.1,0.7>? <0.3,0.4,0.5>? <0.6,0.2,0.4>° <0.3,0.7,0.2> 
(ki, E 1) C1 c2 C3 CA 
25+) ) <0.8,0.2,0.7>? <0.1,0.2,0.3>? <0.6,0.2,0.8>? <0.3,0.6,0.5> 
(ki, E: 1) C1 c2 C3 C4 
3>+)> ) <0.7,0.3,0.1>’ <0.3,0.7,0.2>? <0.3,0.1,0.4>? <0.3,0.6,0.7> 
(ko, E 1) C1 c2 C3 CA 
1,4)s ) <0.60.40.8> <0.4,0.2,0.1>° <0.7,0.1,0.6>° <0.5,0.2,0.6> 
(ko, E. 1) C1 c2 C3 C4 
25+)) ) <0.5,0.2,0.3>? <0.6,0.4,0.5>? <0.3,0.6,0.7>? <0.4,0.2,0.9> 
(ko, E 1) C1 C2 C3 C4 
35+) ) <0.4,0.3,0.1>? <0.3,0.2,0.4>? <0.3,0.2,0.5>? <0.8,0.2,0.7> 
(ks, E 1) Cl c2 C3 C4 
1) */) ) <0.2,0.4,0.9> <0.5,0.2,0.6>’ <0.6,0.2,0.7>? <0.7,0.2,0.6> 
= C1 c2 C3 C4 
(€,A)1 = (k3, E,1), <0.2,0.3,0.4>? <0.4,0.2,0.5>? <0.6,0.2,0.4>? <0.3,0.2,0.3> 
(kg, E. 1) C1 C2 c3 C4 
35+)s ) <0.3,0.4,0.1>? <0.6,0.3,0.2>° <0.4,0.2,0.35 <0.3,0.6,0.4> 
Cl c2 c3 C4 
(ka, Fi, 1), <0.9,0.1,0.7>° <0.1,0.3,0.8>° <0.5,0.1,0.7>° <0.4,0.3,0.2> 
(ka, E 1) C1 C2 C3 C4 
25+) ) <0.8,0.1,0.4>’ <0.4,0.3,0.5>? <0.2,0.7,0.6>? <0.7,0.2,0.7> 
(ka, E 1) C1 c2 C3 C4 
35+)) ) <0.6,0.2,0.4>? <0.1,0.3,0.2>? <0.3,0.5,0.9>? <0.6,0.1,0.3> 
(ks, E 1) Cl c2 C3 C4 
1) */)) ) <0.6,0.3,0.2>? <0.2,0.8,0.4>’ <0.1,0.2,.03>? <0.1,0.7,0.4> 
(ks ,B 1) C1 C2 C3 CA 
2>+)> ) <0.5,0.3,0.4>? <0.6,0.2,0.4>? <0.4,0.3,0.5>? <0.6,0.1,0.2> 
Cl c2 C3 C4 
(ks, E3, 1), <0.4,0.3,0.1>? <0.6,0.1,0.25° <0.3,0.5,0.6>° <0.5,0.4,0.25 


11,13, le, t7, tg), 
Ly, 14, bs, b7, lio), 
li, l4, U6, lg, lo), 
la, 13, U5, la, tio), 
Io, la, U5, I7, lg), 
lo, la, l6, l7, lio), 


Pi 
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and 


(k1, £1,0), { DAP IVIS? LIP. 1OIS’ LSP IVIS’ LVG.1OSS \) ? 
(k1, B2, 0) { aortas: DEVAVIS? BV TOS? LFV.L07S \) ’ 
(ki, E3,0), ROPAUER IES DEO TOES? Bio aS? Di T05> ’ 
(ke, E1,0), iD TOSS? DID TOTS? Bao OAS? FER IPRISSS ’ 
(k2, Bo, 0), 205,050.65? ZT D055? 20605005" 2050 3045 ’ 
(ko, E3, 0), OTD 01S? O50 5055? Di yoss? a0 1035 ’ 
(ks, 1,0), O50 L065? aT? EDLOTS? a0 D015 ’ 
(¢,K)o = (k3, E2,0), FA UPAUS SS aT OAS? DS 80TS? FEARS ’ 
(k3, E3,0), Se0-T0aS? EO LOSS? BBO TOSS? PURER SS ’ 
(ka, 1,0), 20.60.5005" =0.3,0.5,065° 25,060.55? 25,0 0.65 ’ 
(ka, Eo, 0), 50-055" 2503015? 250 L035? 2060 5,015 ’ 
(ka, E3, 0), aa s035° I UPR SE eoOaS? ID 06> ’ 
(ks, 1,0), AIO SOTS? De D0ES? BDI OsS? IDES ’ 
(ks, E2,0), ER UGRSS OPAC SSE DS 60TS? RUM IERIE SS ’ 
(ks, E3,0), RSMAS BD T0IS? DEO LOTS? RU MICKESS 


are single valued neutrosophic hypersoft expert sets. 
Step-2 
Table 1 represents the values of j(c;)-v(c;)-w(c;) 


Step-(2-5) 
Table 2 and table 3 represent the grade values of agree and disagree single valued neutrosophic 
hypersoft expert set respectively. Table 4 depicts the difference of scores of agree and disagree 
SVNHSES. The scores for agree SVNHSES are : 
Sle). = 0.6, Sle) = 05,563) = 04 and S(e4) = 1.5 
whereas scores for disagree SVNHSES are: 
S(c)) = 1.4, S(eg) = 0.7, S(c3) = 0.5 and S(c4) = —0.2. 
Step-6; Decision 


As ja is maximum, so category cq, is preferred to be best. 
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TABLE 1. Agree-single valued neutrosophic hypersoft expert set 


C C1 C2 C3 C4 C Cl c2 C3 C4 
(ky, Ey, 1) 0.1 -0.6 0.0 -0.6 (k1, £1, 0) 0.0 0.6 0.3 -0.3 
(ky, E2,1) -0.1 -0.4 -0.4 0.2 (ky, Eo, 0) 0.2 0.0 -0.6 -0.1 
(ki, E3, 1) 0.3 -0.2 -0.2 0.4 (k1, E'3, 0) -0.5 -0.1 -0.8 -0.8 
(ko, Fy, 1) -0.6 0.1 0.0 -0.3 (ko, E1,0) -0.8 -0.6 -0.9 -0.5 
(ko, F2,1) 0.0 -0.3 0.4 -0.7 (ko, E,0) -0.9 0.2 0.1 -0.2 
(ko, Es, 1) 0.0 -0.3 -0.4 -0.1 (ko, E's, 0) 0.4 -0.4 -1.4 -0.4 
(k3, F1, 1) -1.1 -0.3 -0.3 -0.1 (k3, £1, 0) 0.2 -0.5 -0.5 0.0 
(k3, E,1) -0.5 -0.3 0.0 -0.2 (k3, E,0) 0.5 -0.9 -1.0 -0.3 
(k3, E's, 1) -0.2 0.1 -0.1 -0.7 (k3, E’3, 0) 0.0 0.2 -0.8 -0.3 
(ka, Ey, 1) 0.1 -1.0 -0.3 -0.1 (ka, £1, 0) 0.1 -0.8 -0.9 -0.7 
(ka, FE, 1) 0.3 -0.6 -1.1 -0.2 (ka, Eg, 0) -0.1 0.2 0.0 0.3 
(ka, F's, 1) 0.0 -0.4 -1.1 0.2 (ka, E's, 0) -1.4 0.4 0.1 0.2 
(ks, F1,1) 0.1 -0.7 -0.4 -1.0 (ks, £1, 0) -1.0 -0.4 0.5 0.2 
(ks, E2,1) -0.2 0.0 -0.4 0.3 (ks, E,0) -0.4 -0.9 -0.5 0.1 
(ks, F’3, 1) 0.0 0.3 -0.8 -0.1 (ks, E’3, 0) -0.9 -0.1 -0.3 -0.5 


5. Conclusions 


In this paper, the fundamentals of single valued neutrosophic hypersoft expert set are es- 


tablished and some basic properties, laws and operations are generalized. A decision-making 


TABLE 2. Numerical Grades of agree SVNHSES 


Ci Highest Numerical Grade 
(ki, F1,1) Cy 0.1 
(ky, E2,1) C4 0.2 
(k,, F3,1) C4 0.4 
(ko, F1, 1) C2 0.1 
(ko, E2,1) C3 0.4 
(ko, F3, 1) C4 0.6 
(k3, Ey, 1) Cy 0.0 
(k3, E2,1) C3 0.0 
(kg, E3, 1) C2 0.1 
(ka, F1, 1) C1 0.1 
(ka, FE, 1) C1 0.3 
(ka, F3, 1) C4 0.2 
(ks, F1,1) C1 0.1 
(ks, F2, 1) C4 0.3 
(ks, E3,1) c2 0.3 
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TABLE 3. Numerical Grades of disagree SVNHSES 


Ci Highest Numerical Grade 
(k1, E1,0) C2 0.6 
(ki, Eo, 0) c 0.2 
(k1, E3, 0) C2 -0.1 
(ko, F1,0) C4 -0.5 
(kz, Eo, 0) C2 0.2 
(ko, E3,0) c 0.4 
(k3, £1, 0) c 0.2 
(k3, E2,0) c 0.5 
(k3, E3, 0) C2 0.2 
(ka, F1,0) c 0.1 
(ka, Eo, 0) C4 0.3 
(ka, E3, 0) C2 0.4 
(ks, £1, 0) C3 0.5 
(ks, E2,0) oy 0.1 
(ks, E’3, 0) C2 -0.1 


TABLE 4. Numerical values of j; = G; — A; 


Gi A; js = Gi — A; 
S(c1) =0.6 | S(c;) =1.4 -1.8 
S(c2) =0.5 | S(c2) =0.7 -0.2 
S(c3) =0.4 | S(c3) = 0.5 -0.1 
Sa)=15 |Siej= 2 | i7 


application regarding the selection of the best product is presented with the help of proposed 
algorithm. Future work may include the extension of the presented work for other single val- 
ued neutrosophic hypersoft-like hybrids. 
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Abstract. Hypersoft set, an extension of soft set, is more flexible and useful as it tackles the limitation of soft 
set for dealing with scenarios where distinct attributes are further classified into disjoint attribute-valued sets. 
It replaces single-argument approximate function of soft set with multi-argument approximate function. The 
main goal of this research is to align existing literature on single-valued neutrosophic fuzzy soft sets with the 
need for such a multi-argument function. Firstly, the novel notions of single-valued neutrosophic fuzzy hypersoft 
sets are characterized. Some of its essential basic properties and set theoretic operations are discussed with 
illustrated numerical examples. Secondly, fuzzy decision-making algorithm based on single-valued neutrosophic 
fuzzy hypersoft set matrix is proposed. Explicatory application is presented which depicts the structural validity 
of proposed structure for successful application to the problems involving vagueness and uncertainties. Lastly, 


a comparison of the proposed structure with existing structures, is made under appropriate indicators. 


Keywords: Fuzzy set; Neutrosophic set; Single-valued neutrosophic set; Single-valued neutrosophic soft set; 


Single-valued neutrosophic fuzzy soft set; Hypersoft set. 


1. Introduction 


In different mathematical disciplines, fuzzy sets theory (FS-Theory) and intuitionistic 
fuzzy set theory (IFS-Theory) are considered apt mathematical modes to tackle several in- 
tricate problems involving various uncertainties. The former emphasizes on a certain object’s 
degree of true belongingness from the initial sample space, while the latter emphasizes degree 
of true membership and degree of non-membership with the state of their interdependence. 


These theories portray some kind of inadequacy in terms of providing due status to a degree of 
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indeterminacy. The implementation of neutrosophic set theory (NS-Theory) overcomes 
this impediment by taking into account not only the proper status of degree of indeterminacy 
but also the state of dependence. This theory is more adaptable and suitable for dealing with 
inconsistent data. Wang et el |5) conceptualized single-valued neutrosophic set in which truth 
membership degree, indeterminacy degree and falsity degree are restricted within unit closed 
interval. Many researchers (6]- have been drawn to NS-Theory for further application in 
statistics, topological spaces, and the construction of some neutrosophic-like blended struc- 
tures with other existing models for useful applications in decision making. Edalatpanah 
studied a system of neutrosophic linear equations (SNLE) based on the embedding approach. 
He used (a, 3, )-cut for transformation of SNLE into a crisp linear system. Kumar et al. 
exhibited a novel linear programming approach for finding the neutrosophic shortest path 
problem (NSSPP) considering Gaussian valued neutrosophic number. 

FS-Theory, IFS-Theory and NS-Theory have some kind of complexities which restrain them 
to solve problem involving uncertainty professionally. The reason for these hurdles is, possibly, 
the inadequacy of the parametrization tool. It demands a mathematical tool free of all such 
impediments to tackle such issues. This scantiness is resolved with the development of soft 
set theory (SS-Theory) which is a new parameterized family of subsets of the universe 
of discourse. The researchers [18}- studied and investigated some elementary properties, 
operations, laws and hybrids of SS-Theory with applications in decision making. The gluing 
concept of NS-Theory and SS-Theory, is studied in to make the NS-Theory adequate with 
parameterized tool. In many real life situations, distinct attributes are further partitioned 
in disjoint attribute-valued sets but existing SS-Theory is insufficient for dealing with such 
kind of attribute-valued sets. Hypersoft set theory (HS-Theory) is developed to make 
the SST in line with attribute-valued sets to tackle real life scenarios. HS-Theory is an ex- 
tension of $S-Theory as it transforms the single argument function into a multi-argument 
function. Certain elementary properties, aggregation operations, laws, relations and functions 
of HS-Theory, are investigated by [30|- for proper understanding and further utilization in 
different fields. The applications of HS-Theory in decision making is studied by (33}- and 
the intermingling study of HS-Theory with complex sets, convex and concave sets is studied 
by (371/38). Deli characterized hybrid set structures under uncertainly parameterized hy- 
persoft sets with theory and applications. Gayen et al. analyzed some essential aspects of 
plithogenic hypersoft algebraic structures. They also investigated the notions and basic prop- 
erties of plithogenic hypersoft subgroups ie plithogenic fuzzy hypersoft subgroup, plithogenic 
intuitionistic fuzzy hypersoft subgroup, plithogenic neutrosophic hypersoft subgroup. Saeed 


et al. discussed decision making techniques for neutrosophic hypersoft mapping and 
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complex multi-fuzzy hypersoft set. Rahman et al. studied decision making applica- 
tions based on neutrosophic parameterized hypersoft Set, fuzzy parameterized hypersoft set 
and rough hypersoft set. Ihsan et al. investigated hypersoft expert set with application in 


decision making for the best selection of product. 


1.1. Motivation 


The attributes must be further partitioned into attribute values in a variety of real-world 
applications for a more vivid understanding. As a generalization of soft set, hypersoft set over- 
comes this restriction and emphasizes the disjoint attribute-valued sets for distinct attributes. 
This generalization shows that using the hypersoft set with neutrosophic, intuitionistic, and 
fuzzy set theory to build a relation between alternatives and attributes would be extremely 
useful. In addition, the hypersoft set will reduce the case study’s complexity. It’s important 
to note that the hypersoft theory can be applied to every decision-making challenge, regard- 
less of the decision-makers’ ability to choose values. Multi-criteria decision making (MCDM), 
Multi-criteria group decision making (MCGDM), shortest path selection, employee selection, 
e-learning, graph theory, medical diagnosis, and other applications may all benefit from this 
theory. The current literature on soft sets should be adequate with regard to the presence and 
consideration of attribute-valued sets, so the main goal of this research is to extend the concept 
presented in and to develop novel theory of single-valued neutrosophic fuzzy hypersoft 
set ( an embedded structure of fuzzy set, single-valued neutrosophic set and hypersoft set). 
After characterizing its basic essential properties and operations, decision-making based algo- 
rithm is proposed to solve a real life problem relating to the purchase of most suitable and 


appropriate supplier with the help of single-valued neutrosophic fuzzy hypersoft set matrix. 


1.2. Paper Organization 


The remaining paper is systemized as: 
Section 2 : Some essential definitions and terminologies are recalled. 
Section 3: Theory of single-valued neutrosophic fuzzy hypersoft set is developed with suitable 
examples. 
Section 4 : Decision-making based algorithm and application of single-valued neutrosophic 
fuzzy hypersoft set are presented. 
Section 5 : Comparison Analysis of proposed structures is discussed. 


Section 6 : Paper is summarized with future directions. 
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2. Preliminaries 


In the following, we present a short survey of definitions which are necessary to this paper. 
Here some basic terms are recalled from existing literature to support the proposed work. 
Throughout the paper, Y and I will denote the universe of discourse and closed unit interval 


respectively. In this work, algorithmic approach is followed from decision making method 


stated in [49]. 


Definition 2.1. 
A fuzzy set F defined as F = {(a, Ar(t))|@ € V} such that Ar : V + I where A(i) denotes 
the belonging value of @ € F. 


Definition 2.2. 

An intuitionistic fuzzy set Y defined as Y = {(&,< Ay(a), By(a) >)|G € V} such that Ay : 
U Land By :U — I, where Ay(i) and By(u) denote the belonging value and not-belonging 
value of % € Y with condition of 0 < Ay(w) + By(a) < 1. 


Definition 2.3. 

A neutrosophic set Z defined as 

Z ={(ti, < Az(a), Bz(t),C2(a) >)|a €U} 

such that Az(t),Bz(a),Cz(a) : V + (~0,1*), 

where Az(t),6z(t%) and Cz(t) denote the degrees of membership, indeterminacy and non- 
membership of & € Z with condition of ~0 < Az(t) + Bz(a@) +Cz(&) < 37. 


Note: If Az(a) € 1, Bz(a) € and Cz(%) €1, with 
0< Ag(@) + Bz (a) +Cz(a) < 3, 
then neutrosophic set Z is called single-valued neutrosophic set (5). 


Definition 2.4. 
A pair (¥5, A) is called a soft set over V, where Fs : A > P(V) and A be a subset of a set of 
attributes €. 


For more detail on soft set, see [18}/19). 


Definition 2.5. 
The pair (W,#) is called a hypersoft set over V, where H is the cartesian product of n 
disjoint sets H,, Ho, H3,...., Hy having attribute values of n distinct attributes hi, ho, fiz, ee Hig: 


respectively and W: H > P(Y). 


Note: If P(V) is replaced with N(V)(A collection of neutrosophic subsets) in Definition 
then it becomes neutrosophic hypersoft set [28]. For more definitions and operations of 


hypersoft set, see [30}{32}. 
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3. Single-Valued Neutrosophic Fuzzy Hypersoft Set(SV-NFHS-Set) 


Definition 3.1. The pair (Vi73,W) is said to be single-valued neutrosophic fuzzy hypersoft 
set (SV-NFHS-Set) over V, denoted by (SVNFHS)’, in (HS)YW if 


Wa) : W > SVNF(V) 


defined by 
(Pas ) 2 pu) Hea) rE) 
oo a a 
wEW,UVEY, 
0< Py, (6) + 24, O+ Re, ) <3 
where 


(i) W = €, x &) x &€3 x .... x E, for n disjoint attribute-valued sets €;,i = 1,2,...,n 
corresponding to n distinct attributes €;,7 = 1,2,...,n from set of attributes E, 
(ii) SV. NF(¥) is the collection of all single-valued neutrosophic fuzzy subsets over V, 
(iii) All components ie. Py, (6), Qg,,,. (0), Ry, (0) and € (8) belong to VY, 
(iv) (HS) is a hypersoft universe. 


Note: The collection of all (SVNFHS)’’ over (HS)YW is denoted by Weun ns: 


Example 3.2. Consider V = {6,, 62, 63} consists of three kinds of mobile and € = {é1, €2, €3} 
be the set of attributes, where €, is storage(GB), € is camera resolution (pixels) and é3 is 
battery power(mAh). Their corresponding attribute-valued sets are E, = {11 = 32, 412 = 64}, 
Eq = {jor = 8, joo = 16} and €3 = {j31 = 4000}. Now W = €, x &o x & , 

W = {(011, war, 31) , (11, toe, 31) , (12, War, W31) , (Wi2, B22, W31)} - 


or 


Ww = {W1, We, W3, wa} 


Then for € € Vv, Vai) © Weonfhs are defined as follows (i = 1, 2,3, 4) : 


a (0.2, 0.6,0.4,0.4) (0.2,0.8,0.6,0.4) (0.3, 0. Bs 0.7, 0.4) 
eeu) = 1 02 
. (0.6, 0.8,0.7,0.5) (0.3,0.6,0.6,0.4) (0.7, 0.9,0.8, 0.3) 
¥ (aa) = 01 02 
. (0.1,0.5,0.5,0.4) (0.4,0.6,0.7,0.5) (0-3, 0.6,0.5, 0.2) 
V (is) — 01 q 09 
ge. — $ (0:3:0.6,0.4,0.2) (0.2,0.5,0.7,0.4) (0.6, 0.4,0.7, 0.4) 
sca 5 8g ag : 
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It can be represented in matrix form as 


W 01 (0) 03 

ti  (0.2,0.6,0.4,0.4) (0.2,0.8,0.6,0.4) (0.3, 0.6, 0.7, 0.4) 
b=] wd (0.6,0.8,0.7,0.5) (0.3, 0.6,0.6,0.4) (0.7,0.9, 0.8, 0.3) 

3 (0.1,0.5,0.5,0.4) (0.4,0.6,0.7,0.5) (0.3, 0.6, 0.5, 0.2) 

ti (0.3, 0.6,0.4,0.2) (0.2,0.5,0.7,0.4) (0.6, 0.4, 0.7, 0.4) 


Definition 3.3. Let Wray ws) € Le) carats and 1, £7 € VY, where 


PA ay 29) OR Hog OO) 


UV 


ran / : 
VYay=) wew,oe”v 


< pl. “ tT : “ : sc 
OSPF ths (6) +2 Hs) (oO) +R bay (o) <3 
and 
be) OL? G5) © 0),R “bs ») Oe? (0) 
#2, = or 
() ~~ ) WEW,VEY, 
<P. - >. - 2. sc 
DS a ae (6) +9 Hs) (Oo) +R bea) (6) < 
Then Ute) is said to be a SV-NFHS- subset of Wes expressed by whe i) Cc Ways if 
ess 
(i) Phy, (0) < PPG, (6), 24, (0) > Dao, (Rag, (0) 2 Ra (0) 


Example 3.4. Considering data from Example|3.2| | let another Wa )€ Won fhe be defined as 


below: 


W O1 02 b3 

w (0.4,0.5,0.3,0.4) (0.3,0.6,0.5,0.5) (0.4, 0.5, 0.4, 0.6) 
W' =] w& (0.7,0.7,0.6,0.6) (0.5,0.4,0.5,0.6) (0.8, 0.8, 0.7, 0.5) 

#3 (0.2,0.5,0.3,0.7) (0.7,0.5,0.4,0.7) (0.4, 0.5, 0.4, 0.3) 

ws (0.5,0.4,0.3,0.6) (0.4,0.4,0.6,0.6) (0.7, 0.3, 0.3, 0.5) 


Thus, Way C Ws 3) for all 0; € W,i = 1,2,3,4 


Definition 3.5. Assuming Wiss os) € Where hs and £1, € VY, as stated in Definition [3.3| 


then Wl, 3) and an are said to be SV-NFHS-equal sets, denoted by U = =. iful (3) © wy? () 


4,2 
and Vis ) Cc Wis: 


(w (@)? 


Definition 3.6. Let Vw) el and € € PY, then 


sunfhs 


(i) Vv) is known to be a SV-NFHS-null set, represented by O(a), if 
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(ii) Ys) is known to be a SV-NFHS-universal set, denoted by Vow); if 
Pa (6) = 1, Og, (8) =0,Ry,,. (8) =0,€ (0) = 1. 


Definition 3.7. Let us suppose Wiss Way € athe and £1, £7 € Vv, as described in Defini- 
tion [3.3] then, 
(i) the union of Whe) and Wiss denoted by Wha) Wey: is a SV-NFHS-set Os) such that 


Gr (8) OPPs, (8) @ Rg, @), 2) @ (6) 
Qs = a 


wEW,bEV 


(6), 2" 05) (6) ® oft) (6), Ria) 


and Ws) , is a SV-NFHS-set (2? 


(wo 


, denoted by 1 


(ii) the intersection of vl (o) 


that 


rw? ) such 


) 


@) 


(6) © Ry, @), 8) @ 20) 


YW) 


(Ps _(@@P%y (6), Ay, (0) © Oy (8), Rig 
(w) (wv) (w) 2) 
Vv 


wEW,GEYV 
In above definitions, ® and © denote the t-norm (/) and t-conorm (V) respectively. If a,b € TY, 
then a@®b=aAbanda©b=avob. 


Example 3.8. Supposing the matrix representations of SV-NFHS-sets as determined in Ex- 
ample [3.2] and Example then we have 


WwW 01 09 03 

w, (0.4,0.5,0.3,0.4) (0.3,0.6,0.5,0.5) (0.4, 0.5, 0.4, 0.6) 
O5) =] we (0.7,0.7,0.6,0.6) (0.5,0.4,0.5,0.6) (0.8, 0.8, 0.7, 0.5) 

wW3 (0.2,0.5,0.3,0.7) (0.7,0.5,0.4,0.7) (0.4, 0.5, 0.4, 0.3) 

w4 (0.5,0.4,0.3,0.6) (0.4,0.4,0.6,0.6) (0.7, 0.3, 0.3, 0.5) 

and 

wW O41 09 03 

w1 (0.2,0.6,0.4,0.4) (0.2,0.8,0.6,0.4) (0.3, 0.6, 0.7, 0.4) 
Os) =] we (0.6,0.8,0.7,0.5) (0.3,0.6,0.6,0.4) (0.7, 0.9, 0.8, 0.3) 

w3 (0.1,0.5,0.5,0.4) (0.4,0.6,0.7,0.5) (0.3, 0.6, 0.5, 0.2) 

wW4 (0.3,0.6,0.4,0.2) (0.2,0.5,0.7,0.4) (0.6, 0.4, 0.7, 0.4) 


Proposition 3.9. 


hold: 
(i) Gg) OW a) = Wes), 
(ii) Vea) Yes) = Yew), 
(iii) Yea) U0 (a) = Ya), 


Let Ba) Vow), Vea) € ewan and € € ne Then the following properties 
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Proof. The above properties (i)-(vi) can easily be proved with the help of Definition [3.6] and 


Definition 


Proposition 3.10. Let Wtays Ways wy € Weonpns and Ee, ee v. Then the results (given 
below) hold: 


> 
cn 


> 
e" 


Proof. Proofs of (i)-(vi) are straightforward by following the concept of Definition [3.7 qo 


Proposition 3.11. Let Uta: Wis) € ere and €',€? € IY and Ute) Cc Way» then the 
below given results hold: 


‘ Fe 1 + 
(i) Weayt Mo i: 
(a) Ya) = 


2 
Vw)» 
Te 
Via): 


Proof. By following the concept of Definition[3.3] and Definition 3.7] proofs are straightforward. 


Definition 3.12. Let Wa) = Lathes’ = VY, (as described in Definition [3.1) then, its com- 


Cc 


plement vw @) 18 stated as 


(gay M3 - Lb ay HP 5 oy Os 1-€(0)) 
Yo) = , 


wEW,bEV 
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Example 3.13. The complement of SV-NFHS-set Vs) (as determined in Example is 


calculated as 


0} 
0.3, 0.5, 0.4, 0.6 
0.7, 0.2, 0.6, 0.5 
0.5, 0.5, 0.1, 0.6 
0.4, 0.4, 0.3, 0.8 


at aNDF 
SY so Rs 8 


v2 
0.6, 0.2, 0.2, 0.6 
0.6, 0.4, 0.3, 0.6 
0.7, 0.4, 0.4, 0.5 
0.7, 0.5, 0.2, 0.6 


ge pes pe 
oe Ns As te 


03 
0.4, 0.5, 0.4, 0.6 
0.8, 0.1, 0.7, 0.7 
0.5, 0.4, 0.3, 0.8 
0.7, 0.6, 0.6, 0.6 


pri ipo, Teme tp 


) 
) 
) 
) 


Proposition 3.14. Let B60), Vow), Vea) € We cores and € € lv. Then, we have the following 


wW 
Ww 
Vw) = | ee 
W3 
Wa 
results: 
(i) 059 = Yo), 
(ii) Vow) = Oia, 


Proof. These results can easily be proved with the help of concepts stated in Definition 


and Definition 


Remark 3.15. In general, the following results are not hold. 


(i) Yea 
(ii) Wea) P 


Ya) = 
w= 


Example 3.16. The Remark can easily be verified by considering SV-NFHS-set Vv) 
from Example and its complement UF) from Example So we have 


W3 


Wa 


01 
0.3, 0.5, 0.4, 0.6 
0.7, 0.2, 0.6, 0.5 
0.5, 0.5, 0.1, 0.6 
0.4, 0.4, 0.3, 0.8 


Re RY Re Re 


01 
(0.2, 0.6, 0.4, 0.4 
(0.6, 0.8, 0.7, 0.5 
(0.1, 0.5, 0.5, 0.4 
(0.3, 0.6, 0.4, 0.2 


ha KS: Roe Ay 


Hence the Remark is verified. 


Proposition 3.17. Let vl 


wb) 


v9 
0.6, 0.2, 0.2, 0.6 
0.6, 0.4, 0.3, 0.6 
0.7, 0.4, 0.4, 0.5 
0.7, 0.5, 0.2, 0.6 


Sat RY RY RD 


v9 
0.2, 0.8, 0.6, 0.4 
0.3, 0.6, 0.6, 0.4 
0.4, 0.6, 0.7, 0.5 


) 
) 
) 
0.2, 0.5, 0.7, 0.4) 


a fm yon a 


©) (Wa OMe) = (Ho) 9 (Bey) 


03 
0.4, 0.5, 0.4, 0.6 
0.8, 0.1, 0.7, 0.7 
0.5, 0.4, 0.3, 0.8 


( 
( 
( 
(0.7, 0.6, 0.6, 0.6 


) 
) 
) 
) 


03 
0.3, 0.6, 0.7, 0.4 
0.7, 0.9, 0.8, 0.3 
0.3, 0.6, 0.5, 0.2 


) 
) 
) 
0.6, 0.4, 0.7, 0.4) 


( 
( 
( 
( 


Ws) € Wl eengne and €1,€ € VY. Then, the following results hold: 
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(ii) (Wi) ni)" 7 (a1,,)° ; (02,,)° 
Proof. Consider the concept stated in Definition 3.7 for w € W,6 € V, we have 
(i). Since (ty C) i)" (6) 
= ({ (Price © ®PPicy (29.4) © ofa) () R94) © Ra oy (6).1(0)@ (0)) 


UV 


-{ (ay 0) © Raga) Ot (459612 aga) Phy OOP) OCH BLE )) | 
={ (R Hu, © A -( 2 AE) Pag NP aE (6)VE2(6 ») | 
=| (Rian OAR OI- Pg) OVID? Me 9 OP a gy (OVP a egy (OA EM(BYAI-E7(6 =! 

7 { G he 7 Pep) OD hig EIS (a OP" a) OOP He ): a ) } 
2 { Ri gy 1-4) OP ay 1 -E1) 1a { Ri) OI - Dg) OPH) O1-E-W) } 
= (Ho) 9 (Ha) 


{ (Pigg, ©) © Pigg, VQ pO Pi 5 ORM OOR%.,. (EW) © €(0)) ) 


6 


§q) OOR Gg OA G 4a) OP Pig 0)? "(a O) © PP gy OIE © #@)) } 


ie s A 1 t 2 
gp OR gy OT -2 ag OAT? ae 5) OPH gy AP ey 


(6),1-€1(@)v1-€2(2) } 


“ (1-616) @ 1- we } 


( 
(® 8 () OVR (qt (2 Hq) OV Hg .°) Pl ta) NP” teay (a).1-(€'(@)A67(@))) 
( 
( 


Ya) 


25 ob (@),1-O" 5) (6) © © 1-Q? Gq) OP 
o 


4. Application of SV-NFHS-Set in Decision-Making 


In this section, a decision-making algorithm is proposed and is elaborated by daily life 


decision-making problem. 
Algorithm 4.1. Step 1: Input the SV-NFHS- set D0 ye LY cntics as follows: 


(Ab (5) O85 oy) OLE jg @ 


7] 


P=) on ow 
wEwW,UE Y, 
O< Abs) (a) + Bs. (w) + C8) (th) <3 
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St 1 ¢ Inputthe single-valued neutrosophic 

e p fuzzy hypersoft set 

St 2 * Inputthe single-valued neutrosophic 
e p fuzzy hypersoft set in matrix form 

Ste p 3 * Calculate the center matrix 

St 4 * Calculate maximum decision, minimum 
e p decision and Scoreof elements 


Ste p 5 * Obtain maximumscore as decision 


FIGURE 1. Optimal Decision Based on a SV-NFHS-Set matrix 


to be evaluated by a group of experts n to element x on parameter i. 


Step 2: Input the SV-NFHS- set in matrix form (written as M),4,k,1 € N). 


mit M412 M1k 
M21 M29 M2, 
Mixk = | M31 M32 +++ M3K 
mia m2 ++ MK 


Mik = ( O04) (tix) Bay (tix) 1B 5 (tix) .€ (dx)) 
m1 = B55) Uy Ba.) (a1) $5) ti) .€ (t)) 
m2 Aix.) (ti2) Ba.) (ti2) 5 B05) (ti2) a (ii2)) 
mar = (Ag... (Gx) Bo... (Ux) Ci, (tx) »€ (tx)) 
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my = (4s,., (a1) Be.) (a1) Cian (a1) .€(a)) 
io (Ai, (tia) BE.) (ti) C895) (dz) , € (ta) 


Ae. oes (a e. G 
is Cm (Ge) Ba.) (Ue) C.,. 


Step 3: Determine the core matrix (i.e., 


Bia, (tix) = (Ag, (Gx) + Be... (Gx) + C5, (tx) — € (x) 
Sa) Ht) 96,5, Ga)» 8,4.) He) 
Gixk = B09 a) Boo U2) ee Po on 
56.) (1) 54, (2). 5... (tix) 


Step 4: Calculate the O™*(é&;) (Max. decision), O™" (a;) (Min.decision), and G (é;) 


(score) of all Gy (j = 1,2y.5 k): 


am (aj) = 3 (1-H, (a) 0" (4 =D (Fe, ) (a)) 


6 (aj) = Gyex (ti; y+ (9 emma 7) ls 


(to understand the motivation behind this method, let be the Euclidean metric on R'! 
0= (0, wer) & RA = (1, fatty i E R’, and 6; = (94 tj 1 Ooytags coy ey € R'. Thus 6 (t;) = 


[6 (93, LP + [0 (0;,0)P° G = 1,2,...,4)- 
Step 5: Find optimal decision p with the help of following criterion 


iin = Max{G (ti) , 6 (a2) ,..., 6 (&)}. 


Now Algorithm [4.1] is elaborated with the help of following example. 
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Example 4.2. A manufacturing company is wants to select a supplier for one of its manu- 
factures products. Consider a SV-NFHS$-set which illustrates the suitability of suppliers and 
enables the company to select the most suitable supplier for its product. There are five alterna- 
tives suppliers and these form the discourse of universe Z = {21, 22, 23, 24, 25}. Company con- 
stitutes a committee (i.e. Decision-Makers)consisting of its procurement supervisor (chairman 
of committee) and buyers for the evaluation of these suppliers. With mutual consultation, the 
chairman develops a mutual consensus and designs a set of parameters H = {h1, ho, hz, ha}, 


for this evaluation, where hi, ho, h3 and h4 represent quality and reliability, cost, service 


and process and design capabilities respectively. These attributes are further classified into 


attribute-valued sets 7, 72, /3 and J% respectively on the basis of their respective categorical 
criteria, where 

Ty = (j, j?} 

Tn = {j?", 9??} 

Fg = {5°77} 

and 

In = (9, j?}. 

Therefore, 

K=N2x 22x Ix Ia = {k',k?,...,k1®}, where each k’,i = 1,2,...,16 is a 4 — tuple element 
of K. For the sake of convenience, k!, k?, k° and k™ are given preference during the evaluation 


process by the committee. The evaluation process is completed with the help of proposed 


Algorithm 


Step 1 The whole scenario is interpreted in the form of SV-NFHS-set D4) € WD aitties and is 


given below 


nal Zz 23 24 25 
k' | (0.8, 0.4,0.3,0.2) (0.7, 0.5,0.4,0.3) (0.6,0.6,0.5,0.4) (0.5,0.7,0.6,03) (0.4, 0.8, 0.7, 0.2) 
k? | (0.7,0.5,0.4,0.3) (0.6, 0.6,0.5,0.4) (0.5,0.7,0.6,0.5) (0.4, 0.8, 0.7, 0.4) (0.3, 0.9, 0.9, 0.4) 
k° | (0.6,0.4,0.5,0.4) (0.5, 0.7,0.6,0.5) (0.4, 0.8, 0.7,0.6) (0.3, 0.9,0.8,0.5) (0.2, 0.1, 0.1, 0.2) 
k'4 | (0.5,0.5,0.5,0.5) (0.4, 0.8, 0.7, 0.6) (0.3,0.9,0.8,0.7) (0.2, 0.3,0.9,0.6) (0.1, 0.2, 0.2, 0.3) 
Step 2 
(0.8,0.4,0.3,0.2) (0.7,0.5,0.4,0.3) (0.6,0.4,0.5,0.4) (0.5, 0.5, 0.5, 0.5) 
(0.7,0.5,0.4,0.3) (0.6,0.6,0.5,0.4) (0.5,0.7,0.6,0.5) (0.4, 0.8, 0.7, 0.6) 
Msx4 =| (0.6,0.6,0.5,0.4) (0.5, 0.7,0.6,0.5) (0.4,0.8,0.7,0.6) (0.3, 0.9, 0.8, 0.7) 
(0.5,0.7,0.6,03) (0.4,0.8,0.7,0.4) (0.3, 0.9,0.8,0.5) (0.2, 0.3, 0.9, 0.6) 
(0.4, 0.8, 0.7, 0.2) (0.3, 0.9,0.9,0.4) (0.2,0.1,0.1,0.2) (0.1, 0.2, 0.2, 0.3) 
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Step 3 
13 12 V1 10 
Lo Le oS Ls 
One =| 13 18 18 13 
15 15 15 08 
LF iF 02 02 


Step 4 The values of D™**(z;), D'™"(z;) and S(z;) for 7 = 1,2,3,4,5 are given in the below table 


| Z1 29 23 Z4 25 
D™*(z,) | 0.19 0.36 0.36 0.79 2.26 
D™n(z,) | 5.59 6.76 6.76 7.39 5.86 
S(z;) 5.78 7.12 7.12 8.18 8.12 


Step 5 It is vivid that zs is selected as the best decision due to its highest score. 


5. Comparison Analysis 


There are many cases where consideration of only attributes is not sufficient, all available 
distinct attributes are further partitioned into their respective disjoint attribute-valued sets. 
Decision making techniques based on most of existing models are inadequate for such cases. 
Therefore, our proposed model not only emphasizes on the due status of such partitioning 
of attributes but also facilitates the decision makers to deal daily life problems with great 
ease. Table }1] and Table |2| present a vivid comparison of our proposed model with some 
existing relevant models under the evaluating indicators MD (Membership Degree), NMD 
(Non-membership Degree), ID (Indeterminacy Degree), SAAF (Single Argument Approximate 
Function) and MAAF (Multi Argument Approximate Function). 


5.1. Discussion 


In this subsection, we present the generalization of our proposed structure. Our proposed 
structure SV-NFHS-set is very useful for tackling many decisive systems and it is the most 


generalized structure (see Figure [2) as it transforms to: 


(i) Single-Valued Neutrosophic Hypersoft Set (SV-NHS-set) if fuzzy valued degree is omit- 
ted. 
(ii) Neutrosophic Hypersoft Fuzzy Set (SV-NFHS-set) if 


0< Posy (6) + Qh.) (6) + Rove) (6) <3 
is replaced with 


“OS Py, (0) + Vy, (0) + Re, () S38 
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TABLE 1. Comparison with existing models 


Authors | Structure Remarks 

Broumi | Intuitionistic | (i) Single set of parameters is used with intu- 

et al. NS-Set itionistic fuzzy values, (ii) Approximate function 
is the subset of universal set 

Das et | Neutrosophic | (i) Single set of parameters is used with intu- 

al. fuzzy set itionistic fuzzy values, (ii) Approximate function 
is the subset of intuitionistic fuzzy set 

Khalil et | Single-valued | (i) Single set of parameters is used with neutro- 

al. NFS-Set sophic values, (ii) Approximate function is the 
subset of universal set 

Proposed | Single-valued | (i) Single set of parameters is further classified 

Model NFHS-Set into disjoint attribute-valued sets used with in- 
tuitionistic fuzzy values, (ii) Approximate func- 
tion is the subset of neutrosophic set 


TABLE 2. Comparison with existing models under appropriate features 


Authors Structure MD NMD ID SAAF MAAF 

Broumi et al. | Intuitionistic v v v v x 

NS-Set 

Das et al. Neutrosophic | ¥ v v x x 
fuzzy set 

Khalil et al. | Single-valued | Vv v v v x 

NFS-Set 

Proposed Single-valued | ¥ v v v v 

Model NFHS-Set 


(iii) Intuitionistic Fuzzy Hypersoft Set (IFHS-set) if indeterminacy degree and fuzzy valued 


degree are ignored and remaining uncertain components be restricted within closed unit 


interval in approximate function of SV-NFHS-set. 


(iv) Intuitionistic Fuzzy Soft Set (IFS-set) if 


e attribute-valued sets are replaced with only attributes, 


e indeterminacy degree and fuzzy valued degree are ignored, 


e remaining two uncertain components are made interdependent within closed unit 


interval in approximate function of SV-NFHS-set. 
(v) Fuzzy Hypersoft Set (FHS-set) if 


e only fuzzy membership is focussed, 
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e falsity, indeterminacy degree and fuzzy valued degree are ignored. 
(vi) Hypersoft Set (HS-set) if all uncertain components membership, non-membership, in- 
determinacy and fuzzy valued degrees are ignored. 
(vii) Soft Set (S-set) if 
e attribute-valued sets are replaced with only attributes, 
e all uncertain components membership, non-membership, indeterminacy and fuzzy 


valued degrees are ignored. 


Single-Valued 
Neutrosophic 
Fuzzy Hypersoft 
Set 


Single-Valued Single-Valued Single-Valued 
Neutrosophic Neutrosophic Neutrosophic 
Fuzzy soft Set Fuzzy Set Hypersoft Set 


Single-Valued 
Neutrosophic Soft 
Set 


Single-Valued 
Neutrosophic Set 


FIGURE 2. Generalization of IV-NFHS-Set 
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BS 


6. Conclusions 


In this study, single-valued neutrosophic fuzzy hypersoft set is conceptualized with some of 


its elementary properties and theoretic operations. Novel algorithm is proposed for decision 


making and is validated with the help of illustrative examples for appropriate choosing of 


suitable supplier. Future work may include the extension of this work for: 


e The development of algebraic structures i.e. topological spaces, vector spaces etc., 


Dealing with decision making problems with multi-criteria decision making techniques, 


Applying in medical diagnosis and optimization for agricultural yield, 


Investigating and determining similarity, distance, dissimilarity measures and entropies 


between the proposed structures. 


Conflicts of Interest: The authors declare no conflict of interest. 
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Abstract. In this paper, we firstly define simplified neutrosophic multiplicative soft sets by combining simplified neu- 
trosophic multiplicative sets and soft sets. Meanwhile, we introduce some basic operations of simplified neutrosophic 
multiplicative soft sets and discuss their related properties. Later, we describe two person simplified neutrosophic mul- 
tiplicative soft games, and give different types of solution models of these games which are simplified neutrosophic mul- 
tiplicative soft saddle points, simplified neutrosophic multiplicative soft upper and lower values, simplified neutrosophic 
multiplicative soft dominated strategies and simplified neutrosophic multiplicative soft Nash equilibrium. Moreover, the 
solution models of two person simplified neutrosophic multiplicative soft games are applied to a real-world problem and 
supported by comparison analysis. Finally, the framework of n-person simplified neutrosophic multiplicative soft games 


is presented. 


Keywords: Simplified neutrosophic multiplicative sets; Soft sets; Simplified neutrosophic multiplicative soft sets; Sim- 


plified neutrosophic multiplicative soft games 


1. Introduction 


Almost all of the mathematical models proposed until the middle of the 19th century were not suit- 
able for dealing with uncertainty and vagueness. In 1965, Zadeh [47] described the concept of fuzzy 
sets (FSs) that allow the representation of uncertainty in a mathematical way. While fuzzy sets were 
based on the truth-membership value of uncertainty, Atanassov [7] generalized the FSs by including 
the falsity-membership value, and thus proposed the idea of intuitionistic fuzzy sets (IFSs). In 1998, 
Smarandache [39] introduced the neutrosophic set (NS) to reflect the values of truth-membership, 
indeterminacy-membership and falsity-membership simultaneously. However, due to the difficulty in 
applying to real-world problems when the values of truth-membership, indeterminacy-membership and 
falsity-membership are real non-standard subsets of ]0~,1*[, Wang et al. [43] and Ye [46] derived single- 
valued neutrosophic set (SVNS) and simplified neutrosophic set (SNS) as specific descriptions of NSs, 
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respectively. Recently, works on (single-valued/simplified) NS theory has been progressing rapidly and 
is presenting applications in a wide variety of fields, for instance; aggregation operators [16,17, 19,21] 
and information measures [3,32] and various solution models for real-life problems [1—5, 42] of (single- 
valued/simplified) NS. 

Although the FSs, IFSs and NSs are powerful mathematical models for dealing with uncertainties, 
these sets use the 0-1 scale, which is distributed symmetrically and uniformly. However, there are 
real-life problems that need to be scaled as unsymmetrically and non-uniformly. The grading system 
of universities can be given as the most obvious example of this situation [18]. In 1990, Saaty [36] 
proposed the 1-9 scale (or $ — 9 scale) as an useful tool to deal with such problems that need to be 
scaled unsymmetrically and non-uniformly whilst assigning the variable grades. These different scales 
lead to the construction of multiplicative preference relation [37]. By inspired this idea, Xia et al. [45] 
demonstrated that the interval-valued fuzzy preference relations can be equivalent to the intuitionistic 
fuzzy preference relations, and then introduced the intuitionistic multiplicative sets (IMSs) and the in- 
tuitionistic multiplicative preference relations (IMPRs). Moreover, they present a comparison between 
0.1-0.9 and é — 9 scales as in Table 1. 


TABLE 1. The comparison between 0.1-0.9 and 5 — 9 scales [45] 


$ — 9 scale 0.1-0.9 scale Meaning 

é 0.1 Extremely not preferrred 

z 0.2 Very strongly not preferrred 
z 0.3 Strongly not preferrred 

5 0.4 Moderately not preferrred 

1 0.5 Equally preferrred 

3 0.6 Moderately preferrred 

5 0.7 Strongly preferrred 

7 0.8 Very strongly preferrred 

9 0.9 Extremely preferrred 


Other values between 3 and 9 Other values between 0 and 1 Intermediate values used to present compromise 


The IMSs and IMPRs were studied widely [14,15, 20,44]. In 2019, Késeoglu et al. [26] proposed the idea 
of simplified neutrosophic multiplicative sets (SNMSs) generalizing the IMSs and studied the simplified 
neutrosophic multiplicative preference relations (SNMPRs). 

In 1999, Molodtsov [28] initiated the theory of soft set (SS) which classifies objects according to param- 
eters or attributes. Cagman and Enginoglu [9] revisited the concept of soft set to make Molodtsov’s 
soft set operations more functional. Many authors studied the theory [6,8,9,27,38,41] and applica- 
tions [22—25, 33-35] of soft sets. In 2016, Deli and GCagman [10] gave an application of soft sets in 
decision making based on game theory, and thus pioneered the idea of soft games. Moreover, Deli et 
al. [12] studied several expected impact functions and algorithms modelling games under the soft sets. 
In recent years, several game schemes based on the fuzzy soft sets, intuitionistic fuzzy soft sets and 
neutrosophic soft sets have been proposed [11,29,40]. The motivation of this paper is to propose a 


new extension of soft sets and revisit soft games from a different perspective. Relatedly, this paper 
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introduces the simplified neutrosophic multiplicative soft sets (SNMSSs) fusing SNMSs and SSs, and 
proposes a new game framework based on the SNMSSs called simplified neutrosophic multiplicative 
soft game (SNM soft game). 

The rest of this article is arranged as follows: Section 2 reviews some definitions and results related 
to the NSs, SNSs, SNMSs and SSs. Section 3 presents the concept of SNMSSs and their fundamental 
operations with structural properties. Section 4 is devoted to the four different solution methods of 


two person SNM soft games and and their efficiency in dealing with real-world issues. In Section 5, 


two person SNM soft games are extended to n-person SNM soft games. In Section 6, the concluding 


remarks are given. 


2. Preliminaries 


In this section, some basic concepts about the neutrosophic sets, simplified neutrosophic sets, simplified 


neutrosophic multiplicative sets and soft sets are given. 


Let H. be a space of points (object) with a generic element denoted by h. 


Definition 2.1. ( [39]) A neutrosophic set (NS) St in H is characterized by a truth-membership 
function ty : H >]0~,17[, an indeterminacy-membership function in : H —>]0~,1*[, and a falsity- 
membership function fm : H —>]0~,17[. tm(h), im(h) and fm(h) are real standard or non-standard 
subsets of ]0~,1*[. There is no restriction on the sum of tm(h), in(h) and fm(h), so O~ < suptm(h) + 
sup in (h) + sup fr(h) < 37 for h EH. 


However, Wang et al. [43] and Ye [46] stated the difficulty of employing the NSs of non-standard 


intervals in practice, and proposed the simplified neutrosophic sets. 


Definition 2.2. ( [46]) An NS 9 is characterized by a truth-membership function tm : H — [0,1], an 
indeterminacy-membership function ig : # — [0,1], and a falsity-membership function fx : H — [0,1]. 
tm(h), im(h) and fm(h) are singleton subintervals/subsets in the standard interval [0,1], then it is said 
to be a simplified neutrosophic set (SNS) and described by 


N= {(h, (tm(h), im(h), fr(h))) + he H}. (1) 
This kind of NS is is termed to be a single-valued neutrosophic set (SVNS) by Wang et al. [43]. 
Throughout this paper, we will use the term ”simplified neutrosophic set (SNS)”. 


Definition 2.3. ( [26]) A simplified neutrosophic multiplicative set (SNMS) Mt in H is defined as 


M = {(h, (om(h); Tm(h), om(h))) = he H}, (2) 


which assigns to each element f a truth-membership information pgy(h), an indeterminacy-membership 
information Ty(f), and a falsity-membership information o9y(h) with conditions 
1 


9 <= Pan(h), tm(h), om(h) < 9 and 0 < pan(h)om(h) <1. (3) 


for each h € H. 
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The set of all SNMSs in H is denoted by 8(H). 


Definition 2.4. ( [26]) Let St, 9% and Ntz be the SNMSs. Then, some operational rules on SNMSs 
are given as follows. 

(a): Nt, C Meo |S pom, (h) < pom, (A), Tm, (A) > Tm, (h) and oop, (h) > om, (A) for all h € H. 

(b): ty = Me S pm, (A) = pm, (h), Tm, (2) = Ton, (A) and om, (h) = om, (h) for all h € H. 

(c): M° = {(h, (omn(h), sera Pmn()}) : Re H}. 


> Ton ( 
(d): 
min{ por, (A), pm (h)}, 
Nt NM, = h, | max{tom, (2), tm, (h)}, chEH 
max{ogn, (1), aon, (A) 
(e): 


max{Pgn, (h), PMe (h)}, 
My, UMe = h, | min{top, (2), Tm, (7) }, :hEH 
min{ oom, (h), OMe (h)} 
Definition 2.5. Let t; and 22 be two SNMSs in H. The cartesian product of 93, and Ite, denoted 
by Nt, x Me, is an SNMS in H x H and defined as 


min{ por, (h), PM (h’)}, 
Mh x Ne = (A, h’), | max{top, (A), Tn, (h’)}, (AR) ECHXKH 
max{ on, (h), OMe (h’)} 
In 1999, Molodtsov [28] introduced the notion of soft set as an effective mathematical model for 


dealing with uncertainty. In 2010, Cagman and Enginoglu [9] revisited the concept of soft set to make 


Molodtsov’s soft set operations more functional, and presented the following definition. 


Definition 2.6. ( [9,28]) Let H be a set of alternatives, and P(H) be a power set of H. Also, let S 
be a set of parameters (or attributes) and Y C S. The pair Ty = (yx,S) is called a soft set (SS) over 
H and described as 


Dx = (ya,8) = {(@, 7a(a)): @ ES, ya(2) € P(H)}, (4) 


where yy : S > P(H), called an approximate function, such that yy(a) = 0 if a ¢ X. 


3. Simplified Neutrosophic Multiplicative Soft Sets 


In this section, we introduce the concept of simplified neutrosophic multiplicative soft set by combining 
SS and SNMS. Also, we study some simplified neutrosophic multiplicative soft set operations and their 


remarkable properties. 
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Definition 3.1. Let H be a set of alternatives, S be a set of parameters (or attributes) and ¥ C S. 
Also, 8(H) denotes the set of all SNMSs in H. The pair Oy = (0y,S) is said to be a simplified 
neutrosophic multiplicative soft set (SNMSS) over H and described as 


Ox = (Ox,5) = {(@, Ox(@)): «ES, x(x) © PCH)}, (5) 


where 6x : S > 3B(H), called an approximate function, such that 0y(x) = 0 ifa ¢ X. 
The set of all SNMSSs over H for the parameter set S is denoted by S(H,S). 


Example 3.2. With the popularity of computers in daily life, more and more people prefer to buy 
well-equipped computers. Sometimes, instead of buying a new computer, the well-performing parts 
of poorly-equipped computer(s) are mounted to the other computer, and thus having a fairly well- 
equipped computer with more utility than the former. For this purpose, it is necessary to determine 
the performance of the main accessories (parts) for each computer, and the 5 —9 scale is more suitable 
for this. Assume that H = {hy, he, hg, h4,hs,hg} is a set of computers. Also, the CPU (21), memory 
(x2), hard disk (a3), motherboard (x4) and graphics card (25) are the main accessories (parts) whose 
the performance will be tested. By classifying the computers with the é — 9 scale according to the 


performance criteria of main accessories (parts) in ¥ = {x1, 22,23, 24}, the following SNMSS is given. 


(#1, {(F1, (3,2, §)), Mas (Ls 2,1), (Pia, (F, 2,2), (Fea, (1,1, 1)), (Fs, (3, gs 1), (Re, (8, 9, §))}) 
Oy = J (2s {ins CZ, 555)): (has 1, 55))s (Ms, (F545 2)), (Ra, (9,3, 5)), (Ps (4,2, 4), (hos (5.3, 3))4) 

(3, { (Fr, (2,2, 5), has (Bs 75 B))s (Rs, (3, 1, 7), (Ras (3,4, §)), (As, (1,4, 1)), (hes (5, 2,9))}) 

(aa, {Fr (2, 3, 5))s (a, (G14), (Mis, (> 3» 3))» (as (G1, §))s (As, (3,3, 2), (es (2, 3, 7))}) 


Here, (fiz, (3, 2, t)) € 0x(x1) means that computer h, has membership information of truth, indetermi- 
nacy and falsity as (3, 2, a) according to the performance of CPU. Other components can be interpreted 


similarly. 


Definition 3.3. Let Ov, Oy € S(H,S). 
(a): Ox is termed to be an SNMS subset of Oy if 6x(a) C Oy(x) for all x € S. It is denoted by 
OxCOy. 
(b): The SNMSSs Oy and Oy are equal if Oy (x) = O(x) for all x € S. It is denoted by Ox = Oy. 


(c): The complement of Ox, denoted by 0%, is an SNMSS defined by the approximate function 
60>: S + B(H) such that 
Dye(@) = (Ax (a))° 
for alla eS. 
(d): The intersection of Ox and Oy, denoted by OyNOy, is an SNMSS defined by the SNM 
approximate function @yaqy : S > B(H) such that 
OxAy(@) = Ox (x) N Oy(x) 


for allzxeS. 
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(e): The union of Oy and Oy, denoted by OxUOy,, is an SNMSS defined by the SNM approximate 
function Oyo) :S > P(H) such that 


Oxoy(#) = Ox (x) U Ay(2) 


for allzxeS. 


Proposition 3.4. Let Ox, Oy,Oz € S(H,S). Then, 
(i): OxaOy and OyaOz > OxaOQz for each a € {C,=}. 
(ii): OxBOxv = Oy for each BE {A,U}. 
(iii): Ox BOy = OyBOx for each BE {N, U}. 
(iv): OxB(OyGOz) = (OxBOy)BOz for each B € {N,U}. 
(v): OxB(OydOz) = (OxGOy)d(OxGOz) for each B,6 € {N,U}. 
(vi): (OxbOy)° = 04605, for each 8,5 € {A,U} and B #5. 


Proof. The proofs are straightforward, so they are omitted. 


Definition 3.5. Let Ov, Oy € S(H,S). 
(a): The And-product of Oy and Oy, denoted by OyA@y, is an SNMSS defined by the SNM 
approximate function Oyx) :S x S + P(H) such that 


Oxxy (x,y) = Ox (x) Oy(y) 


for all (z,y) ES x S. 
(b): The Or-product of Ox and Oy, denoted by OxVOy, is an SNMSS defined by the SNM 
approximate function Oyyy :S x S > $(H) such that 


Oxgy(x,y) = Ox (x) U Oy(y) 


for all (x,y) ES x S. 
(c): The cartesian product of Oy and Oy, denoted by Ox x@y, is an SNMSS defined by the 
SNM approximate function 0.5, :S x S + P(H x H) such that 


Oyxy (2, y) = Ox(x) x Oy(y) 
for all (x,y) ES x S. 


Proposition 3.6. Let Ox, Oy,Oz,O7 be the SNMSSs over H. Then, 
(i): OxaOy and Oza07 => (Ox 6Oz)a(OyBO7) for each a € {C, =} and B € {A,V, x}. 
(ii): Oxa@y > (Ox8Oz)a(@yBOz) for each a € {C,=} and B € {A,V, x}. 
(iii): Ox 8(Oy8Oz) = (OxBOy)BOz for each B € {A,V, x}. 
(vi): (OxBOy)* = 04,605, for each 8,6 € {A,V} and B #6. 


Proof. The proofs are straightforward, hence they are omitted. 
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The emerged SNMSS operations are generalized for the family of SNMSSs as follows. 


Definition 3.7. Let Ox, be the SNMSS for each p € J = {1,2,..., q}. 


(a): The intersection of SNMSSs Ox, (p = 1, 2,...,q), denoted by Qpay 
:S > B(H) such that 


Ox,, is an SNMSS defined 


by the SNM approximate function va ty 


OA ae x4 =f) Ox, (a 
pel 
for alla eS. 
(b): The union of SNMSSs Ox, (p = 1,2,...,q), denoted by U 
the SNM approximate function 6~ 


per OX: is an SNMSS defined by 


S — 3B(H) such that 


= Uo 


pel 


Uner*p 


Uner* 


for alla eS. 
(c): The And-product of SNMSSs Ox, (p = 1, 2,...,q), denoted by yrs is an SNMSS defined 
S — 3(H) such that 


by the SNM approximate function e eee : lye I 
Ryerty (Iver) = f xy (2”) 
pel 


forall (2?) 27a. e 3 et Hyer S = $4. 
d): The Or-product of SNMSSs Ow, (p = 1,2,...,q), denoted by V Oxv,, is an SNMSS defined 
Dp pel P 
by the SNM approximate function 0 x, ? per S > BCH) such that 
pEel™P 


x P) 
O57 _, x, (2? \per) =|.) Ox, (a 
pel 


for all (2? )per = (a, x7, ..., 27) € HperS = 8". 


(e): The cartesian product of SNMSSs Ox, (p = 1, 2,...,¢), denoted by Il Ox,, is an SNMSS 


pel 
defined by the SNM approximate function OF tai Her 3 B(H") such that 
A __ x, ((#” per) =|] 6x, (2”) 
i pel 


for all (2? \per = (a), 87 \an,09) Her S = $4. 


4. Two Person Simplified Neutrosophic Multiplicative Soft Games and Their Applications 
4.1. Two Person Simplified Neutrosophic Multiplicative Soft Games 


In this part, we create two person simplified neutrosophic multiplicative soft games with simplified 
neutrosophic multiplicative soft payoffs. Moreover, we propose the solution models for the simplified 
neutrosophic multiplicative soft games. For some fundamental notions (such as game, strategy, payoff, 


saddle point, Nash equilibrium) on game theory, we refer to [13, 30,31]. 
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In the following, we revisit some concepts and results on game theory given in [13,30,31] and thus adapt 


them to the simplified neutrosophic multiplicative soft games (SNM soft games) by using SNMSSs. 


Definition 4.1. Let S be a set of strategies and V,Y C S. A choice of behaviour in an SNM soft 
game is called an action. Each element of ¥ x Y is called action pair. That is, ¥ x Y is the set of 


available actions. 


Definition 4.2. Let H be a set of alternatives and §8(H) be set of all SNMSs in H. Also, S be a set 
of strategies and ¥,Y CS. Then, a set-valued function 


Oxxy 1X XY BH) (6) 


is said to be a simplified neutrosophic multiplicative soft payoff function (SNM soft payoff function). 
For each (x,y) € ¥ x JY, the value 0x (x,y) is named a simplified neutrosophic multiplicative soft 
payoff (SNM soft payoff). 


Definition 4.3. Let Y x Y be a set of action pairs. Then, an action (a*,y*) € X x Y is said to be an 


optimal action if 


Oxxy(x,y) F Oxxy(x",y") (7) 
for all (x,y) € X¥ x y. 


Definition 4.4. Let Y x ) be a set of action pairs and (2;,y;), (ve, yl) € & Xx Y. 


(a): If Oxxy(@r,y) C Oxxy(xi, yj) then it can be said that a player strictly prefers action pair 
(xj, yj) over action pair (xz, yi), 

(b): If Oxxy(te, yl) = Oxxy(*i, yj) then it can be said that a player is indifferent between the 
action pairs (a;,y;) and (x%, y), 

(c): If Oxxy(re, yi) CS Oxxy(xi,y;) then it can be said that a player either prefers action pair 


(x;, yj) to action pair (2, y) or is indifferent between the action pairs (xj, y;) and (x, yz). 


Definition 4.5. Let 04,3, be an SNM soft payoff for Player r and (xj, yj), (vk, y1) € & x Y. Then, 
Player r is named rational if the player’s SNM soft payoff satisfies the following properties. 
(1): Either Oy. y(te, yi) © Oy y (ti, yj) OF Oy y (ks Yt) 2 Oe xy (Lis Yj). 
(2): If Oy y(Lks YL) C Oe xy (2is Ys) and Ov y(Lks YL) 2 Oey y (Xi Yi); then Ov y(Lks YL) = 
Oy xy (Lis Yj) 
Definition 4.6. Let ¥ and Y be the sets of strategies of Player 1 and Player 2, respectively. Also, 
Ov y 1 & X Y > 3B(H) is an SNM soft payoff function for Player r (r = 1,2). Then, for each Player 


r, a two person simplified neutrosophic multiplicative soft game (tpSNM soft game) is defined by an 
SNMSS over H. as 


Oxy = (2,9); Oexy(ty)) (ty) EX XY, Oexy(@,y) © BCH) } (8) 


where 04, 5(2, y=((h, (Per y(@Y)s Teep(© Ys exy(@y))) + h © Hy} and for the triplet 
(Pex y(@.Y)s TRxy(2sY): Oexy(,Y)); 1° component is truth-membership information, 2”¢ component 
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is indeterminacy-membership information and 3’ component is falsity-membership information of 


h € H with respect to the action pair (x,y) for Player r. 


The tpSNM soft game is played as follows. At a certain time Player 1 selects a strategy 2; € 4, 
simultaneously Player 2 selects a strategy y; € Y and once this done each Player r (r = 1,2) receives 
the SNM soft payoff 04,5) (xi, yj). 

If V = {x1,%2,..., v4} and V = {y1, y2,-.-, Yo} then the SNM soft payoffs of 04,5, can be represented in 
the following form (see Table 2). To illustrate the tpSNM soft game, we present the following example. 


TABLE 2. Two person simplified neutrosophic multiplicative soft game 


Ory Y1 Y2 . . : Yo 
Ly Oey (1, 41) Oe y(©1, Y2) : ; Oy (L1, Yo) 
v2 Oe y(©2, 1) OY ey (©2, Y2) : : : OY ey (L2 Yo) 
Ut Ox y(t, 41) Oxy (Xt, Y2) : 7 i Oy (Lt5 Yo) 


Example 4.7. Let H = {hj,h2} be a set of alternatives and S = {x ,x2,%3,%4,%5} be a set of 
strategies. Assume that ¥ = {21,23} and Y = {x1, 24,25} are the sets of the strategies Player 1 and 
Player 2, respectively. 

If Player 1 creates the following tpSNM soft game 


((w1, 21), {(Fa, (7, 3, §))» (Pa, (5,5; 2))}), (C1, 4), {(F, (5,5, 3), (a, (1, 1, 1))}), 
Oxxy = 4 (#1, 25), {(Pa, (5,3, 1)), (a, (9,3, §)) Hs (ws, 1), (Ma, (3, $5 3): a, (9,3, 1))}) 
((x3, 24), {(Pa, (7, 5) G))» (Ras (3,3, 3) })s (wa, a5), {(Pas (Gs a> 9) (Re, (2,5; 5) }) 

the SNM soft payoffs of the game can be illustrated as in Table 3. 


TABLE 3. The tpSNM soft payofts of Player 1 


Orxy Ty v4 r5 
Ty {this (7 Sa5 ), (Ra, (55; { (fii, (5,5, 7)), (Ra, (A, 1, 1) } {(Ra, (5,3, 1)), (Re, ( ’ Aa) } 
ws {(ha, (3,3, 4), (fa, (3,3, {(fix, (7, §5 9), (fa, (3,3, 3))} {ia (4, a a)), (fia, (2,5, §)) 


Let us explain any component of this game. If Player 1 chooses x, and Player 2 chooses x4 then the 
value of game will be an SNM soft payoff yxy (#1, £4) =f ay (535, t)), (Ag, (1,1,1))}. Then, Player 
1 wins the set (of alternatives) {(f1, (5,5, t)), (hz, (1,1,1))} and Player 2 loses the same set. 
Similarly, if Player 2 creates the following tpSNM soft game 


((v1, 21), {(fr, (8, gs §))» (Ra, (7,9, 5))H), (x1, #4), (Ch, (G, 5,4), (a, (2, 4 @))})> 
Oexy = 4 ((#1, 25), (a, (3, 3, 8), (ha, (4, $5 8) Hs ((wa, 21), {(Ar, (3, 4, 3)» (2s (8,8, 9))}) 
((x3, 04), {(Pi, (1,5, 1)), (Ra, (4,3, 7))}), (wa, 5), {(Pa, (2, 2, 3)), (he, 1 spah 
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TABLE 4. The tpSNM soft payoffs of Player 2 


OF x<y ma vA x5 
Ty { (Fin, (8, 35 g))s (hea, (7, el {(f1, (4,554 ), (ha, (2, $) & { (Fin, (3, 55 §))s a, (4, Bs BF 
v3 { (hi, (3, 35 3))s (ha, ’ vot { (fx, (1,5, ), (Ra, (4,3, 7) ii { (Fin, (2,2, 4)), (a, (1, a, 5) } 


the SNM soft payoffs of the game can be tabularized as in Table 4. 

The component (x1,2%4) in this game (or the component in first row-second column of Ta- 
ble 4) can be interpreted that the value of game will be an SNM soft payoff OF xy (£1; £4) = 
{(hi, (G,5,4)), (Ra, (2, 4, z))} when Player 1 chooses x; and Player 2 chooses x4. Then, Player 1 wins 
the set (of alternatives) {(f1, (7,5, 4)), (he, (2, ¢, ¢))} and Player 2 loses the same set. 


Definition 4.8. Let 64.5) be an SNM soft payoff function of a tpSNM soft game O45. If the 


following properties are satisfied 
(1): 
{Max ptPaxy (te yi)}, 


er i€{1,2,.., 
UU, Oexa (ai, ys) = h, Pe a a Ua) be :hEH = Oe xy(£,Y), 


min ot oe 
a! Yvxyl tet 


(2): 
cin Pheer (ei ui) 


aor JE{A,2,.., 
(are xv (vi. 95) = h, Peru ec :REH = Ov xy (a, Y), 


max {o% —_ 
eee y;)} 


then Ov y(2; y) is named a simplified neutrosophic multiplicative soft saddle point value (SNM soft 
saddle point value) and (a, y) is called an SNM soft saddle point of Player r in the tpSNM soft game. 


Note that if (z,y) is an SNM soft saddle point of a tpSNM soft game Orxy then Player 1 can win 
at least by selecting the strategy x € ¥ and Player 2 can keep her/his loss to at most Oexy(@, y) by 
selecting the strategy y € Y. Hence the tpSNM soft saddle point is a value of the tpSNM soft game. 


Example 4.9. Let H = {hi, ha, hg, h4} be a set of alternatives and ¥ = {x 1, x2,73} and VY = {y1, yo} 
be the sets of the strategies Player 1 and Player 2, respectively. Then, tpSNM soft game of Player 1 


is presented as in Table 5. 


TABLE 5. The tpSNM soft game Oxxy of Player 1 


Oeny Yi y2 
v1 {(f1, (5,4, 3), (ha, (5,1, 1), (ha, (3, 3, 5), (Ras ($54,3))} — {(a, (3,4, $)), (Ra, (953, 3), (3, (BF 5)» (Ma, (1,4, D)} 
v2 £(0t, (5,2, 2) (Ra, 1g) (ia, (3, Gs g))> (a, (4,5, 4))} {C1 (3,3, $)), (Ra, (3,3, 4), (3, (2, Fs g))s (a (3, 95 3))} 
wz {(ha, (2,2, 5), (2, (4,4, #)), (a, (3, G3)» (Ra, (B, 5,3))} {C1 (5,3, 3), (a, (G4, 3)» (a, (4,5, 3), (a, (1,4, 1))} 
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Then, we have 


Ges Oe xy (i, 1) = {(A1, (5, 2, 3)); (ha, (5, Ls z)), (hg, (3, 5: $))s (ha, (4, é, a))} 
Upar Pb xy (in ya) = {(Ih1, (3,3, §)), (as (33; 4), (Pas (2, 3, 8)» (Pa (3, 3, 3) 
and 

(V4 Oxy (15 Ys) = {(h1, (3, 4, : » (he, (3, 3, 1 iy (hs, (4, a 5))s (ha, (4,4, 3))}, 
ee Oxy (25 Ys) a {(f, (3, 3, 5 ” (he, (3; 3, i))s (hs, (2, p as (ha, (3, i a))}s 
erm Ox yy(£3, Yj) > {(hi, (3, 3, $)), (he, (3,4, $))s (hs, (. 5, 5)); (ha, (3,4, Life 


iw) 


— 


Since ea Oey ri, y2)=(); 1 Ov xy (#2; Yj )=9¥ xy (2, yo); 
we say that Oxy (2, y2)={ (Ma, (3, 3, B))s (he, (3 3, ays (hs, (2, 5, B))s hg, (3, i a} is an SNM soft 
saddle point value of the tpSNM soft game. Hence, the value of the tpSNM soft game is 


{(hi, (3, 3, B))s (he, (5, 3, a))s (ha, (2, e B))s (ha, (3, ip 3))}- 


ees 


Note that every tpSNM soft game has not an SNM soft saddle point value. For instance, 
in Example 4.9, if {(f1, (3,3, $)), (M2, (5,3, 7)), (Ms, (2, 3, =), (ha, (5,5, $))} is taken instead of 
{(h1, (3,3, $)), (Re, (§, 3, F)), (As, (2, 3, #)), (Ra, (3, F, ))} in the SNM soft payoff Ov xy(£2, y2) then this 
tpSNM soft game has not an SNM soft saddle point value. If the saddle point cannot found for a tpSNM 
soft game then simplified neutrosophic multiplicative soft upper value and simplified neutrosophic mul- 
tiplicative soft lower value of tpSNM soft game may be used. These concepts are given in the following 


definition. 


Definition 4.10. Let Ox. be a tpSNM soft game with its SNM soft payoff function 6.3, where 
A SAG, StS 1D et and, Vy Sag 7g HL, 2 yet he. Phen; 
(a): SNM soft upper value of the tpSNM soft game, symbolized by Vy, is defined by 


Poet fame | 


Mi WU, Oxxo(a. Y5))) (9) 
(b): SNM soft lower value of the tpSNM soft game, symbolized by Vz, is defined by 
—~t hy 
ie Ui O21 xxv. Y5))) (10) 


(c): If the SNM soft upper value and SNM soft lower value of the tpSNM soft game are equal 
then these are called value of the tpSNM soft game, symbolized by V. That is, V = Vy = Vy. 


Example 4.11. Let us consider Table 5 in Example 4.9. Then, we have that the SNM soft upper 
value Vy and SNM soft lower value Vz, are equal, i.e., 
1 1 Ht 1 1 1 1 
Vy = Vz = {(Ai, (3,3, =)), (he, (=, 3, —)), (iz, (2, =, =)), (Ra, (3, =, = 
U L {( 1, (3, reds a(3, »g))s Ma, (235 E))s Aha, (3 75 3 
Therefore, we can say that the value of the tpSNM soft game is V = Vy = Vy. 
On the other hand, for the SNM soft payoff Oy xy(£2, y2) in Table 5, if 


))t 


{Fins (8,8, 3))s (has (G35 Z))s Was (2s ay ¢))s (its (8s 3s 5))} 
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is replaced by {(/1, (3,3, $)), (M2, (5,3, 7)), (Rs, (2, $, $)), (Ma, (5,5, $))} then we calculate the SNM soft 


upper value Vy and the SNM soft lower value Vz, as 
~2 ~3 
1 


Vu = (\ja1(U,-, xxv, vj)))= = {(ha, (3, 3, =) (he, (53 ’ py (hg, (2, * =) (ha, (4, 4, Dh 


pies see 1 laregs ies 1 
os ( 1 aye = = ey = Bs = 
Vi = OR a1 Orxy (Pi ¥5))) a {(fa, (3, 3, 5) (he, (393, py (hs, (2, Ce 5) (ha, (4,4, pit 
Thus, since Vy = Vz, we eee that the value of the tpSNM_ soft game Ol. y is 


{(fi, (3, 3, =); (he, (3,3 ’ 5), (hg, (2 ’ 3 =))s (ha, (A, 4, a))}. 
Theorem 4.12. Let Vy and Vz, be the values of SNM soft upper and SNM soft lower of a tpSNM soft 
game, respectively. Then, 


Vi CVy. (11) 


Proof. Suppose that Vy and Vz are the SNM soft upper and lower values a tpSNM soft game, respec- 
tively. Also, ¥ = {aj :i=1,2,...,t} and Y = {y;: j =1,2,...,t} are sets of strategies for Player 1 and 


Player 2, respectively. Then, we calculate 


max ( min {eaxy(#iryi)}): 


Ae i€{1,2,.. ot} j€{1,2,...0 
Vi = UO), Gx im) = h, se(h Bee ne “trvcytti is -hEH 
ict. erie wp hZExV (Pi Y)}) 
Pe uae Leaxy (tip, ¥i)}): 
C Tl oo {axy (Ping » Ya) }), ) REX 
Peruse Lox xy ips» ¥s)}) 
PXxY (Lip, Via)» 
Cc (s THY (Ling Yoon )1 ) nem 
TXKY (Ling » Yigg ) 
ee Loaxy ir Xia, ) }), 
e h, cue {tax (is Pie,) })s : REH 
en a NOs “Jas }) 
ey PRC aay tewxy (ei Us)d), 
: mJ camax (min | {raxy(osa))) hen 


Pe cca eae at {oxxy(2is yj) }) 


= ae (he (Oxxy(®i, ¥5))) 


where tp, , tp, tps € {1,2,...,¢} and jp:,Jpo,Jps € {1,2,...,v}. Hence, we have Vz C Vy. 
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Example 4.13. For the SNM soft payoff Oxy (x2, y2) in Table 5, we take 


1 1 1 1 1 1_1 
gi = eas h ae _ h Doe h > = . 
Xxxy (£2; Y2) {(h1, (3,3, 5 ))s{ 26(353) 7))s 4 3, ( rae) 4 (515, E))S 
Then, we obtain the SNM soft upper value Vy and the SNM soft lower value Vz, as 
e=0). [| (a ={(h Ae re este eae Pe futht 
US Ce xxy(isyj))) = {4 1; (3,3, =), { 2 (353, g))s 3, ( rare) 4, ( ) git 
and 
fae! whan 1 Tse, A ime! i. a 
=| | ( 1 aye = = cs, = Thien a = 
Vp = eat pay Ox xy (Fis ¥5))) = {(fa, (3, 3, 5))s (he, (33; py (hs, (2, 3” 5))s (Na, (54, rae 


It is clear that Vz C Vy. 


Theorem 4.14. Let Oxxy(x,y) be an SNM soft saddle point value, and Vy and Vr be the values of 
SNM soft upper and SNM soft lower of a tpSNM soft game, respectively. Then, 


Vi © Oxxy(a,y) CW. (12) 


Proof. It can be demonstrated using techniques similar to those in the proof of Theorem 4.12. 


Corollary 4.15. Let (x,y) be an SNM soft saddle point, and Vy and Vz, be the values of SNM soft 
upper and SNM soft lower of a tpSNM soft game, respectively. If Vy = Vr = V then 0xx (x,y) is 
exactly V. 


Example 4.16. Consider the SNM soft saddle point value in Example 4.9, and SNM soft upper value 
Vy and SNM soft upper value Vz in Example 4.11. It is obvious that the SNM soft saddle point value 
Oxy (a2; 2) is exactly V = Vy = Vy. 


Note that in every tpSNM soft game, the SNM soft upper value Vj; and SNM soft lower value Vz, cannot 
be equals. If Vy 4 Vz ina tpSNM soft game then we achieve the solution of game by using the following 
simplified neutrosophic multiplicative soft dominated strategy (SNM soft dominated strategy). 


Definition 4.17. Let Oxy be a tpSNM soft game with its SNM soft payoff function 0x. Then, 
(a): a strategy x; € ¥ is termed to be an SNM soft dominated to another strategy x, € % if 
Oxxy(te,y) © Oxxy(xi,y) for ally € Y, 
(b): a strategy yj; € Y is termed to be an SNM soft dominated to another strategy y € ) if 
Oxxy(x, yj) CS Oxxy(x, y) for all ae ¥. 
By using the SNM soft dominated strategy, tpSNM soft games may be reduced by deleting columns and 
rows, which are obviously bad for the player of game. This process of eliminating SNM soft dominated 
strategies sometimes leads us to a solution of a tpSNM soft game. This method of solving tpSNM soft 


game is named a simplified neutrosophic multiplicative soft elimination method (SNM soft elimination 
method). 


Now, let us solve the following tpSNM soft game by using the SNM soft elimination method. 
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Example 4.18. We consider Table 5 in Example 4.9. Since 04,5(21,yj) © Oyxy(x2,yj) and 
Ov xy (£3, Ui) Oxy (x2, y;) for all y; € Y, we can say that the strategy x2 dominates to the strategies 


x, and x3. That is, the first row and third row are deleted from Table 5, and so Table 6 are created. 


TABLE 6. The reduced tpSNM soft game eL. y for dominated strategy 2; 


Ovny Y1 Yy2 
v2 {(hi, (5,2, 3), (ha, (5,1, =)), (a, (3, 3, g)), (has (4, 3, 9) F {(hi, (3,3, 3), (ha, (§, 3, G)), (hia, (2, 3, )), (has (3, 3, 3) F 


Now, we consider Table 6. Since Oxy (#2, y2) ‘S Oxy (#2, Y1) for all x2 € X, we can say that the 
strategy y; is dominated by the strategy yo. Player 1 has SNM soft dominated strategy yo so that the 
strategy y, is eliminated. Thus, we delete the first column from Table 6 and present Table 7. 


TABLE 7. The reduced tpSNM soft game Oeny for dominated strategies x; and y; 


Ovreny Y2 
v2 {(fia, (3, 3, B))s (ha, (yids a) (hs, (2, = a))s (ha, (3, aS 3))} 


Consequently, the solution using tpSNM soft elimination method is (x9, y2), that is, the value of tpSNM 
soft game is O¥xy)(#2; 2) = {(fa, (3,3, *)), (ha, (3, 3, +)), (ha, (2, $, +)), (ha, (3, i; 5))}. 


Note that the tpSNM soft elimination method cannot achieve the solutions for some tpSNM soft games 
that do not have an SNM soft dominated strategies. In such cases, we can utilize simplified neutrosophic 


multiplicative soft Nash equilibrium (SNM soft Nash equilibrium) described in the following. 


Definition 4.19. Let 04,,.4, be a tpSNM soft game with its SNM soft payoff function 04, 5) (cea ya 
If the following properties are satisfied then (2*,y*) € Y x Y is called an SNM soft Nash equilibrium 
of a tpSNM soft game. 

(1): Oxy (is y*) G Oxy (a*,y") for all x; € &. 

(2): Oy y(2*, Ys) e Oy (a*, y*) for all y; € Y. 


Note that if (2*,y*) € ¥ x Y isan SNM soft Nash equilibrium of a tpSNM soft game, then Player 1 can 
win at least Oy y(a*, y*) by selecting strategy x* € 4X, and Player 2 can win at least Ox y(a*, y*) by 
selecting strategy y* € Y. Therefore, the SNM soft Nash equilibrium is an optimal action for tpSNM 
soft game, and so 64,,.5,(a*,y*) is the solution of the tpSNM soft game for Player r (r = 1, 2). 


Example 4.20. Assume that the tpSNM soft games of Player 1 and Player 2 are given as in Tables 
8 and 9, respectively. 


Each of tpSNM soft games Ohrny and Ory has not an SNM soft saddle point value and Vy ¥ Vz. 
Also, it is obvious that the tpSNM soft elimination method cannot be used for the solutions of these 
tpSNM soft games. 
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TABLE 8. The tpSNM soft game of Player 1 


Ovny YI y2 
ry { (Ai, (3, §; $))» (Ra, (4, 55 &))s (a, (2,2, 4)), (ha, (4,4, £))F {(ha, (4,5; %)); (ha, (1,4 1), (hs, ($13, 5), (has (4545 §))F 
x2 {(fir, (3, a 4) (ha, (4, ,3)), (fia, (5,4, &))s (ha, (5,1, 1))} {(ha, ($555 5))s (ha, (1 4 1)) (hs, (3,4, £)), (Ra, ($53, $))} 
v3 {(hi, (3, 2,2), (Ra, (2, Bs G))> (Rs, (5; 2, 3), (has (5,1, 8) } {(hi, (2, 5, 5)» (ha, (3; $5 3) (ha, (3,3, #)), (ha, (3,3, =))F 

TABLE 9. The tpSNM soft game of Player 2 

Oxxy Y1 y2 
v1 {(P1, (4, 31)» (Ra, ($54, 3)), (a, (G54, £)), (Ma, (5,2, §))} {(f1, (3, = +))s (ha, (4, 2, a) (Ma, (3, 5), (ha, (2, 5, 3))F 
x2 { (Ra, (52,1), (he, (2, 3, $))s (ha, (1, $, 4); (ha, (2, 3, 3))} {(fi1, (1, 1, $)), (Ra, (3, 2, 4))s (his, (3, 5; 3), (Ra; (2, 5, 4))} 
v3 {(ha, (2, 4) 5)), (ha, (5,1, §) (hg, (1,1, 1)), (Aa, (5,1,1))} { (fa, (4, 1) (ha, (5, 1, §))s (Aa, (3, 3, 3), (ha, (2,5, 9))t 


From Tables 8 and 9, we have 
(1): Oxy (is Y2) Cc Oxy (a3; 2) for all x; € X. 
(2): O43 (3, Ys) Cc 03 -.yy (a3; Y2) for all y; € Y. 
Then, (#3, y2) € ¥ x Y is an SNM soft Nash equilibrium. Hence, 


O(a yo) = {hry (25 55 3))s (Ras (8, 3s g))s (ss (8,3, =))s (Ras (5,3, 9))} (13) 
and 
O20, Yo) = {hrs (4s zs g))s (Mas (8,1, 5))s (ss (8s 5s g))s (Pas (2555 9))} (14) 


are the solutions of the above tpSNM soft games for Player 1 and Player 2, respectively. 


4.2. Applications of Two Person Simplified Neutrosophic Multiplicative Soft Games 


This part presents an example to illustrate the solution procedures (SNM soft saddle point method 


and SNM soft elimination method) of a tpSNM soft game and also gives comparison implementations. 


Example 4.21. Assuming that the demand for beverages in the market is essentially the same, 
Beverage Company I (Player 1) and Beverage Company II (Player 2) want to increase their mar- 
ket share. These companies have a set of different beverages as H = {hi = coke, hg = lemonade, h3 = 
concentrated drink}. To achieve their goal, they come up with three alternative marketing strategies: 
reducing-price (x1), advertising investment (22) and lagnappe (3). 

Suppose that Beverage Company I (Player 1) chooses the strategies 71, rg and x3, i.e., ¥ = {21, £2, x3}, 
and Beverage Company II (Player 2) chooses the strategies x; and 29, i.e., Y = {21,22}. Due to the 
vagueness and indeterminacy of information, Beverage Company I and II can use simplified neutro- 
sophic multiplicative values to represent the payoff for any one of the marketing strategies. The SNM 


soft game of Beverage Company I are considered in Table 10. 
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TABLE 10. The tpSNM soft game of Beverage Company I 


Oveny ry x2 
ty { (Fin, (4, 5, g))s (a, (2,2, 5)), (ia, (7,55 5) {Fs (4, 5, §)), (as (2,2, §)), (Fis, (7,1, §))} 
to { (fr, (4,2, 3), (as (1,4, §)), (Az, (3, 5, 3) (CA, (3, 2, $)), (as ($53, 5)), (fia, (4,1, §))F 
wz {(Fa, (1, 5,5): (Ra, (2,4, 5), (a, (9, gO) {Ua (2, 5, 3))s (Ras (2,2, 5)), (a, ($,1,4))} 


In Table 10, we can explain the action pair (21,22), if Beverage Company I (Player 1) se- 
lects the strategy reducing-price (x,) when Beverage Company II (Player 2) selects the strat- 
egy advertising investment (x2) then the SNM soft payoff of Beverage Company I is a set 
Oxy (#1; ©2) = tA i 5)» (a, (2,2, €)), (fis, (7, 1, §))}- In such case, Beverage Company I in- 


929°6 
creases sale of {(/1, (4,5, %)), (a, (2, 2, £)), (Ag, (7,1, $))} and Beverage Company II decreases sale of 


{(Fi, (4,3, g))» a, (2,2, 5), (Ra, (7,1, g))}- 

Now, we ready to solve this tpSNM soft game. 

It is easily seen from Table 10 that the strategy x; dominates to the strategy x2 since Oe xy (£2, te) 
ee y(%1, xj) for all; € Y. That is, the second row is dominated by the first row. Deleting the second 
row from Table 10, we obtain Table 11. 


TABLE 11. The reduced tpSNM soft game of Beverage Company I 


Oveny Ly v2 
Ty { (Fa, (4, 55 §))s (a, (2,2, &)), (Rs, (7; Ss 5 { (Ra, (4,5, g)), (Ra, (2, »=))s (hs, (7,1, §))$ 
U3 {(F1, (1, 3, 5)), (ha, ’ 5 3))s (his, ($59 )} { (Fin, (2, 55 3))s (Ra, (2, 13) (hs, (F, 1, 4))} 


In Table 11, there is no another SNM soft dominated strategy. Now, we try to find the SNM soft 
saddle point value by using the SNM soft saddle point method. 


Use(1.3} 9xxy (i, 1) = {(fi, (4, 3 3))s (he, (2, 2, B))s (hs, (7, $; $))} 


Vier 3) 9X xy (ai: r2) = {(fa, (4, 5, *)), (ha, (2, 2, t)), (he, ee 1, t))}, 
and 


Nye ta.238xxy(T1 5) = {(hi, (4, $5 t)), (he, (2, 2, t)), (hs, CG, Ly &))} 

Nye 1,2 Oxy (a3, £5) _ {(fi, (1 5 3))s (he, (2,4, 5))s (hs, (5 1). 
{1,2} S 

Since Vier 33 94x (ti, £2) = Nie.23 OX xy (a1, 25) = Oyxy(£1, £2), the optimal strategy of the game 


is (v1, 22). Hence, the value of tpSNM soft game is {(f1, (4, 5, )), (ha, (2,2, $)), (Ms, (7, 1, $)) F- 


Comparison and Discussion: In 2016, Deli and Cagman [10] published a seminal paper on 
soft games and thus took the first step to the application of soft sets in decision mak- 
ing based on game theory. Now, we consider the application (Table 10) in Section 4 of 
[10]. If the calculations are made by respectively corresponding to 0xxy(xi,yj;) = (u, (9,4, 4)) 
and Oxxy(ri,yj;) = (u, (§,9,9)) when u € fs,(xi,yj) and u ¢ fs,(ai,y;), then we obtain 
that the optimal strategy of game (described in [10]) is (x3,y3) and the value of game is 
{(utr, (9, 4, 3)), (ua, (9, 3, 8))s (teas (9, 3, 8)), (as (4,9, 9)), (t55 (2,9, 9)), (ts, (4,9, 9)), (wer, (4,9, 9)), (ts, (2,9, 9))}- 
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Thus, it is obvious that similar results are obtained. Also, the applications of fuzzy soft games can 
be adapted by deriving new comparison methods between 0 — 1 and $ — 9 scales similar to matches 
between 0 — 1 and $ — 9 scales given in Table 1 in the Introduction section. The tpSNM soft games 
proposed in this study use the é — 9 scale instead of the 0 — 1 scale used for fuzzy (intuitionistic 
fuzzy /neutrosophic) soft games, and therefore may be advantageous in some cases. Consequently, we 
can say that the tpSNM soft games present the solutions to the soft games where alternatives are 


evaluated with truth, indeterminacy, falsity values scaled between 4 — 9 with respect to the strategies. 


5. n-Person Simplified Neutrosophic Multiplicative Soft Games 


In this section, we introduce some fundamental concepts of n-person simplified neutrosophic multi- 


plicative soft games. 


In many stages of the real-world, the SNM soft games can also be played between more than two 
players. To propose the solution procedures for these games, we describe n-person SNM soft games by 


extending the tpSNM soft games as follows. 


n 
From now on, [| ¥, = % x 4x... x Xp. 
r=! 
Definition 5.1. Let S be a set of strategies and 1, %2,...,, CS where 4%, is the set of strategies 
of Player r (r = 1,2,...,n). Then, for each Player r, an n-person SNM soft game (npSNM soft game) 
can be defined by an SNMSS over H as follows. 


L1,22,+.-,2n) € P(H)} 


OC", = {((x1,@2,...,2n), 0" (11,22, -,Un)) 2 (€1,0a,-,2n) € II eek ‘ ( 
r=1 r= 


Tl 4%, iNet 


where 6”, is a SNM soft payoff function of Player r. 


r 
r=1 


The npSNM soft game is played as below: at a certain Player 1 selects a strategy 7, € 7, and 
simultaneously each Player r (r = 1, 2,...,8) selects a strategy x, € 4X, and once this is done each 
Player r receives the SNM soft payoff 0", (#1, £2, ..., @n). 

I] « 


T 
T=) 


Definition 5.2. Let 0”, be an npSNM soft game with its SNM soft payoff function 6”, for 
II *; II *; 


r=1 r=1 
r = 1,2,...,n. Then, a strategy x, € 4%; is said to be an SNM soft dominated to another strategy 
xe X,, if 


Tr ka 
oe 2 BT OO kg ee Oy Pa ity ees) oe 7 (Gi, toy eS ee a Oy ee 
7". Tr 
1 


r= rt 


for each tg € Xq of Player g (¢ = 1,2,...,.r-—1,r+1,...,n), respectively. 
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Definition 5.3. Let 6", be an SNM soft payoff function of an npSNM soft game ©”,, ._ If for 
I] 
r=1 r=1 


each Player r (r = 1,2,...,n) the following property are provided 


Tr ok ok ok ok ok ie ok ok ok ok ok ok 

oe io (payee Ao ea ee, a 7 Cee Peer an es ee serie ea | 
Tr 5 6 

r=1 


r=1 


n 
for each x € %,, then (27, x5,...,2%) € [] 4, is termed to be an npSNM soft Nash equilibrium of an 
r=1 


npSNM soft game. 


6. Conclusions 


In this paper, the concept of SNMSS was introduced and their fundamental operations such as in- 
tersection, union, complement, And-product, Or-product and cartesian product were presented. The 
desirable properties of the emerged operations of SNMSSs were investigated in detail. By using SNMSS 
operations, the fundamentals of SNM soft games were studied. The proposed SNM soft game schemes 
were illustrated by an example regarding the strategy problem. In the near future, it is expected 
that the approach of SNMSS will advance in several directions such as new operations, measures of 
similarity, distance and entropy, correlation coefficients, algebraic and topological structures, and thus 
contribute to many research areas both theoretically and practically. By applying SNM soft games to 


problems in different fields, their success in practice may be illustrated. 
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Abstract: In this paper, the new concept Topologized domination on Neutrosophic Graphs is introduced. 
The idea of N-Top domination is discussed in cycle, path, complete graph, star graph. The basic properties of N-Top 
dom set, N-Top minimum dom set, N-Top minimal dom set are introduced and N-Top dom number is also established 
with some necessary examples. 


Keywords: N-Top dom set, N-Top minimum dom set, N-Top minimal dom set, N-Top dom number. 


1 Introduction 


The concept of topologized graph was introduced by Antoine Vella in 2005 [1]. Antoine Vella 
extended topology to the topologized graph by the 5; space and the boundary of every vertex and edges of a 
graph G.. The space is called S; space if every singleton in the topological space either open or closed. Chang 
[5] introduced the concept of the notion of fuzzy topology.In 2017,topologizd graph extended to Topologized 
bipartitie graph Topologized Hamiltonian and complete graph by vimala.s et al [13,14]. Ore [9] introduced the 
concept of theory of domination of graph.In 1997 T.Heynes , S. Hedetniemi and P. Slater published the book, 
”Fundamentals of domination in graphs” [6]. After this publication there has been a rapid growth of research 
on this area and a wide variety of domination parameters have been introduced. 
Bhuvaneswari et. al [4] handled the concept of topologized domination in graph and explained some of its 
properties.Smarandache[10] was first person introduced the idea of neutrosophic theory. He discussed some 
types of neutrosophic sets like Over, Under/Off sets etc.,[12]. He extended work on HyperGraph to 
n-SuperHyperGraph and to Plithogenic n-SuperHyperGraph, and Extension of HyperAlgebra to n-ary 
(Classical-/Neutro-/Anti-) HyperAlgebra[11].Smarandache has introduced in 2020 the n-SuperHyperGraph, 
with super-vertices [that are groups of vertices] and hyper-edges defined on power-set of power-set... that is 
the most general form of graph as today, and n-HyperAlgebra. A SuperHyperGraph, is a HyperGraph (where 
a group of Edges form a HyperEdge) such that a group of vertices are united all together into a SuperVertex 
like a group of people (=vertices) that are united all together into an organization (=SuperVertex) ;and further 
on the n-SuperHyperGraph where many groups (=SuperVertices) are united all together to form a group-of- 
groups (called 2-SuperVertex, or Type-2 SuperVertex ), then a group of Type-2 SuperVertices forms a Type-3 
SuperVertex, ..., and so on up to Type-n SuperVertex, for any n 1, which better reflects our reality. Later 
Narmada Devi[7,8] worked on new type of neutrosophic off graph and minimal domination via neutrosophic 
over graph. In this article, the novel of topologized domination of N-graphs are developed and some of its 
interesting properties are established. 
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2 Preliminiaries 


Definition 2.1. [4] A topologized graph is a topological space .# such that 
(i) every singleton is open or closed 
(ii) Vh € #, |(h)| < 2, since 0(h) is denoted by the boundary of a point h. 


Definition 2.2. [8] A set .Y of vertices of Y is said to be a top domination set -Y if Y is a top graph and every 
vertex in V(Y)) — .Y is adjacent to atleast one vertex of in .%. 


Definition 2.3. [8] The minimum cardinality among all the top dom set of Y is called the top dom number of 
G and it is denoted by Ty(¥). 


Definition 2.4. [8] A Ngraph is a pair Y = (P,Q) of acrisp graph Y* = (V, F) where P is Nvertex set in V 
and Q is a Nedge set in E such that 


(i) Zo (mim;) < Fp (mi) A Fp (m;) 
(ii) IQ (mym,) < Lp (m;) /\ Lp (m,;) 


(iii) Fa (mym,;) > Tp (m;) V Tp (m,;) (m;,m,;) ECF 


3  Neutrosophic Topologized Domination Graphs 


An important concept of N-Top dom in graphs with suitable examples are discussion this section. 
Throughout this paper Y* = (V, F’) denotes a crisp graph and Y = (P,Q) a Ngraph. 


Definition 3.1. A Ngraph Y is called N-Top graph if Y* satisfy the following condition 
(i) every singleton is open or closed 
(ii) Vh € #, |0(h)| < 2, since 0(h) is denoted by the boundary of a point h. 


Definition 3.2. A set .Y of vertices of Y is said to be N-Top dom set in Y if Y is a N-Top graph and every 
vertex in V(Y)) — SH is adjacent to atleast one vertex in .Wat the degree of truth, indeterminacy and falsity- 
membership belongs to [0,1] such that 0 < %p(m) + %p(m) + Fp(m) < 3, Vm eV 


Example 3.1. 


(0.7,0.4,0.3) (0.6,0.2,0.5) (0.5,0.2,0.9) 


@ (0.5,0.2,0.6) @ (0.4,0.1,1) © 


Figure 1: S3—star graph 


Let # = {a4, do, a3, (0.5, 0.2, 0.6), (0.4, 0.1, 1)} be a topological space defined by the topology tT = 
{H,0, {a1}, {a2}, {a3}, {a1, a2}, {a1, a3} , {a2,a3}}. Here for every {h} € # is open or closed and 
|S(h)| < 2. By the definition of 3.1, ¢Y = (P,Q) is N-Top graph. Also N-top dom sets by J, = {a2} 
and Do = {ai, a3}. 
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Theorem 3.1. Let Y be a N-Top graph with atmost degree two. If .Y is a top dom set of Y, then it is a N-Top 
dom set of . 

Proof: 

Let # be a topological space with topology 7 defined by V U EF. Since every singleton set is open or closed 
and Y is a N-graph where the truth, indeterminacy and falsity membership function with unit interval [0, 1] 
such that 0 < %p(m) + %p(m) + Fp(m) < 3, Vm © V and atmost degree two. Hence |d(h)| < 2. This 
implies that Y is N-Top graph. Let .Y be top dom set then every vertex in V(Y)) — Y is adjacent to atleast 
one vertex of .Y thus implies that .Y is a N-Top dom set of 4. 


Example 3.2. 


(0.4,0.7,0.3) (0.2,0.5,0.8) 
(0.1,0.4,0.8) 


(0.3,0.5,0.4) 
(0.2,0.4,0.9) 


(0.1,0.4,0.2) 
(0.6,0.5,0.2) (0.3,0.9,0.1) 


Let a1, d2,a3 and a, denote the vertices and (0.1, 0.4,0.8), (0.2,0.4,0.9), (0.1,0.4,0.2), (0.3, 0.5, 0.4) 
denote the edges which are labelled f(0.1,0.4,0.8) = {a1, a2}, f(0.2,0.4,0.9) = {a2, a3}, f(0.1,0.4,0.2) = 
{a3, ag}, egteae 0.5, 0.4) = {a4, ay}, 

Let a1, d2,a3 and a, denote the vertices and (0.1,0.4,0.8), (0.2,0.4,0.9), (0.1,0.4,0.2), (0.3, 0.5, 0.4) 
denote the edges. 

Let H = {a4, a2, a3, a4, (0.1, 0.4, 0.2), (0.3, 0.5, 0.4), (0.1, 0.4, 0.8), (0.2, 0.4, 0.9) } be a topological space 
defined by the topology 


‘oe { #, 0, {ai} ’ {a2} ’ {a3} ’ {aa} ’ {a1, ag} ’ {a1, a3} ’ {a1, aa} ) {@2, a3} ) { a2, aa} ’ {as, as} ’ 
{01, A2, 43}, {@1, G2, aa}, {a2, a3, G4}, (1, a3, aa} \ 


Here for every {h} € # is open and |O(h)| < 2. We have O(a,) = {a2,a4}, O(a2) = {a1,a3}, O(a3) = 
{a2, a4} and O(a4) = {a;, a3} with |0(h;)| = 2 where i = 1, 2,3, 4. 

Hence this graph is a N-Top graph. 

Then D = {aj,a3} and {a2,a4} is a N-Top dom set in V whose maximum and minimum degrees of 
T,I,F respectively. 


Fa | Fa| Fa 
a, | 0.4 | 0.7 | 0.3 
ay | 0.2 | 0.5 | 0.8 
az | 0.3 | 0.9 | 0.1 
a4 | 0.6) 0.5 | 0.2 


a1Qaq | A2A3 |} A304 | A4qa, 


| 
| Fnim; = max (m,,m,;) | 0.4 | 0.3 | 0.6 | 0.6 
| 
| 


Imo, = max (m;,m;) | 0.7 | 0.9 | 0.9 | 0.7 
Fmcm, =min(m,m;) | 03 | 0.1 | 01 | 02 
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a,a2 | A243 | A3aq4 | A4a, 
Frcm, =min(m,,m;) | 02 [02 | 03 | 04 
Imm, =min(m;,m,;) | 0.5 | 0.5 | 05 | 05 
Fmiom;, = max (m;,m;) | 0.8 | 0.8 | 0.2 | 0.3 


Therefore this graph is N-TOP dom graph. 


Definition 3.3. A dominating set .Y of the N-Top graph @ is said to be a minimal N-Top dom set if for every 
vertex vin Y , Y% — {v} is not a of .Y is a N-Top dom set. i.e., no proper subset of .Y is a N-Top dom set. 


Example 3.3. From Example 1, {a;, a3} is N-Top minimal dom set but which is not a N-Top dom set. 


Theorem 3.2. Let Y be a N-Top graph with atmost degree two. If .Y is a N-TOP minimum dom set, then D 
is a N-Top minimal dom set. 
Proof: 

Let # be a topological space with topology 7 defined by V U E. 

Since every singleton set is open or closed and Y is a N-graph where the truth, indeterminacy and falsity 
membership function with unit interval [0,1] such that0 < %p(m) + %p(m) + Fp(m) < 3, Vm € V and 
atmost degree two. Hence |d(h)| < 2. This implies that Y is N-Top graph. 

Let .Y be a top minimum dom set. Then every v € .%,.% — {v} is not a top dom set which implies that 
SF is a N-Top minimal dom set. 


Remark 3.1. The converse of the above theorem need not by true. Since every graph need not be a N-Top 
graph. Consider the following example. 


Example 3.4. Let Y be a N complete graph K‘, with 4 vertices. 


(0.6,0.2,0.5) 


2) (0.1,0.5,0.6) So 


(0.1,0.9,0.3) (0.3,0.7,0.4) 


Figure 2: 1.4 N-complete graph 


Here every singleton sets are minimum dominating sets. Clearly the complete graph Kr‘, is not a N-Top 
graph, since n > 4. Then the a N-Top dom set does exits.Then the dom sets need not be a N-Top dom set. 
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Lemma .1. Let P,, be a N-path with n vertices which is a N-Top graph. Then the N-Top dom number is 
Ty(Pa) & [n/3]. 


Example 3.5. 


(0.2,0.4,0.7) (0.1,0.3,0.6) (0.2,0.5,0.9) 


(0.3,0.1,0.9) 


(0.7,0.4,0.6) (0.3,0.5,0.1) (0.2,0.8,0.5) (0.4,0.7,0.8) (0.5,0.1,0.9) 


Let a1, @2, a3, a4 and as denote the vertices and (0.2, 0.4, 0.7), (0.1, 0.3, 0.6), (0.2, 0.5, 0.9), (0.3, 0.1, 0.9) 
denote the edges which are labelled f (0.2, 0.4, 0.7) = {a1, a2}, f(0.1, 0.3, 0.6) = {a2, a3}, f(0.2,0.5,0.9) = 
{a3, aa}, f(0.3,0.1,0.9) = {a4, as}, 


Let #2 = {a1, a2, 03,04, ds, (0-2, 0.4, 0.7), (0.1, 0.3, 0.6), (0.2, 0.5, 0.9), (0.3, 0.1,0.9)} be a topological 
space defined by the topology 
= { #, 0, {a1} ’ {dg} ’ {as} ) {a4} ’ {as } ’ {a1, ay} ; {a1, a3} ’ {a1, a4} ’ {a1, as} ’ {do, a3} ’ {do, a4} ’ 
{ao, as } ’ {a3, a4} ’ {a3, as } ’ {aa, as} ; {a1, a2, a3} ) {a1, a2, a4} ’ {a1, a2, as} ’ {do, a3, a4} ; 
{d2, 43,45}, {@3, G4, a5}, {@1, @2, @3, Qa}, {@1, A2, 43, As} \ 


Here for every {h} € # is open and |0(h)| < 2. By the definition 3.1,it is a N-Top graph. 
Then .Y = {do, a5} isa N-Top dom set in V whose maximum and minimum degrees of 7, .%,-¥ respectively. 


ay ag a3 a4 a5 a,aq | A2A3 | A3A4 | A4a5 
Fa | 0.7 | 0.3 | 0.2 | 0.4 | 0.5 Z_(min) | 0.2 | 0.1 | 0.2 | 03 
£4 |04) 0.5 | 0.8 | 0.7 | 0.1 Yp(min) | 04 | 03 | 0.5 | O01 
Fa | 0.6 | 0.1 | 0.5 | 0.8 | 0.9 Fp(max) | 0.7 | 0.6 | 0.9 | 0.9 


a ,a2 | A2a3 | A3Aq4 | A4a5 
F3(max) | 0.7 | 03 | 04 | 05 
(max) | 0.5 | 0.8 | 0.8 | 0.7 
F,(min) | 0.6 | 0.5 | 0.8 | 0.9 


The N-Top dom set is Y = {do, a5}. 


T(Ps) = [5/3] = [1.666] = 2. 
Therefore this graph is N-Top dom graph. 


Example 3.6. 


(0.6,0.7,0.3) (0.4,0.2,0.6) (0.5,0.3,0.1) (0.9,0.2,0.6) (0.3,0.4,0.5) (0.1,0.6,0.8) (0.3,0.5,0.6) 
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Let a1, dz, A3, 44, 25, ag and a7 denote the vertices and (0.3, 0.2, 0.6), (0.2, 0.1, 0.6), (0.5, 0.2, 0.8), (0.1, 0.2, 0.7), 
(0.1, 0.3,0.9), (0.2, 0.4, 0.8) denote the edges which are labelled f (0.3, 0.2,0.6) = {a1, a2}, 
f(0.2,0.1,0.6 = {az, a3}, f(0.5,0.2,0.8) = {as, a4}, f(0.1, 0.2, 0.7) = fa4,as}, f(0.1, 0.3, 0.9) = {as, as}, 
f (0.2, 0.4, 0.8) = {ag, a7}, 


Let # = {ay, a2, a3, a4, G5, 46, 27, (0.3, 0.2, 0.6), (0.2, 0.1, 0.6), (0.5, 0.2, 0.8), (0.1, 0.2, 0.7), (0.1, 0.3, 0.9), 
(0.2, 0.4, 0.8)} be a topological space defined by the topology 


T= { 2%, 0, {a} ; {d, a3} ; {a4} , {as, ag} 5 {a7} 7 {a1, ag, a3} 5 {ai, a4} 5 {a1, a5, ag} 5 {ai, a7} 7 


{a2, 43, a4} , {a2, a3, a5, a6}, {d2, a3, a7}, {a4, a5, a6}, {a4, a7}, {a5, a6, a7}, {a1, a2, 43, a4}, 
{d1, A2, a3, a5, dg}, {G1, G2, a3, a7}, (1, A2, a3, a5, ag}, {a1, G2, 3, G4, 5, a6} , {A1, A2, a3, A4, a7}, 
{d1, A2, 43, As, ag, a7}, {41, A4, ds, ag} , {A1, a4, Oz}, {a1, a4, a7}, {a1, G4, G5, Ag, a7}, 

{a1, 42, 43, G4, A5, Ag}, {A1, G2, a3, G4, a7} , {A2, a3, G4, G5, Ag, a7}, {a2, a3, G4, 7}, 

{a1, 42, G3, 45, Ag, a7}, {a4, 5, ag, a7}, {A2, a3, G5, Ag, a7}, {A2, a3, G4, G7}, {2, 03,4, 45, a6}, 


{a1, 45, Ag, 07}, {A1, @4, 47}, {@1, G4, a5, 46} , {G1, Ag, 44, A5, U6, 7} , {A1, A2, G4, A5, 46, a7}, 
{A1, 2, 43,44, 46, a7} , {@1, Az, @3, A4, 45, a7}, \ 
Here for every {h} € # is open or closed and |0(h)| < 2. By the definition of 3.1,it is a N-Top graph. 


Then .Y = {do,a5,a7} is a N-Top dom set in V whose maximum and minimum degrees of 7,.%,F 
respectively. 


ay ag a3 a4 a5 a6 az | a,a2 | A203 | A3QA4 | A4a5 | A5a6 | Aga7 
Tp | 0.6 | 0.4 | 0.5 | 0.9 | 0.3 | 0.1 | 0.3 | Zo(max) | 0.6 | 0.5 | 0.9 | 0.9 | 0.3 | 0.3 
Lp | 0.7 | 0.2 | 0.3 | 0.2 | 0.4 | 0.6 | 0.5 | Yq(max) | 0.7 | 0.3 | 0.3 | 04 | 0.6 | 0.6 
Fp | 0.3 | 0.6 | 0.1 | 0.6 | 0.5 | 0.8 | 0.6 | Fog(min) | 0.3 | 0.1 | 0.1 | 05 | 0.5 | 0.6 


a1Q2 | A203 | A334 | A4a5 | A5Ag | Aga7 
ZF (min) | 04 03 | 0.5 | 03 | 01 | O1 
Fo(min) | 0.2 | 01 | 02 | 02 [04] 05 
Fo(max) | 0.6 | 0.7 | 08 | 06 | 08 | 09 


Thererfore N-top dom set is .Y = {ao, a5, a7}. 
r,(Pr) = [7/3] = [2.333] > 2. 


Lemma .2. Let @, be a N-cycle with n—vertices which is a N-Top graph. Then the N-Top dom number 
r(x) > [n/3]. 


Example 3.7. 
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(0.3,0.5,0.7) (0.2,0.8,0.1) 
(0.1,0.3,0.7) 


(0.4,0.2,0.7) 
(0.5,0.4,0.6) (0.9,0.2,0.5) 


Let a1, dz, 43, G4, ds and ag denote the vertices and (0.1, 0.3, 0.9), (0.2, 0.1, 0.7), (0.5, 0.2, 0.1), (0.4, 0.2, 0.7), 
(0.5, 0.3, 0.8), (0.3, 0.5, 0.7) denote the edges which are labelled f (0.1, 0.3, 0.9) = {a1, a2}, 


f (0.2, 0.1, 0.7) = {ag, a3}, f (0.5, 0.2, 0.1) = {a3, a4}, f (0.4, 0.2, 0.7) = {a4, as}, f (0.5, 0.3, 0.8) = {as, ag}, 
f (0.3, 0.5, 0.7) = {ag, ay}, 


Let # = {a1, ao, 43, G4, Gs, a6, (0.1, 0.3, 0.9), (0.2, 0.1, 0.7), (0.5, 0.2, 0.1), (0.4, 0.2, 0.7), (0.5, 0.3, 0.8), 
(0.3, 0.5, 0.7)} be a topological space defined by the topology 
r= {9,0 {ar} {a2}, {as}, {aa}, fas} {as}. 


{a1, a2} ) {a1, a3} , {a1, a4} ) {a1, as} ) {a1, ag} ) {a2, a3} ) {a2, aa} ) {a2, as} ) {a2, ag} ) {a3, aa} ) 
{a3, a5}, {a3, a6}, {a4, a5}, {a4, a6}, {a5, a6} , {a1, a2, a3}, {@1, G2, a4}, (a1, a2, a5}, {a1, a2, a6}, 
{a1, 2, 43, a4}, {1, 2, 43,45}, {a1, Az, 3, a6}, {G1, G2, a3, 4, a5}, {G1, G2, a3, A4, a6}, 

{a2, a3, a4}, {a2, a3, a5}, {a2, a3, ag} , {a3, a4, 45}, {a3, a4, a6}, (a4, a5, ag}, {a2, a3, a4, a5}, 


{d2, 43, a4, ag}, {G2, A3, A4, 45, 46} , {Q1, 43, A4, G5, Ag}, {41, Go, M4, 45, a6}, {Q1, A2, a3, ds, ag}, 
{a1, a2, 43, M4, as} ) {a3, 4,45, ag} , {aa, a4, 45, ag} ) {aa, a3, G4, ag} , {aa, a3, G4, as} , {a3, a5, ag} \ 


Here for every {h} € # is open and |d(h)| < 2. By the definition of 3.1, it is a N-Top graph. 


Then .Y = {a3, ag} is a N-Top dom set in V whose maximum and minimum degrees of 7,-%,-¥ respec- 
tively. 


a, | G2 | a3 | G4 | as |] a 
Tp | 0.3 | 0.2 | 0.6 | 0.9 | 0.5 | 0 
Lp | 0.5 | 0.8 | 0.4 | 0.2 | 0.4 | 0 
Fp | 0.7 | 0.1 | 0.7 | 0.5 | 0.6 | 0 


a1Qaq | A203 | A304 | A4a5 | A5aA6g | Aga, 


| 
| Zo(max) | 03 | 06 | 0.9 | 0.9 | 08 | 07 


Fo(max) | 08 | 08 | 03 | 05 | 04 | 05 
F (min) | 01 | 01 | 05 | 05 | 01 | O01 


Fo(max)| 07 | 0.7 | 08 | 07 108 | 07 
Therefore N-Top dom set is .Y = {a3, ag}. 


(Cs) = [6/3] =2. 
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Lemma .3. Let (.%,,) be a N-complete graph with n—vertices (n = 2,3) which is a N-Top graph. Then the 
N-Top dom number 7,(.%,,) = 1. 


Example 3.8. 


(0.5,0.4,0.7) 


(0.05,0.4,0.8) 
(0.1,0.9,0.2) 


(0.3,0.6,0.8) 

Let a1, a2 and a3 denote the vertices and (0.1, 0.4, 0.9), (0.05, 0.4, 0.8), (0.1, 0.3, 0.8) denote the edges 
which are labelled f(0.1,0.4,0.9) = {a1, a2}, f (0.05, 0.4, 0.8) = {a2, a3}, f (0.1, 0.3,0.8) = {a3, ar}, 

Let # = {a4, a, a3, (0.1, 0.4, 0.9), (0.05, 0.4, 0.8), (0.1, 0.3, 0.8)} be a topological space defined by the 
topology 


ie { 2, D,{ai}, {a2}, {az}, {a1, a2}, {a1, a3}, {a2, as} \ 


Here for every {h} € # is open and |d(h)| < 2. By the definition 3.1, it is a N-Top graph. 
Then .Y = {a,} and {a2a3} is a N-Top dom set in V whose maximum and minimum degrees of 7, .%, .F 
respectively. 


at a2 a3 | a a2 | A283 | A3Qa1 aya2 | A243 | A301 | 
T'4 | 0.5 | 0.3 | 0.1 | TZp(max) | 0.5 | 0.3 | 0.5 Fo(min) | 0.3 | 0.1 | 0.1 | 
I, | 0.4 | 0.6 0.9 | Yp(max) | 0.6 | 0.9 | 0.9 Yo(min) | 0.4 | 0.6 | 0.4 | 
F', | 0.7 | 0.8 | 0.2 | Fp(min) | 0.7 | 0.2 | 0.2 Fg(max) | 0.8 | 0.8 | 0.7 | 
Therefore N-Top dom set is .% = {a,}, whose top dom number is given by 
Ty (43) = 1. 


Remark 3.2. The interrelationship among N-Top dom set as given below 


a SS 


N-Top minimum dom set N-Top minimal dom set 


N-Top dom set 


4 Conclusion 


This paper has focused on calculating the dominating number of N-Top graph G by using top domination 
conditions.The Top dom condition is introduced in new method to find the domination number. The N-Top 
domination for some standard N-graphs such as a path,cycle are specified.The future study can be continued 
by forming different types of N-Top domination set with various applications. 
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Abstract: Neutrosophic over set can deal with the uncertainties related to the information of any decision making 
problem in real life scenaries, where fuzzy set may fail to handle those uncertainties properly. The study on presented 
in this *Neutrosophic Over topologized domination graphs” and also classification in different frame are discussed. The 
idea of NOver Top-dom set, NOver Top-minimum dom set, NOver Top-minimal dom set and NOver Top-dom 
number are introduced and necessary examples are established. In any neutrosophic over decision-making problem, 
the decision maker use the comparision of neutrosophic over number to choose alternative solutions. 


Keywords: NOver Top-dom set, NOver Top-minimum dom set, NOver Top-minimal dom set, NOver Top-dom 
number. 


1 Introduction 


The uncertainty theory plays an influential role in handling various real-life models in the field of 
science and engineering, In the current era, the multi-criteria decision making (MCDM) process has gained 
much attention by several researchers as it can nicely handle many real-life challenging problems in many 
front line areas like a financial investment,recruitment polices, clinical diagnosis of disease, design of the 
complex circuit etc., It is not an overstated fact that the fuzzy set theory plays a very crucial role in decision- 
making problems, especially when decision-makers work in an uncertain environment. The theories of un- 
certainty have geared up dramatically after the introduction of the fuzzy set by zadeh[20] and intuitionstic 
fuzzy set where he introduced the concept of membership function of belongingness. Smarandache[19] man- 
ifests the idea of a neutrosophic set. Neutrosophic set considers the truth membership,the indeterminacy 
membership function, and the falsity membership function simultaneously. Invention of neutrosophic set 
plays an important impact in science and engineering research domain. In this current epoch, it is gener- 
ally used in decision making (DM) problem and mathematical modelling. As researchers developed single 
valued neutrosophic set[18],some types of neutrosophic sets like Over, Under/Off sets etc.,[11], Narmada 
Devi[14,15] worked on new type of neutrosophic off graph and minimal domination via neutrosophic over 
graph. Recently chakraborty[5]constructed the theory of pentagonal neutrosophic set.Few otherr research 
work[6,7,10,11,12,13,17] also published in this field. The concept of topologized graph was introduced by 
Antoine Vella in 2005 [1]. Antoine Vella extended topology to the topologized graph by the S; space and the 
boundary of every vertex and edges of a graph G.. The space is called S; space if every singleton in the topo- 
logical space either open or closed.Chang [8] introduced the concept of the notion of fuzzy topology. Ore [16] 
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introduced the concept of theory of domination of graph. Heynes et. al [9] published the book regarding the 
concept of fundamental domination on graphs and they worked more concepts on domination on graphs. An- 
nadurai and Bhuvaneswari et. al [3,4] handled the concept of topologized domination in graph and explained 
some of its properties. In this article, the novel of topologized domination on NOver top graphs are developed 
and some of its interesting properties are established. 


2 Preliminiaries 


Definition 2.1. [4] A set F of vertices of Y is said to be a topologized domination set F if GY is a topologized 
graph and every vertex in V — F is adjacent to atleast one vertex of in J. 


Definition 2.2. [8] A single values neutrosophic over set P is defined as P = (f, (a(f),G(f),7(), f € F such 
that there exist some element in P that have atleast one neutrosophic component that is > 1 and no element 
has Neutrosophic component that are < 0 and a(f),G(),ye€ [0,Q] where 2 is called overlimit such that 
Oe De 


Definition 2.3. [8] A NOver graph Y = (P,Q) is a Ngraph on a crisp graph G* where P is an neutrosophic 
vertex over set on V and Q is a neutrosophic edge over set on & respectively such that 


(i) ag (mn) < [ap(m) A ap(n)| 


(ii) Bg (mn) < [Bp(m) A Bp(n)] 


(iti) yg (mn) > |[yp(m) V yp(n)] forevery mn € & CV x ¥. 


3  Neutrosophic Over Topologized Domination Graphs 


Definition 3.1. A Nover graph G = (P,Q) is called NOver Top graph if Y* satisfy the following condition 
(i) every singleton is open or closed in ¥. 
(ii) Vf € F, |O(f)| < 2 where O(f) is denoted by the boundary of a point x 


Definition 3.2. A set Z of nodes of Y is said to be a NOver Top dom set in GY if Y is a NOver Top graph and 
every vertex VY — Y is adjacent to atleast one vertex in Y at the degree of truth membership , indeterminacy 
membership and falsity membership respectively which is belongs to [0, 2). 


Example 3.1. 


R. Narmada Devi and G.Muthumari View On Neutrosophic Over Topologized Domination Graphs 


Neutrosophic Sets and Systems, Vol. 47, 2021 522 


(0.5,1.3,0.8) 
%) e 
ge 
Vy 
@ (0.3,0.1,1.4) ©) 


(0.3,0.6,1.2) (1.5,0.2,0.7) 
Figure 1: S3—star graph 


Let F = {a,b,c, (0.2, 0.6, 1.3), (0.3, 0.1, 1.4)} be a topological space on V U E defined by the topology 
T = {F,0, {a}, {b, c}}. Here for every {f} € F is open or closed and |O(v)| < 2. 
By the definition of 3.1, = (P,Q) is NOver Top graph. Also NOver top dom sets by Y, = {b} and 
Bz = {a,c}. 


Theorem 3.1. Let Y be a NOver Top graph with atmost degree two. If F is a top dominating set of Y, then it 
is a NOver Top dominating set of G. 

Proof: 

Let (¥,7) be a topology on #= V U LE. Then every singleton set is open or closed and G' is a NOver graph 
with atmost degree two. Hence |O(v)| < 2. This implies that Y is NOver Top graph. Let Z be top dom set. 
Then every node in Y — F is adjacent to atleast one node of Y thus implies that J is a 

NOver Top dom set of Y. 


Definition 3.3. A dominating set Z of the NOver Top graph G is said to be a NOver Top minimal dom set if 
for every node in Z, Z — {v} is not a NOver Top dom set. i.e., no proper subset of F is a NOver Top dom set. 


Example 3.2. From Example 1, {a,c} is NOver Top minimal dom set but which is not a NOver Top dom set. 


Theorem 3.2. Let Y be a NOver Top graph with atmost degree two. If Z is a Top minimum dom set, then F 
is a Top minimal dom set. 
Proof: 

Let (.F,7) be a topology on #= V U E. Then every singleton set open or closed and Y is NOver graph 
with atmost degree two. Hence |O(v)| < 2. Thus implies that Y is NOver Top graph. Let J be a topologized 
minimum dom set. Then every v € Y, Z — {v} is not a top dom set which implies that is a NOver Top dom 
set of G. 


Remark 3.1. The converse of the above theorem need not be true. Every graph need not be a NOver Top 
graph. 

Lemma .1. Let “,, be a NOver path with n nodes which is a NOver Top graph. Then the NOver Top dom 
number is Ty (Ap) > [n/3]. 

Lemma .2. Let Y be a NOver cycle with n—nodes which is a NOver Top graph. Then the NOver Top dom 
number T.(G;,) > [n/3]. 


Lemma .3. Let (.%,) be a NOver complete graph with n—nodes (n = 2,3) which is a NOver Top graph. Then 
the NOver Top dom number T,(.%;,) = 1 
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4 Some Example For Neutrosophic Over Topologized Domination Graphs 
Example 4.1. 


(0.2,0.5,1.3) 


(0.9,1.3,0.5) (0.6,0.9,1.2) 


(0.8,0.1,0.8) 
(0.5,0.2,1.2) 


(1.2,0.2,0.8) @ (©) (1.5,0.3,0.5) 


(0.4,1.0,0.6) 


Let a, b,c, d,e and f denote the nodes and (0.1, 0.3, 1.3), (0.5, 0.2, 1.2), (0.4, 0.3, 0.7), 
(0.3, 0.2, 0.8), (0.8, 0.1, 0.8), (0.2, 0.4, 1.4) denote the edges which are labelled h(0.1, 0.3, 1.3) = {a,b}, 
h(0.5, 0.2, 1.2) = {b,c}, h(0.4, 0.3, 0.7) = {c,d}, h(0.3, 0.2, 0.8) = {d, e}, 
A028; 0.1; 0:8): = 46, 7), MO204 LAF at, 

Let F = {a,b,c,d,e, f, (0.1, 0.3, 1.3), (0.5, 0.2, 1.2), (0.4, 0.3, 0.7), (0.3, 0.2, 0.8), (0.8, 0.1, 0.8), 
(0.2, 0.4, 1.4)} be a topological space defined by the topology 


T= {F,0, {a}, {b,ck {db fe, F}, {a,0,ch {a,d}, fae, f}, {bcd}, {8,c,¢,f} {det}, 
{a,b, c,d}, {a,b,c,¢, f},{a,d,e,f}, {b,e,d,e,f} } 


Here for every {f} € F is open or closed. 

We have O(a) = {b, f}, O(b) = {a,c}, O(c) = {b,d}, O(d) = {c,e}, O(e) = {f,d} and O(f) = {a,e} 
with |O(v;)| = 2 where 7 = 1, 2,3,4, 5,6. By the definition of 3.1, |O(v)| < 2. 

Hence this graph is a NOver Top graph. 

Moreover, the NOver topologized dominating sets are given by Y = {a, d} and the corresponding NOver 
sets for maximum and minimum are given by 


| a b e d |e 7. U | ab | be | cd | de | ef | fa 
| T, | 0.2 | 0.6 | 1.5 | 0.4 | 1.2 | 0.9 Tp | 0.6 | 1.5} 1.5 | 1.2 | 1.2 | 0.9 
| I, | 0.5 | 0.9 | 0.3 | 1.0 | 0.2 | 1.3 Ip | 0.9 | 0.9 | 1.0 | 1.0 | 1.3 | 1.3 
| Fa | 1.3} 1.2 | 0.5 | 0.6 | 0.8 | 0.5 Fg | 1.2 | 0.5 | 0.5 | 0.6 | 0.5 | 0.5 
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CP abe) be: iced: | de: sex || Fa 
Tp | 0.2 | 0.6 | 0.4 | 0.4 | 0.9 | 0.2 
Bp | 05 | 0.3 | 0.3 | 0.2 | 0.2 | 0.5 
Fp} 1.2) 1.2 | 0.6 | 0.8 | 0.8 | 1.3 


Therefore this graph is NOver Top domination graph. 


Example 4.2. 


(0.4,0.7,1.2) (0.2,0.5,1.3) 
(0.1,0.4,1.2) 


(0.3,0.5,1.2) 
(¢T‘v'0°7'0) 


(1.1,0.2,0.9) 
(1.5,0.5,0.2) (1.2,0.9,0.8) 


Figure 2: S3—star graph 


Let v1, v2, v3 and v4 denote the vertices and (0.1, 0.4, 1.2), (0.2, 0.4, 1.3), (1.1, 0.2, 0.9), (0.3, 0.5, 1.2) de- 
note the edges. 

Let F = {v1, v2, v3, va, (.1, 4, .2), (.3, .5, .4), (1, .4, .8), (.2, .4,.9)} be a topological space defined by the 
topology 


ho {F, 0, {v1} ’ {v2} ’ {v3} ’ {va} ’ {U1, V2} ’ {v1, v3} ’ {v1, va} ’ {v2, v3} ’ {v2, vat} ’ {v3, va} ’ 


{v1, V2, u3} ) {v1, V2, ua} ; {vo, U3, ug} ; {v1, U3; ug} \ 


Here for every{ f} € F is open. 

By the definition of Nover Top graph |O(v)| < 2. 

We have O(v,) = {v2, v4}, O(ve) = {v1, v3}, O(v3) = {ve, v4} and O(u4) = {v1, v3} with |O(v;)| = 2 
where 7 = 1, 2,3, 4. 

Hence this graph is a Nover Top graph. 

Moreover, the Nover topologized dominating sets are given by D = {v1, v3} and {vo, v4} and the 
corresponding neutrosophic over sets for maximum and minimum are given by 


T'4 | La | Pa 
v1, | 0.4 | 0.7 | 1.2 
vg | 0.2 | 0.5 | 1.3 
v3 | 1.2 | 0.9 | 0.8 
v4} 1.5] 0.5] .2 
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U1U2 | V2U3 | 3 4] 41 
Tyuv; = Max (v;,U;) | 0.4 | 1.2 | 15 | 15 
Tuyo, = max (v,,0;) | 07 | 09 [09 | 07 |. <* 
Fy aviog = MAM (05505 | 12 OB. | OD. ||) 0.2 
U1 V2 | U2QUZ | UZU4 | U4U1 
Tynv; = min (v;,v;) | 0.2 | 0.2 | 1.2 | 0.4 
Turn, = min (v,,0;) | 05 | 05 | 05 | 05 | o* 
Fyn; = max (v;,0;) | 13 | 1.3 | 0.8 | 1.2 
Hence it is clear that this graph is Nover Top domination graph. 
Example 4.3. 
(0.6,1.2,0.4) (0.3,0.5,1.5) 


(0.2,0.5,1.5) 


(0.5,1.0,0.6) 
(0.3,0.4,1.5) 


(1,0.5,0.3) 
(1.3,0.5,0.2) (1.1,0.7,0.1) 


Here every singleton sets are minimum dom sets. Clearly the complete graph .%% is not a NOver Top graph. 


Since n > 4. Then the dom set need not be a NOver Top dom set. 


Example 4.4. Let G be a N complete graph Kr, with 4 vertices. 


(0.5,0.3,1.4) 


(0.7,0.5,1.1) 


(1.3,0.8,0.9) (0.7,0.5,1.1) 


Figure 3: 4, complete graph 
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Here every singleton sets are minimum dominating sets. Clearly the complete graph ‘4 is not a Nover Top 
graph, since n > 4. 

Then the a Nover Top dominating set does exits. 

Then the dominating sets need not be a Nover Top dominating set. 


Example 4.5. 


(0.3,0.1,1.2) (0.4, 1,0.8) (0.5,0.3,0.7) (0.6,0.2,1.2) (0.3,0.2,0.7) 


(0.3,0.2,1.2) (0.5,1.1,0.7) (0.6,1.3,0.4) (1.2,0.3,0.5) (0.8,0.2,1.2) (0.3,1.5,0.7) (1.2,0.3,0.1) 


Let a, b,c, d,e, f and g denote the nodes and (0.3, 0.1, 1.2), (0.4, 1.0, 0.8), (0.5, 0.3, 0.7), (0.6, 0.2, 1.2), 
, (0.3, 0.2, 0.7) denote the edges which are labelled h(0.3, 0.1, 1.2) = {a, b}, h(0.4, 1.0, 0.8) = {b,c}, 
h(0.5, 0.3, 0.7) = {c, d}, h(0.6, 0.2, 1.2) = {d, e}, h(0.3, 0.2, 0.7) = fe, f}, A(0.3, 0.2, 0.7) = {f,g}, 
Let = {a,b,c,d,e, f,g, (0.3, 0.1, 1.2), (0.4, 1.0, 0.8), (0.5, 0.3, 0.7)(0.6, 0.2, 1.2),(0.3, 0.2, 0.7), 
(0.3, 0.2, 0.7)} be a topological space defined by the topology 
r= {F0.{a}, {0.0}. {4} {ef} ta} facie} {ad} {ae f} {ag} {ed}. (ce A}. fbeg}, 
se. Fo ldo tA ef, Gb 4G, Used): 1a, 0see, 1} .4 a, be ccg}; {ab Cert } tact, e, de. Py 541 Ons Cod, J +5 
10,0, 6,0; 7,0 6105 G, yf 4G, 0,7 by (a, ds77, 6} 40,0, 6.0 sees } 540,06 dg) )10,6,0, €. 7,0} 
OCU Gy se G50. FG fh, Cote Gy 14 OnG, Ory Gy 5 VURC HUG 540, CET | ay Orda Gta 
{a, d, 9} ,{a,d,¢, f} } 
Here for every {f} € F is open or closed and |O(v)| < 2. So it is a NOver Top graph. 


a b CN) a e€ 5 aa le 
T, | 0.3 | 0.5 | 0.6 | 1.2 | 0.8 | 0.3 | 1.2 
I, | 0.2 | 1.1 | 1.3 | 0.3 | 0.2 | 1.5 | 0.3 
Fy | 1.2 | 0.7 | 0.4 | 0.5 | 1.2 | 0.7 | 0.1 


Moreover NOver Top dom sets are given by ZY = {a,d, f} and and the corresponding Nover sets for 
maximum and minimum is given by 


U | ab | bc | cd | de | ef | fg 
Tg | 0.5 | 0.6 | 1.2 | 1.2 | 0.8 | 1.2 
Ig | 1.1] 1.3} 1.3 | 0.3 | 1.5 | 1.5 
Fz | 0.7 | 0.4 | 0.4 | 0.5 | 0.7 | 0.1 


M | ab | be | cd | de | ef | fg 
Tp | 0.3 | 0.5 | 0.6 | 0.8 | 0.3 | 0.3 
Ig | 0.2 | 1.1 | 0.3 | 0.2 | 0.2 | 0.3 
Fg | 1.2 | 0.7 | 0.5 | 1.2 | 1.2 | 0.7 


The NOver Top dom set is FZ = {a,d, f}. 
Toy rr) =| 173 | = [2.333] 2, 


Therefore this graph is NOver Top dom graph. 
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Example 4.6. 


(0.3,0.5,1.2) (0.2,0,2,1,2) (0.3,0.1,1.3) (0.2,1.2,0.9) 


(0.6,0.5,1.2) (0.3,0.6,1.1) (0.4,0.2,1.3) (0.2,1.3,0.9) (0.3,1.2,0.8) 


Let F = {v1, v2, v3, U4, Us, (0.3, 0.5, 1.2), (0.2, 0.2, 1, 2), (0.3, 0.1, 1.3), (0.2, 1.2,0.9)} be a topological 
space defined by the topology 


= {F, 0, {vi} ’ {v2} ’ {v3} ’ {v4} ’ {us} ’ {v1, U2 } ’ {v1, v3} ’ {v1, va} ’ {v1, Us } ’ {v2, v3} ’ {vV9, va} ’ 
{Vo2, Us } ) {U3, ug} ) {U3, Us} ) {V4, Us} ) {U1, V2, u3} ) {V1, V2, v4} 5) {U1, V2, Us } ) {Vo, U3, ua} ) 
{vo, U3, Us} ; {vs, Va; Us} ) {v1, U2, U3, ug} oy {v1, V2, U3, Us} \ 


Here for every {f} € F is open. 


Moreover, the Nover Top dominating sets are given by D = {v, v5} and the corresponding neutrosophic 
over sets for maximum and minimum are given by 


U1 (0D) U3 U4 U 
T4 | 0.6 | 0.3 | 0.4 | 0.2 | 0 
I4 | 0.5 ) 0.6 | 0.2] 1.3] 1 
fy | 1.2} 1.1) 1.3 | 0.9 | 0 


U1 V2 | U2QUZ | UZU4 | U4U5 
Ta(min) | 03 | 0.2 | 03 | 02 
Ta(min) | 0.5 | 0.2 | 01 | 12 
Fp(max) | 1.2./ 1.3 | 13 | 9 


Hence the dominating set is D = {v2, us}. 


T(Ps) = [5/3] = [1.666] = 2. 


Example 4.7. 


(1.2,0.3,0.5) 


(0.6,0.1,1.3) Ce) > (0.5,0.6,1.1) 


(0.3,0.5,1.1) 


(0.7,1.2,0.2) (i) 
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Let a, b, c,d and e denote the nodes and (0.5, 0.2, 1.1), (0.3, 0.5, 1.1), (0.3, 1.2, 0.5), 
(0.5, 0.1, 1.3), (0.5, 0.1, 1.3) denote the edges which are labelled h(0.5, 0.2, 1.1) = {a, b}, 
h(0.3, 0.5, 1.1) = {b,c}, h(0.3, 1.2,0.5) = {c,d}, h(0.5, 0.1, 1.3) = {d, e}, h(0.5, 0.1, 1.3) = fe, a}, 


Let =a, brea (05,02. F603 0.511) (0.8. 12 Oo) 3(0-5, Ud, 8) (Ors 3 bea 
topological space defined by the topology 

CS {F,0, {a}, {0}, {ch {a}, fe}, {a0}, {a, ch, d}, {a,c}, {b,c}, {,d}, {b,c}, {ed}, 
16; e} ) {d, e} ) 1a, b, c} ) {a, b, d} ) {a, b, e} ) {b, C, d} ’ {b, Cc, e} ’ {C, d, e} o] {a, b, Cc, d} ’ {a, b, Cc, e} \ 


Here for every {f} € ¥ is open and |O(v)| < 2. We have O(a) = {b,e}, 0(b) = {a,c}, O(c) = {b, d}, 
O(d) = {c, e}, and O(e) = {a, d} with |O(v;)| = 2 where 7 = 1, 2, 3,4, 5,. 
By the definition of 3.1 this graph is a NOver Top graph. 


Moreover NOver Top dom set is given by ZY = {b, d} and the corresponding NOver sets for maximum and 
minimum are given by 


a b Cc d e€ U | ab | bc | cd | de | ea | 
T, | 1.2 | 0.5 | 0.4 | 0.3 | 0.6 Tz | 1.2 | 0.5 | 0.4 | 0.6 | 1.2 | 
I, | 0.3 | 0.6 | 1.3 | 1.2 | 0.1 Ip | 0.6} 1.3 | 1.3 | 1.2 | 0.3 | 
F4|0.5 ) 1.1 | 0.5 | 0.5 | 1.3 Fp | 0.5 | 0.5 | 0.5 | 0.5 | 0.5 | 


| M | ab | be | ed | de | ea 
| Tz | 0.5 | 0.4 | 0.3 | 0.3 | 0.6 
| Ip | 0.3 | 0.6 | 1.2 | 0.1 | 0.1 
| 


Be) Vel deods |, 025) 135 | 13 


The NOver Top dom set is J = {b, d}. 


Te Go) [5/3] | 066] 2 


Therefore this graph is NOver Top dom graph. 


Example 4.8. 
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(1.3,0.2,0.5) 


(0.1,0.7,1.3) (1.1,0.7,0.8) 


(0.1,0.8,1.1) (0.1,0.7,1.3) 


Let v1, v2, v3, U4 and vs denote the vertices and (0.1, 0.2, 0.8), (0.1, 0.7, 1.3), (0.1, 0.7, 1.3), (0.1, 0.7, 1.3) 
and (0.1, 0.2, 1.3) denote the edges which are labelled h,,(0.1, 0.2, 1.3) = (v1, v3), hy(0-1, 0.7, 1.3) = (v3, us), 
fin OT OT 143) =" (Mest he dep Ol Oee, bel.) (totals Ha Ue O21 = ast). 

Let. F = {op, 09; 03; 4; Us,:(0.1,,0.2, 0.8),.(0.1,0.7,1-3), (0-1, 0.7, 1:3), (0.1; 0.7,1.3);, (0.1,'0.2; 1.3) be a 
topology tT = {.F,0, {v1}, {v2, us}, {v1, v2, v3}, {01, va, Us}, (2, V3, U4, Us}, {04, Us}, {01, v3, U4, Us}, {v3}, 

13 U1; va}, {v3, U4, Us}, {v4}, {v2}, {us}, {v2, V4, U5}, {v1, va}, {v3, Us}, {v3, U4; ce {v2, U3, va}, 
{v1, V2, va}, {v1, V3, va}, {v1, U2, V4, Us}, {vo, U3, Us}, {v1, V2, U3, Us}, {vo, U3, U4, vi}, {v1, Us} 
5 {v1, u3}, {v1, V2, Us}, {v2, Us}, \, 

Here for every { f} € F is open or closed. 

By the definition of Nover Top graph, we have |O(V)| < 2 and O(v1) = (v3,v4), O(v2) = (Us, V4), 
O(v3) = (v1, U5), O(v4) = (V1, v2), O(Us) = (v2, v3) with O(v;) = 2. Hence this graph is Nover Top graph. 
Moreover NOver Top dom set is given by Z = {v1, v5} and the corresponding NOver sets for maximum and 


minimum are given by 


U1 (0p) U3 U4 U5 U U1,U3 | UZU5 | U5UVg | U2QU4 | U4U1 
T4 | 1.3 | 1.1) 0.1 | 0.1 | 0.1 Tg | 0.1 | O1 | O.1 | O11 | O1 
I, | 0.2 | 0.7 | 0.7 | 0.8 | 0.7 Fae) O22 QT |) OF) OF | OD 
Fg | 0.5 | 0.8 | 1.3 | 1.1] 1.3 P| EST Age aS ded hed 


The NOver Top dom set is Z = {v, v5}. 
T(@5) = [5/3] = [1.666] = 2 
Therefore this graph is NOver Top dom graph. 


Example 4.9. 
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(CO 12002) 


(0.4,0.2,1.2) 
(0.4,0.7,1.1) (1.2,0.3,0.6) 


Let a, b and c denote the nodes and (0.5, 0.3, 0.7), (0.4, 0.2, 1.2), (0.3, 0.7, 1.2) denote the edges which are 
labelled h(0.5, 0.3, 0.7) = {a, b}, h(0.4, 0.2, 1.2) = {b, c}, h(0.3, 0.7, 1.2) = {c, a}, 

Let F = {a, b,c, (0.5, 0.3, 0.7), (0.4, 0.2, 1.2), (0.3, 0.7, 1.2)} be a topological space defined by the topology 

—— {F, 0, {a, b} , {c} fe Here for every {f} € ¥ is open or closed. 

The definition of NOver Top graph \O(v)| < 2. We have O(a) = {b,c}, 0(b) = {c, a}, andOo(c) = {a, b}, 
with |O(v;)| = 2 where i = 1, 2,3. So this graph is a NOver Top graph. The dominating set is Y = {b},whose 
top dom number is given by 

Tyg) = 1. 


Remark 4.1. The interrelationship among NOver Top dom set as given below 


AO NOver Top dom set 
———{—_=2 a4 
NOver Top minimum dom set a NOver Top minimal dom set 


5 Comparision 


A neutrosophic set and neutrosophic over set are generalised of Atanassov’s intuitionstic fuzzy set which 
consists of three membership grades: truth membership.indeterminancy membership and false membership. 
The neutrosophic network is an extension of a vague graph and intuitionstic fuzzy graph which provides more 
flexibility, more effectively precision, and compatibility to design the real-life problem when compared with 
the intuitionstic fuzzy graphs. Neutrosophic graph and neutrosophic over graph models are recently using 
model to many real-life problems in several different areas of engineering and science. 


6 Conclusion 


This paper has focused on calculating the dominating number of Nover top graph G by using top domina- 
tion conditions.The top dom condition is introduced in new method to find the domination number.The Nover 
top domination for some standard Nover graphs such as a path,cycle are specified. The future study can be 
continued by forming different types of Nover top domination set with various applications. 
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Abstract: In this paper we are going to give the idea of Neutrosophic Semirings and study 
their algebraic structure. To understand Neutrosophic Semirings, we provide number of 
examples. Through ideals and congruence relations, we discuss the structural behavior and 
properties of this notion by establishing number of results. 


Keywords: Neutrosophic Sets; Neutrosophic Semirings; Neutrosophic Ideals and 
Congruence Relations. 


1. Introduction 


Different researchers have defined algebraic structures which were based on the crisp set. 
But actually, the real-life problems could not be solved by crisp set theory. The crisp set 
deals with yes or no only and it never tells about in between yes and no. In 1965, Zadeh [1] 
introduced a fuzzy set theory to address the vagueness of various real-life problems. The 
fuzzy sets deal with membership in between 0 and 1. Later, in 1986, Atanassov [2], initiated 
the idea of intuitionistic fuzzy set. In intuitionistic fuzzy set focused on the degree of 
membership and non-membership. In fact, these theories have remained unsuccessful in 
finding a solution to many real-life mathematical challenges. 


In 1999, Smarandache [3] gave the notion of Neutrosophic set. Neutrosophic set is a 
generalized form of fuzzy set as well as intuitionistic fuzzy set. Nowadays, Neutrosophic 
set attains more attention of researchers due to its characteristic behavior to solve the 
indeterminate situations in the different fields of life. In 2006, Smarandache et al., [4] were 
the first ones who applied the concept of Neutrosophic sets on some algebraic structure and 
in their work, they introduced the Neutrosophic rings. Later, in 2011 Agboola et al., [5], 
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discussed Neutrosophic Rings-I. Neutrosophic groups and Neutrosophic sub-groups were 
introduced in 2012 by Agboola et al., [6]. Ali et al., [7,8,9,10] have used Neutrosophic set 
approach for different algebraic structures. In 2016, Khan et al., [11] briefly discussed the 
characterization of Neutrosophic left almost semigroups. On the other hand, the application 
of Neutrosophic sets is getting more attention of researchers. For more study about the 
application aspect of Neutrosophic sets, the readers are referred to [12,13,14,15,16,17,18,19]. 


In 1992, Golan [20], has done a worth full work and defined a new structure named semiring. 
A detailed discussion has been done in this paper. We used Neutrosophic set approach to 
semiring and gave the idea of Neutrosophic semiring. We discussed the characteristic 
properties of Neutrosophic semiring and its substructures. For that we have given various 
examples. We talked about the ideals of Neutrosophic semirings. In last section, congruence 
relations are characterized in the Neutrosophic semirings. We established number of results. 
For instance: Suppose {Jx: k EK} is a collection of left ideals in neutrosophic semiring N. 
Then U Jk is a left ideal if Jk GJx1 for all kEK. Another main result: A relation p on a 
neutrosophic semiring N is congruence relation if and only if it is left congruence and right 


as well. 


2. Neutrosophic Semirings 


We generalize the theory of semrings to neutrosophic semirings. We also discuss about 
ideals and congruences of neutrosophic semirings with some properties. 


Definition 2.1. An algebraic structure (SUI, *1, *2) is called neutrosophic semiring if *1 and *2 
are the closed and associative binary operations and *2 is distributive over *1 where S is 
semiring with respect to *1 and *2and I is the neutrosophic element (I = I?) and < SUI >= {a + 
bl; a,b €S}. 
Let us give some examples to understand this notion completely. 
Example 2.2. The set S={0,1, 2} is the semiring under the operation of addition 
*1 and multiplication *2(mod3) which can be verified. 
Then < SUL >= {0+01,0+110+211+0L1+1L1+ 21 2+01 2+11,2+2I} is the 
neutrosophic semiring under the same operations as that of Si. e for all a+ bl, c + dle SUL, 
(a+ bl) #1 (c+ dl) =(at+c)+(b+d)I, (at bl) *2 (c+ dl) = (ac) + (bd JI. 
Closure property: Let (a+ bl) and (c + dI) € SUI then (a + bI) *1 (c+ dI) =(a+c)+(b+d)leE 
SUI and (a + bl) *2 (c + dI) = (ac) + (bd)I € SUI.Which shows that closure property is satisfied. 
Distributive law: Let (a+ bl), (c+ dI) and(e+f)le SUL then(a +bl) *2[(c+dI) *i(e+ fl] 
=(a +bl) #2 ((c+e)+(d+f )I) =(act+ae) + (bd + bf). 
and [(a + bl) *2 (c + dD] *:[ (a+ bl) *2(e + f)I] = ((ac) + (bd)I )*1((ae) + (bf)D) 
=(ac+ae)+ (bd + bf)l. 
Associative law: Let (a + bl), (c + dl) and (e + f)I € SUI. Then 
[(a+ bl) *1 (c+ dI)] 1(e + f)l=((atc)+(b+d)D *(e+f)l =(a+ct+e)+(bt+d+f I. 

(a+ bl) *1 [(c+ d]) «:(e + f)l J= (at bd *1 ((c+e)+(d+fD)=(at+tct+e)+(b+d+f lL. 
Again 
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[(a + bl) *2 (c + dI)] *2(e + f)I = ((ac) + (bd I) *2(e + f)I = (ace) + (bdf JI. 
(a + bl) *2 [(c + dl) *2(e + f)I J= (a + bl) *2 ((ce) + (df)I) = (ace) + (bdf JI. 
Example 2.3. The structure (Z, *1, *2) is the semiring under the operations of usual 
multiplication and addition where Z is the set of integers and *: and *2 represent the usual 
multiplication and addition. Then < ZUI > = {a + bl; a, b € Z} is the neutrosophic semiring 
and for alla + bl, c+ dle Zul (a + bl) *1 (c + dI) = (ac) + (bd)I and (a + bl) #2 (c + dI) =(a+c)+ 
(b + d)I. 
Definition 2.4. A proper subset P of a neutrosophic semiring (SUL, *1, *2) is called 
neutrosophic subsemiring if P itself is a neutrosophic semiring under the same binary 
operation as that of SUI. 
Let us give some examples of neutrosophic subsemiring. 
Example 2.5. Let Wand N are the sets of whole and natural numbers respectively then 
WUI ={a + bI; a, b € W} is the neutrosophic semiring under *1 and *2 are of example number 
2.3 Then NuUI ={ a+ bl; a, b € N } is the subset of WUI and hence under the operations of WUI 
the subset NUI becomes the neutrosophic subsemiring. One can check it easily. 
Example 2.6. Let N = {1, 2, 3,...}and S={2,3,4,...} then algebraic structure (NUL, *1, *2) is 
the neutrosophic semiring where *1 and *2 are the operations of example 3. Then SUI is 
obviously subset of NUI and hence is the neutrosophic subsemiring of NUI under the 
operations of NUI. 
Lemma 2.7. A subset P of neutrosophic semiring (SUI, *1, *2) is neutrosophic subsemiring 
if and only if it satisfies the following: 
(i) (a+bl) «1 (c+ dI) € P and 
(ii) (at+tbl)*#2(c+dD)eEP V(atbl),(c+dl EP. 


Proof. Let (P, *1, *2) is a neutrosophic subsemiring then by closure property 

V (at+bl), (c+ dI) € P, (a+bl) *1 (c+ dl) € P and (a+ bl) #2 (c+ dl) € P. 

Conversely, 

let V (a+bl), (c+ dl) EP, 

(i) (a+ bd) *1 (c+ dl) € P 

(ii) (a + bl) #2 (c + dl) € P. 

Then from (i) and (ii) closure property is satisfied. And since elements of P are of 
neutrosophic semiring (SUI, *1, *2) and operations are also same as that of SUI and since 
associative and distributive laws are satisfied therein so both laws are satisfied for P with 
respect to *1 and *2. Hence this makes (P, *1, *2) into neutrosophic subsemiring. 
Proposition 2.8. The intersection of any number of neutrosophic subsemiring is either 
empty or neutrosophic subsemiring. 

Proof. Let {Bi: i€ J} is the collection of neutrosophic subsemirings of (SUI, *1, +2). Let M Biz p 
then we show that the subset f Bi of SUI is the neutrosophic subsemiring. Let (a + bl) and 
(c+d)e€ MB = (at+bl) and(c+dlI) €Bi V ie€ J. This implies (a + bl) *1 (c + dl) and 
(a+ bl) #2(c+dI) € Bi Vie J because each Biis neutrosophic subsemiring of (SUI, *1, *2). So, 
this implies (a + bl) *1 (c + dI) and (a+ bl) *2(c+dI) EN Bi VieJ. Thus by the Lemma 2.7 
M Biis the neutrosophic subsemiring. 
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Remark 2.9. Union of neutrosophic subsemirings may or may not be the neutrosophic 


subsemiring. 

Example 2.10. If X = {a, b, c, d, e} then (P(X), U, M) is a semiring. Now let P(X)=S, then 
<u> = {A + BI : A , B € P(X} is the neutrosophic semiring. 
Suppose Si = {{}, {a}, {a, b}, X} and S2= {{}, {cl}, {b, c}, X} are the subsets of S. Then 


< Sill > = {C + DI; C, D € Si} and < Sou > = {E+ FI: E, F € Sp}. In tabular form: < SiuI > = {{} + { 
HW, (}+tajL ti +ta bIL{}+XI,{a}+{H, Ca} + tal {a} + ta bj, fa} +XI1 {a,b} + {a b}I, 
{a,b }+ {a}L {a,b }+{a, b}L {aj b}+XI, X+{}I,X+{a}]L X+{ab}, X+XI}and <Swvl>= 
H+ CHAP HIGL {y+ tb, HL {tt +XI, fe} +tH, te} t+ itelL (cf + tb, cj tc} +X, {b, c} + fb, 
c}I, {b,c} + {c}L {b,c} + {b,c }L {b,c}+XI, X+{}I,X + {c}L, X + {b,c}, X+ XI} are the 
neutrosophic semirings but their union <SiUI>U<Swl>={{}+{},{}+ fall {} + {a,b HL { 
}+XI,{a}+{jl, ta} t fajl, {a} + {a,b jl fa} +X, {a,b} + ta, b HH, {a,b} + {aj {a,b} + {a,b 
W{a,b}+XI, X+{}I,X+ {all X+f{a,b}LX+XI1,{} +}, {} +{eL {} +b, c}L{}+XI1,{ 
c}+{}I,{c}+{chL {ch +{b, c}L {c} +X] {b, c} + {b, c}I1, {b, c} + {c}], {b,c} + {b, c}]L {b,c} + 
XI X+{}1,X+ {cH X + {b,c} X + XT} is not the neutrosophic semiring because the 
operation of union is not closed i.e. { a, b} + {a, b }I Uf b, c} + {b, c I = ({ a, b}Uf b, c}) + (La, 
b}uU{ b, c}) I= {a, b, c} + {a, b, cH] € < Siu > U< Sul >. 
Now we will show that under what condition union of neutrosophic subsemiring is again a 
neutrosophic subsemiring. 
Proposition 2.11. Let {Bx: k € K} be the family of neutrosophic subsemiring. If Bk S Bx+ then 
U Bis neutrosophic subsemiring. 
Proof. Leta+blI,c+dI€UBx then this implies that there exist some p and q€ K such that 
a+blI € Bpand c + dI € Bg. Let gq > p then a + bI, c + dI € Bg. Now since Bais neutrosophic 
subsemiring so (a + bl) *: (c + dI) and (a + bl) *2 (c+ dI) € Bq so, this implies that (a + bl) *1 
(c+ dI) and (a+ bl) *2 (c + dl) EUBx thus by the Lemma 2.7 UBxis neutrosophic subsemiring. 
Corollary 2.12. Union of two neutrosophic subsemirings Ni and N2 of N is again 
neutrosophic subsemiring of N if either Ni N2 or N2€ Ni. 
Proof. Let Ni © Nz then obviously NiUNz2 = Na. It follows that NiUNz is a neutrosophic 
subsemiring. Again let Nz © Ni: then clearly NiUNz = Ni. Now as N: is neutrosophic 
subsemiring so, NiUNzis by transitive property. 


We discuss the ideals of neutrosophic semirings and describe its properties. 
Definition 2.13. Let J be the nonempty subset of neutrosophic semiring S, then J is called 
left ideal of Sif V (ai + bil), (az + bel) € J, (a1 + bil) *1 (a2 + bel) € J and (a+ bl) #2 (c+ dl) EJ V (a 
+blI) €S and (c+ dl) €J. 
Example 2.14. Let N = {1, 2, 3,...} is the set of natural numbers and *1, *2 represent the 
operations of multiplication and addition as defined in Example 2.3 then NUI ={a + bl: a, be 
N}becomes the neutrosophic semiring and for set S = {2, 3, 4,...} the structure SUI ={c + dI: 
c,d €S} becomes the left ideal because Ve+flEN,at+bl€Sandc+dleéS, (a+ bl) *: (c 
+dI)ESand (e+fl)x(ct+dDes. 
Theorem 2.15. The intersection of any number of left ideals of neutrosophic semiring N is 
again a left ideal. 
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Proof. We suppose that {Jx: k € K} be the family of left ideals of neutrosophic semiring N. 
We have to show that f) Jx is the left ideal of N. Let (a+ bl), (c+ dI) EN Jk and (e+ fI)EN 
this implies that (a + bl), (c + dl) € Jk Vk € K, and (e + f I) € N this implies that (a + bI) *1 (c + 
dI) € Jk, and (e + f I) +2 (a+ bl) € Jk V ke K because each Jxis the left ideal so, this shows that 
(e+ fT) *2(a+bl) € N Jk V ke K so from hence we say that / Jk is the left ideal. 

Note: The case is same for right ideals and ideals of neutrosophic semiring. 

Remark 2.16. Union of left ideals of neutrosophic semiring may or may not be the left ideal 
again. 

In order to be more clear with the preceding remark we give an example. 

Example 2.17. The set NUI ={a + bI :a, b EN } under the operations (a+ bl) *: (c + dl) = gcd 
(a, c) + (gcd (b, d))I and (a + bl) *2 (c + dI) =Icm (a, c) + (lcm (b, d))I_ is the neutrosophic 
semiring and 2NUI = {a+bl:a,b €2N } and 3NUI={a+bl:a,b €3N fare the left ideals of 
NuI but (2NUI) U (3NUD) is not the left ideal of NUI because 2+ 2I and 9 + 91 € (2NUI) U 
(3NUI) and (2 + 21) *: (9 + 9D) = gcd(2, 9) + (gcd(2, 9))I = 1 + 11 which does not belong to 
(2NUD) u (3NUD), hence because of failure of closure property (2NUI) U (3NUI) does not become 
ideal again. 

Now we write the condition for union of left ideals of neutrosophic semiring to become ideal 
so, here we go. 

Theorem 2.18. Let {Jx: k € K} be the family of left ideals of neutrosophic semiring N. Then 
UJxis left ideal if Jk S Jk for all k € K. 

Proof. Let (a+bl),(c+dI) €UJx and (e+fI) EN then there exist p and q € K such that (a 
+blI) € Jp and (c+ dl) € Jg. Let q>p then (a+ bl), (c + dI) € Jq. Now asJqis an ideal so it follows 
that (a + bl) *: (c + dI) € Jq and (e + f I) *2 (a+ bl) € Jq. Thus (e + f I) *2 (a+ bl) € UJk. so it 
follows that U Jxis the left ideal. In similar fashion we can show that U Jxis right ideal. This 
completes the proof. 

Corollary 2.19. Union of two left ideals Ji and J2 of neutrosophic semiring N is an ideal if Ji 
Joor Joe. 

Proof. If JiS J2 then JiUJ2 =J2 and result is obvious. Again if J2& Ji then JiUJ2 = Ji and since Ji 
is the left ideal of neutrosophic semiring N. So, by transitive property JiUJ2is an ideal. 
Theorem 2.20. Every left ideal of a neutrosophic semiring N is neutrosophic subsemiring of 
N. 

Proof. Let J be the left ideal of N and for all (a + bl), (c + dl) € J, (a + bl) *1 (c + dI) € J. Since 
JE N, so (a+bl) € N. Now as J is the left ideal of N so, (a + bI) #2 (c + dI) € J and associative 
and distributive laws are surely satisfied because JG N and N is neutrosophic semiring. 
Similar result can be proved for every right ideal. 

Remark.2.21. Converse of the above theorem is not true in general and it can be seen from 
following example. 

Example 2.22. Let N = {1, 2, 3, ...} be the set of natural numbers. Then NUI ={a + bl: a, b € N 
} under the operations defined as (a + bl) *1 (c + dI) = min(a, c) + (min(b, d))I_ and (a + bl) 
*2 (c+ dI) = max(a,c) + (max(b, d))I, becomes the neutrosophic semiring and 2NUI ={a + bl 
:a, b € 2N }being the subset of NUI becomes the neutrosophic subsemiring. But 2NUI 
={a+ bl: a, b € 2N } is not a left ideal because if we take 5 + 5I from NUI and 4 + 4I from 2NUuUI 
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and apply operation *2 upon the selected members, we will see that resultant element is not 
of 2NUlie. (5+5D *2 (4+ 41) =max(5, 4) + (max(5, 4))1=5 + 51 € 2NUI. Hence it is clear now 
that the converse part of above theorem is not true in general. 


3. Congruence Relations in Neutrosophic Semirings 


We now study the concept of congruences in neutrosophic semirings. 


Definition 3.1. Let NUI={a + bI : a, b € N } be the neutrosophic semiring under the 
operations *1 and *2. A relation p on NUI is called left compatible if for all (a + bl), (c + dl) 
and (e+ f I) € NUL and ((a + bl), (c+ dD) € p, ((e + f I) #1 (at bl), (e+ f I) *1 (c+ dl) € p and ((e 
+fI) #2. (a+bl), (e+fD *#2(c+dD) ep. 

The relation is called right compatible if for all (a + bl), (c + dI) and (e + f I) € NUI and 
((atbI),(c+dI))€p,((atbl) *1(e+fl),(c+d])*i(e+fl)) Ep 

and ((at+blI) #2 (e+fI), (c+dl) #2. (e+fI)) Ep. 

It is called compatible relation if for all (a + bl), (c + dl), (e + f I) and (g + hI) € Nul and 
((a + bl), (c + dI)) and ((e + f I), (g +hl)) € p, ((a+ bl) *1 (e+ f I), (c+ dl) «1 (g + hl )) € p and ((a 
+bl) #2 (e+ f I), (c+ dl) #2 (g+hl)) Ep. 

A left (right) compatible equivalence relation is called left (right) congruence relation. A 
compatible equivalence relation is called congruence relation. 

To understand the above concept, we consider the following example. 

Example 3.2. Consider the neutrosophic semiring (ZsU I, *1, *2) where for all (a + bl), (c + dl) 
€ ZsUI, (a + bl)*1(c + dI) = min ((a + bl), (c + dl)) and (a + bl) *2 (c + dl) = max ((a + bl), (c + dI)) 
and consider p = {((a + bl), (c + dI)): (a + bl) = (c + dI))} then this relation is left compatible 
(left congruence), right compatible (right congruence) and compatible(congruence) and one 
can verify it easily. 

Proposition 3.3. A relation p on a neutrosophic semiring N is congruence relation if and 
only if it is both left and right congruence relation. 

Proof. Let be acongruence relation on a neutrosophic semiring N. Let (a+ bl), (c+ dl) and 
(e+ f I)EN and ((a+ bl), (c + dI))€p. Then ((e + f I)*i(a + bl), (e + f I)*1(c + dI)) and ((e + f I) *2(a 
+ bl), (e + f I)*2(c + dI))€p. This shows that p is a left congruence relation and similarly it can 
be shown that p is a right congruence relation. 

Conversely, assume that p is both left and _ right congruence relation. 
Let (a + bl), (c + dl), (e + f I) and (g + HDEN such that ((a + bl), (c + dl)) and 
(e + f D, (g + hl)) € p. Therefore ((a + bl)*i(e + f I), (c + dI)*i(e + f Dep 
and ((a + bl)*(e + f I), (c + dI)*.(e + f I))Ep as p is a right compatible. Also 
((c + dI)*i(e + f I), (c+ dl) «1 (g + hl ))€p and ((c + dl) *2 (e + f I), (c + dI)*2(g + hI ))Ep because 
p is a left compatible relation. Therefore ((a + bl)*i(e + I), (c+ dI)*1(g + hl))€p and ((a + bl) *2(e 
+f I), (c + dI)*2(g + hl))ep. Thus p is a congruence relation. 


4. Conclusions 


In this article, we presented the theme of Neutrosophic Semiring to analyze its algebraic 


structural behavior. We studied the characteristic properties of Neutrosophic Semirings 
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through their ideals and congruence relations. In the luminosity of our findings, we may 
conclude that our study is going to be a good addition to the list of algebraic structures 
based on Neutrosophic sets. Further we are planning to work out the structural study of 
Neutrosophic Semiring by extending it to Neutrosophic bi-Semiring and Neutrosophic N- 
semiring and also some theoretical applications of fuzzy sets and soft sets can be studied in 
these Neutrosophic algebraic structures. 


Funding: This research received no external funding. 


Conflicts of Interest: The authors declare no conflict of interest. 


References 


1. Zadeh, L. Fuzzy sets. Information and Control 1965, 338-353. 
Atanassov, K.T. Intuitionistic fuzzy sets. Fuzzy Sets and Systems 1986, 20, 87-96. 
Smarandache, F. A Unifying Field in Logics: Neutrosophic Logic. Neutrosophy, Neutrosophic 
Set, Neutrosophic Probability. American Reserch Press, Rehoboth, NM, 1999. 

4. Kandasamy, W. B. V.; Smarandache, F. Neutrosophic rings. Phoenix, Arizona 2006. 

5. Agboola, A. A. A.; Akinola, A. D.; Oyebola, O. Y. Neutrosophic rings I. International Journal of 
Mathematical Combinatorics 2011, 4, 1-14. 

6. Agboola, A. A. A.; Akinola, A. D.; Oyebola, O. Y. Neutrosophic Groups and Neutrosophic 
Subgroups. International Journal of Mathematical Combinatorics 2012, 3, 1-9. 

7. Ali, M.; Smarandache, F.; Shabir, M.; Vladareanu, L. Generalization of Neutrosophic rings and 
Neutrosophic fields. Neutrosophic Sets and Systems 2014, 5, 9-14. 

8. Ali, M.; Shabir, M.; Naz, M.; Smarandache, F. Neutrosophic left almost semigroup. Neutrosophic 
Sets and Systems 2014, 3, 18-28. 

9. Ali, M.; Smarandache, F.; Shabir, M.; Naz, M. Neutrosophic bi-LA-semi group and Neutosophic 
N-LA-semi group. Neutrosophic Sets and Systems 2014, 4, 19-24. 

10. Ali, M.; Shabir, M.; Smarandache, F.; Vladareanu, L. Neutrosophic LA-semigroup rings. 
Neutrosophic Sets and Systems 2015, 7, 81-88. 

11. Khan, M.; Smarandache, F.; Afzal, 5. Neutrosophic set approach for characterizations of left 
almost semi groups. Neutrosophic Sets and Systems 2016, 11, 79-94. 

12. Hashim, R. M.; Gulistan, M.; Rehman, I.; Hassan, N.; Nasruddin, A. M. Neutrosophic Bipolar 
Fuzzy Set and its Application in Medicines Preparation. Neutrosophic Sets and Systems 2020, DOI. 
10.5281/zenodo.3639213. 

13. Hashim, R. M.; Gulistan, M.; Smarandache, F. Applications of Neutrosophic Bipolar fuzzy Sets 
in HOPE Foundation for Planning to Build a children Hospital with Different Types of similarity 
measures. Symmetry 2018, 10-31. 

14. Abdel-Basset, M. A novel and powerful framework based on Neutrosophic sets to aid patients 
with cancer. Future Generation Computer Systems 2019, 98, 144-153. 

15. Abdel-Basset, M.; Manogaran, G.; Gamal, A.; Smarandache, F. A group decision making 
framework based on Neutrosophic TOPSIS approach for smart medical device selection. Journal 
of Medical Systems 2019, 43, 1-13. 

16. Akram, M.; Ishfaq, N.; Smarandache, F.; Broumi, 5. Application of Bipolar Neutrosophic sets to 
Incidence Graphs. Neutrosophic Sets and Systems 2019, 27, pp. 180. 

17. Hernandez, B.; Ruilova, M.; Cueva, and Mazacon, N. Prospective analysis of public 
management scenarios modeled by the Fuzzy Delphi method. Neutrosophic Sets and Systems 2019, 
vol. 26, no. 1, pp. 17. 


Muhammad Gulistan, Inayatur Rehman, Muhammad Shahzad, Shah Nawaz and Salma Khan Generalized Neutrosophic 
Semirings 


Neutrosophic Sets and Systems, Vol. 47, 2021 540 


18. Shigui Du, Rui Yong and Jun Ye, Subtraction Operational Aggregation Operators of Simplified 
Neutrosophic Numbers and Their Multi-Attribute Decision Making Approach. Neutrosophic Sets 
and Systems 2020, vol. 33, pp. 158. 

19. Huseyin, K. Neutrosophic Cubic Hamacher Aggregation Operators and Their Applications in 
Decision Making. Neutrosophic Sets and Systems 2020, vol. 33, pp. 235. 

20. Golan, J. S. The theory of semirings with application in mathematics and theoretical computer 
science. longman scientific and technical, U.K 1992. 


Received: Aug 14, 2021. Accepted: Dec 5, 2021 


Muhammad Gulistan, Inayatur Rehman, Muhammad Shahzad, Shah Nawaz and Salma Khan: Generalized Neutrosophic 
Semirings 


@NSS 
& Neutrosophic Sets and Systems, Vol. 47, 2021 


NM University of New Mexico 


~ o 


On Independence Neutrosophic Random Variables 


Carlos Granados! and José Sanabria” 

'Estudiante de Doctorado en Matematicas, Universidad de Antioquia, Medellin, Colombia. 
Email: carlosgranadosortiz@outlook.es 

?Departamento de Matematicas, Universidad de Sucre, Sincelejo, Colombia. 


Email: jesanabri@gmail.com 


Abstract. In this article we study independence neutrosophic random variables and conditioned expectation, 
we prove that conditional variance is equal to neutrosophic conditional variance. These notions are important 
for neutrosophic probability due to neutrosophic random variables, neutrosophic central limit theorem and 


neutrosophic laws of large numbers can be studied. 


Keywords: Neutrosophic random vector; neutrosophic expectation; independence neutrosophic random vari- 


ables; Neutrosophic Logic. 


1. Introduction 


F. Smarandache introduced the notion of neutrosophic probability measure as a function 
NP : Y — [0,1]? where Y is a neutrosophic sample space, and introduced the probability 
mapping to take the form NP(B) = (ch(B),ch(neutB), ch(antiB)) = (a,6,7) where 0 < 
a,e,y<land0O<a+6+y7<38 [33]. Moreover, many researchers have investigated many 
neutrosophic probability distributions like Poisson, exponential, binomial, normal, uniform, 
Weibull,...etc. (See (32, 2], [18], (26}). Furthermore, researchers have introduced the notion 
of neutrosophic queueing theory in [35], this is one branch of neutrosophic stochastic 
modelling. Besides, researchers have also investigated neutrosophic time series prediction and 
modelling in many cases like neutrosophic moving averages, neutrosophic logarithmic models, 
neutrosophic linear models and so on. [3], [4]. [12]. 

On the other hand, neutrosophic logic is an extension of intuitionistic fuzzy logic by adding 
indeterminacy component (I) where I? = J,..., J” = I,0.I = 0;n € N and I~! is undefined 
(see [20], (32}). Neutrosophic logic has a huge brand of applications in many fields including 
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decision making [29], [19], (25, machine learning (6, (27, intelligent disease diagnosis [30], (12), 
communication services [3]. pattern recognition [28], social network analysis and e-learning 
systems (21), physics [34], sequences spaces and so on. Neutrosophic logic has solved many 
decision-making problems efficiently like evaluating green credit rating, personnel selection, 
etc. [22], [23], [24], (1). For more notions related to neutrosophic theory, we refer the reader 


to (LO|EA LT) 


The study of neutrosophic random variables has become one of the fundamental pillars in 


neutrosophic theory and probability. Recent results of great importance can be seen in and 
[13]. Taking into account mentioned above, in this article we study independent neutrosophic 


random variables and conditioned expectation. 


2. Preliminaries 


In this section, we show some well-known definitions and properties of neutrosophic logic 


and neutrosophic probability which are useful for the development of this paper. 


Definition 2.1. (see [31}) Let X be a non-empty fixed set. A neutrosophic set A is an object 
having the form {z, (uA(x),dA(x), yA(x)) : 2 © X}, where wA(x),dA(x) and yA(x) represent 
the degree of membership, the degree of indeterminacy , and the degree of non-membership 


respectively of each element x € Xto the set A. 


Definition 2.2. (see [5}) Let K be a field, the neutrosophic filed generated by K and J is 
denoted by (K UJ) under the operations of A, where I is the neutrosophic element with the 
property J? = I. 


Definition 2.3. (see (32}) Classical neutrosophic number has the form a+ bI where a,b are 
real or complex numbers and J is the indeterminacy such that 0.J = 0 and I? = I which 


results that J” = I for all positive integers n. 


Definition 2.4. (see [33] The neutrosophic probability of event A occurrence is NP(A) = 
(ch(A), ch(neutA), ch(antiA)) = (T,I, F) where T,/, F are standard or non-standard subsets 


of the non-standard unitary interval ]~0,17[. 


Recently, Bisher and Hatip introduced and studied the notions of neutrosophic random 
variables by using the concepts presented by [33], these notions were defined as follows: 


Definition 2.5. Consider the real valued crisp random variable X which is defined as follows: 
X:Q25R 
where 2) is the events space. Now, they defined a neutrosophic random variable Xj as follows: 
Xv :Q->R(L) 
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and 
Xyvn=X4I 


where J is indeterminacy. 


Theorem 2.6. Consider the neutrosophic random variable Xn = X +I where cumulative 
distribution function of X is Fx(x) = P(X <x). Then, the following statements hold: 

(1) Fxy(t) = Fx(x— J), 

(2) fxy(e) = fx(e— J). 
Where Fx, and fx, are cumulative distribution function and probability density function of 


Xy, respectively. 


Theorem 2.7. Consider the neutrosophic random variable Xy = X +1, expected value can 
be found as follows: 


By SHC LL. 


Proposition 2.8 (Properties of expected value of a neutrosophic random variable). Let Xv 
and Yn be neutrosophic random variables, then the following properties holds: 
(1) E(aXy +64 cl) =aE(Xy)+6+4+cl;,a,b,cER, 
(2) If Xn and Yy are neutrosophic random variables, then E(Xn + E(\Yy) = E(Xn) + 
E(Yn), 
[(a + D1) Xn] = aE(Xy) + DIE(Xy);a,b ER, 
(Xw)| < E|Xy]. 


(4) |E 


Theorem 2.9. Consider the neutrosophic random variable Xy = X +I, variance of Xn is 
equal to variance of X, i.e. V(Xn) =V(X). 


Now, Granados studied the notions of neutrosophic random vector and joint neutro- 


sophic random variable, these notions were defined as follows: 


Definition 2.10. A neutrosophic random vector of two dimension is a vector (Xy, Yn) 
in which each coordinate is a neutrosophic random variable. Analogously, we can de- 
fine a neutrosophic random vector multidimensional as follows (Xw,,Xno,..-,XN,,) in which 


Xwy,,XN,-.-;XN,, are neutrosophic random variables for each n = 1, 2,.... 


n 


Definition 2.11. Let (Xy, Yn) be a neutrosophic random vector, we define probability func- 
tion of a neutrosophic continuous random vector (Xy,Yqw). Then, joint probability neutro- 
sophic function of a discrete random vector (Xy,Yn) f(x,y) : R? — [0,00) in which is 


non-negative and integrable, and for any (x,y) € R? , it is defined as follows 


y-L pal 
P(Xw <2,¥w Sy) =P(X Se-LY <y-D= f / f(xy. ¥x)(u, v)dvdu 
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Similarly, probability function of a neutrosophic discrete random vector (Xj, Yn) is defined 


similar by using sum. 


Definition 2.12. Let (Xj, Yn) be a neutrosophic random vetor, we define neutrosophic joint 
distribution function which will be denoted by Fix, yy)(«,y) = P(Xn <2,Yn Sy) = P(X S 
e—1,Y <y—D). 


Definition 2.13. Let f(x, ¥,)(@,y) be a joint probability neutrosophic function of a contin- 


uous random variable (Xj, Yn). We define neutrosophic marginal function of Xy as follows: 


+00 
fxy (a) = | ron Cr 


—0o 
and we define neutrosophic marginal function of Yx as follows: 


+0o 
ixt)= / fty,¥u) (Ode 


—oo 
Similarly, joint probability neutrosophic function of a discrete random variable is defined 


similar by using sum. 


Definition 2.14. Expected value of a neutrosophic random vector (Xj, Yy) in which expected 
value of Xy and Yj exist, we define E(Xy, Yn) = (E(Xw), E(Yn)). 


Next, we will show some new notions on neutrosophic random variables which have not bee 
studied so far and are needed. 
Let (Xj, Yn) be neutrosophic vector and ¢ : R? > R be a function, then ¢(Xy, Yy) is a 


neutrosophic random variable and its expectation is defined as follows: 

+00 

Blo(Xw.¥w)] = [© = DdFoxer9) (0) 

—oo 
as well as one dimensional case, we are required to find out the distribution $(Xy,Y,,) by 
which can be difficult in some cases. Next, we establish an alternative way in which we 
can calculate expectation of ¢(Xy, Yn) without known its distribution, but we must know 
(Xv, Yn) distribution. Let (Xy,Yy) be neutrosophic vector and ¢@ : R? > R be a function 


such that ¢(Xy, Yn) has finite expected, then: 


E|¢(Xn, Yn)] 7 oe — Ly — Dd Fax, vy) (9); 
R2 


This can be proved easily due to this is a Riemmann-Stieltjes integral in two dimensional. 


In case of Xy and Yy be independence (see section 3), this increment is 


Pe 2 Py Fee Dyn = 2) = Fe = Py = 1) 
+ Fx (a; = DT) Fy (y; = I) = AP (a; _ I)AFy (yj _ I), 


i.e, bidimensional integral can be separated in two integral and can be written as follows 


Carlos Granados and José Sanabria, On Independence Neutrosophic Random Variables 


Neutrosophic Sets and Systems, Vol. 47, 2021 545 of 


BloXwYx)] = foe — Ly — DaFxy (o)dFry (0). 


When (Xvy, Yy) is a discrete vector, we have 


Elg(Xn, Y= S) b@-Ly-DP(X =2-LY=y-D, 
z—I,y—I 


in which the sum is applied over all possible valued (a — I,y — I) on (Xn, Yn). 


Theorem 2.15. Let Xy and Yn be two neutrosophic random variable with finite expectation, 


then 
E(Xy + Yn) = E(Xn) + E(Yy). 
Proof. Let d(a-I,y—I) =x—-It+y-T, di(a—I,y—-—I) =x—-T and ¢o(a—T,y—-—I) =y-I. 
Then, 
E(Xn + Yn) = E((Xn, Yw)) 


= Le —I+y- Dd Px ¥n (LyY) 


=f e-DaPey alow) + fy -DaPxy.v9(o0) 
R2 R2 
= E(¢1(Xw, Yn)) + E(G2(Xn, Yw)) 


= E(Xy) + E(Yn) 


Theorem 2.16. Let Xy and Yy be two independence neutrosophic random variable and g 


and h be two functions such that g(Xy) and h(Yn) have finite expected, then 
Elg(Xw)h(Yn)| = Elg(Xw)]Elh(Yy)}. 


Proof. 
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3. Independence neutrosophic random variables 


Let Xy and Yy be two neutrosophic random variables. Xj, and Yy are independence if the 
events (X < «—TJ) and (Y < y—T) are independence for any real-value x and y, i.e., if the 


following equality is satisfied 
PU(X <a-DN(Y¥ <y-D)=P(X <a«-I)P(Y <y-T). (1) 


The left side of the equality (1) can be written as P(X < «—I,Y < y—I) or Fx y(a—I, y—I), 
and it is said to be the joint distribution function of Xj and Yy evaluate in the point (z, y). 


Therefore, note that (1) can be expressed as follows 
Pyyvlie—l,y —1)=Fe@—-—i)ryiy—J), for z,yER. (2) 


In this way, in order to determine whether two neutrosophic random variables are indepen- 
dent, it is necessary to know both the joint probabilities P(X < «—I,Y < y—TI) as individual 
probabilities P(X < a—I) and P(Y < y—J), and verify the identity (2) for each real numbers 
x and y. Hence, it is enough that there exists a pair (2 — I,y — I) for which the equality 
does not hold to be able to conclude that X and Y are not independent. Granados 
studied on random vectors and explained how to obtain the individual distributions from the 


joint distribution of two random variables. 


Example 3.1. Let (Xy, Yn) be a neutrosophic random vector with density function f(x — 
I,y-N=4(a¢-D(y-J) forI <a,y<1-T. 
The marginal density function of Xy is calculated as follows for [<a <1-—TJ 
1-I 
fx(e-D= f A(x — I)(y — I)dy = 2(a — I). 
I 
Analogously, we can prove that fy, (y) = 2(y—J) for 1 < «7 <1-—J. Therefore, Xy and Yy 


are independence, due to Fy y(a —I,y — I) = Fx(a—I)Fy(y— I). 


Proposition 3.2. Let Xy and Yn be two independence neutrosophic random variables , and 
let g and h be two functions of RR. Then, the neutrosophic random variables g(Xn) and 


h(Yn) are independence neutrosophic random variables. 


Proof: Let A = (—oo, x — I| and B = (—oo, y — I], then 


= P(g(Xn) < x)P(h(Yn) <y) 
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Theorem 3.3. Let Xy and Yn two discrete neutrosophic random variables, then 


(1) Using P(X <e@-L¥<y-D= SO SO P(X =u,Y =»), we have 


u<a—Iv<y—-I 


(X 
—- P(X <2-I1,Y <y-I-1) 
(X <a2-I-1,Y<y-I-1). 


(2) Using (1), independence condition P(X <a—-I,Y <y-Ih=P(X <a-I)P(Y < 
y — 1) is equivalent to P(X =a2—-I1,Y =y-I=P(X =2-DP(Y =y-D). 


Proof: 


(1) This result can be obtained by using the following equality 


(X=a2-1,Y=y-N=(X <2ae-1Y<y-N-(* <a-I-1,Y<y-D 
—(X <a-I1,Y <y—-—I-1) 


+(X <ax-I-1,Y <y-I-1). 
(2) Using (1) and by hypothesis of independence, we have 


P(XX=2-1,Ysy-N=P(X<a-IP(X <y-I1)- 
P(X <a2—-I-1)P(Y <y-I) 
—~P(X <a2-I)P(Y <y-I) 
LX <eaF=1)PyY ayHT—1) 
=[P(X <2—-I)-P(X<s-I-1) 
APY Sy) FO Sy-T 1) 
= P(X =x-I)P(Y =y-I). 


Theorem 3.4. Let Xy and Yn be two independence neutrosophic random variables which 


have finite expectation. Then, 
E(XnYn) = E(Xn)E(Yn). (3) 


Proof: We prove the case when Xy and Yy are discrete neutrosophic random variables, 


the case for continuous neutrosophic random variables are proved similarly. 
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Let 


E(XyYy) = \(@-D(y-DP(Xn = 2, Yn =y) 
ry 
=o @- Dy - DP(Xn =2,¥nw =y) 
x sy 
= ())(@- DP(Xn = 2))O(-DP(Yn =) 


x y 
= E(Xn)E(Yy). 


Definition 3.5. Let Xy,,XyN,,..., Xn, be a collection of neutrosophic random variables with 
joint function distribution F'y (x, —I, 2—T, ..., %,—I), and consider marginals functions distri- 
bution F'xy, (a7) Pix, (r2),--, Fxy,, (fn), respectively. Then, we say that Xy,,Xny,..-, XN, 


are independence if for any real numbers x; — I, x9 —I,...,%, — I the following equality holds 
Fela = I, f): > I, saan ly, I) = Fxy, (21) F xy, (x2)...P’xy., (2). 


Analogously, we can define it in terms of neutrosophic density function f(#1—I, 2—I, ...,&p,—I) 


if the following equality holds 
f(ei — 1,22 —I,...,2n — 1) = fxy, (21) fxn, (€2).--f xn, (En): 


Example 3.6. Let Xy and Yy be two continuous neutrosophic random variables with joint 
density function 
eeu! af py ST, 
fixy(e-Ly-D= 
0 otherwise. 


Neutrosophic marginals probability functions are defined as follows 


er! ife>T, 
fx(a@-I= 


0 otherwise. 


and 


e Yt! ify>T, 
ivy-D= 
0 otherwise. 
Therefore, f(x,y)(z —I,y—1) = fx(x —I)fy(y— 1) for any real numbers x — IJ and y — J, 


and hence we conclude Xy and Yn are independence. 


Example 3.7. Let Xj and Yy be two discrete neutrosophic random variables with joint 


density function 
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if x,y € {7,14 Th, 
fixyy(e-Iy-D= 
0 otherwise. 


Neutrosophic marginals probability functions are defined as follows 


; ifve{L14+I}, 
fx(e@-D)= 


0 otherwise. 


and 


: if y€ {1,14+T}, 
fyy-N= 


0 otherwise. 


Therefore, fx,y)(x —I,y — 1) = fx(a — I) fy(y — I) for any real numbers x — J and y — J, 


and hence we conclude Xy and Yn are independence. 


Remark 3.8. It can be said that an infinite set of neutrosophic random variables is indepen- 
dence if any finite subset is independence. 
This statement can be useful due to for future work the concepts of neutrosophic central 


limit theorem and neutrosophic laws of large numbers can be studied. 


4. Conditional expectation 


In this section, we introduce the concept of conditional expectation of a neutrosophic random 
variable with respect to a o-algebra, and some of its elemental properties are studied. We will 
consider that has a base probability space (0,7, P), and G is a sub-algebra of F. We have 
defined expectation of a neutrosophic random variable as a Riemann-Stieltjes integral as follows 

+oo 
E(Xw) = / (2 ~ DdPx, (2). 
—oo 

however, to make the notation simpler in this section, it is sometimes convenient to adopt 

the notation of measure theory and denote the expectation of a netrusophic random variable 


Xwy as follows 


Hi) = [ XydP. 


We shall recall that if we know distribution of neutrosophic vector (X,Y) and we take 


valued y—TI such that fy(y—J) = fy, (y) 4 0, conditional expectation of Xy known Y = y—I 
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is the function 


-+-0o 
y- 1 B(Xyl¥w =u) = f= DdPegivy (aly) (4) 
when fy, (y) 4 0. is equivalent to write 
+00 
E(XwI¥w =u) =f (= Df xytve(eladae. 


If we make a change in order of integration, we can see that 


0° 
E(Xn) = E(XylYn = y) fyy (y)dy, 


—co 


if we apply this expression by using total probability theorem in terms of expectation. In 


the case when (Xj, Yn) is a discrete neutrosophic vector, we have 


E(Xn|Yn = y) = SC = 1) fx nina (ely) 


=) (@-DP(Xn = 2|Yn =y), 


considering fy, (y) 4 0 and sum is absolutely convergent. Again, applying a change in order 


of sum, we have 


E(Xy) => _ E(Xyl¥n = y)P(n =). 
¥y 


In any cases, we can also see, when Yy and Xy are independence, we have 


E(Xy|Yn = y) = E(Xy). 


Example 4.1. We will find expectation of E(Xy|Yn = y) for each y € (J,1+ J) when Xn 


and Yy have the following joint neutrosophic density function. 


1A"—-—I)? ifl<x<y<14], 
fxy(z—-I,y-D= 
0 otherwise. 


For Il <y<1+4T, 
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ag 
Py == [ («— 1) 


3 yt 
=;-m | (2 — Idx 


8-27 7 


ae ee oi 


Analogously to (4). if Q is an event with positive probability and Xy is a integrable neu- 


trosophic random variable, conditional expectation of Xj, known Q is 


+00 
B(Xw|Q) = / (1 — DF x, 19(2), 


P(X <2#—1,Q) 
P(Q) 


show a more generally definition which generalized concepts showed so far. 


where Fy ,jg(z) = P(Xw < 2|A) = P(X < z—-IJA)= . Next, we will 


Definition 4.2. Let Xy be a neutrosophic random variable with finite expectation, and let G 
be a sub-algebra of F. Conditional expectation of Xj known G, it is a neutrosophic random 
variable which will be denoted by E(Xw|G) which satisfies the following conditions: 

(1) It is G-measurable, 


(2) It has finite expectation, 
(3) For any event GEG, / E(Xn|G)dP = | XydP. 
G G 


Remark 4.3. Just as it happens in a random variable, part of the difficulty in understanding 
this general definition is that an explicit formula is not provided for this neutrosophic random 
variable but only the properties it satisfies. The objective of this section is to find the meaning 
of this neutrosophic random variable, interpret its meaning, and explain its relationship with 


the concept of elementary conditional expectation. 


Remark 4.4. When G = o(Yy) for any neutrosophic random variable Yx,, conditional ex- 
pected will be written by E(Xy|Yn) instead of E(Xy|o(Yn)). 


Remark 4.5. Let @ be any event, then conditional expected E(1g|G) will be denoted by 
P(Q|G). 


Now, we will show some properties on E(Xjy|Yn) when Yj is a discrete neutrosophic ran- 


dom variable. 


Let Xy and Yn be two neutrosophic random variables. Now, consider that Xy has finite 


expected and Yq is discrete with possible values y; — I, yo — I,... Conditional expectation of 
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Xwy known event (Yy = yj) =(Y = y;—J) is E(Xn|Yn = y;), this value depends of the event 
(Yn = yj), and we can consider that we have a function defined over 2 as follows: If w is such 


that Y(w) = yj; — J, then 


w+ B(Xw|¥v)(w) = E(Xy|¥n = yy). 


We can see that E(Xy|Yn) takes at much different values as Yy does. Generally, function 


can be rewritten in terms of indicator function as follows 


oe) 


E(Xy|¥n)(w) = )) E(Xwl¥v = ys) levy=y;))- 
j=l 


In this way, we can define the function E(Xy|Yy) : Q > R which is denoted by 


wr E(Xn|Yw)(w) = E(Xnl¥n = yy) tf Yw) = yy -— I 
is a neutrosophic random variable. 


Theorem 4.6. Let Xy be a integrable neutrosophic random variable, and let Yy discrete with 
possible values y; — I, y2 —I,... E(Xn|Yn) : Q — R is a neutrosophic random variable which 


satisfies the following conditions: 


(1) It is o(Yn)-measurable, 

(2) It has finite expected, 

(3) For any event G € o(Yn), / E(Xn|Yn)dP = | XydP. 
G G 


Proof: 


(1) Through possibles values, the neutrosophic random variables Yy divides in different 
part 2, i.e (Yn = yi), (Yn = y2),... are disjunct events. o(Yn) = o{(Yn = y1), (Yn = 
y2),..} C F. Since E(Xy|Yn) is constant in each element of partition, implies that 
E(Xw|Yn) is o(Ynx)-measurable, and hence it is a neutrosophic random variable. 

(2) Taking the event G as 2 in the third property, we get that X, and E(Xy|Yn) have 
the same finite expectation. 

(3) Since each element of o(Yn) is union of disjunct elements of (Yy = y;), by properties 


of integral it is enough to show that / E(Xn|Yn)dP = [ XydP for these simple 
G G 
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events. Then, we have 
/ E(Xwl¥w)(w)dP(w) = E(Xwl¥n = y)P(Ynw = yy) 
(Yn Yj) 
= 7 Xn(w)dP(w|Yn = y;)P(Yn = yj) 
Q 


= [ Xw(o)aPw. Yo = y;) 


- / Xy(w)dP(w). 
(Yn=y;) 


Remark 4.7. We have to see the different between E(Xy|Yn = yj) and E(Xy|Yn). First 
term is a possible numerical value, second term is a neutrosophic random variable. However, 
both expressions are called conditional expectation. We will see next a particular case of this 
neutrosophic random variable. Besides, we will show that the conditional expectation can 
be seen as a generalization of the basic concept of conditional probability, and it can also be 


considered as a generalization of the concept of expectation. 


Proposition 4.8. Let Xj be a neutrosophic random variable with finite expectation, then 
E(Xn|{0,Q}) = B(Xw) = E(X) +1. 


Proof: This proofs follows since E(Xy|G) is measurable respected to G, and any measurable 


function respected to {0, Q} is constant. Now, for any event G € {0,0}, | E(Xw|{0, Q})dP = 
G 
| XydP = | XydP = E(Xy) = E(X) +1. 
G Q 


Theorem 4.9. Let Xx and Yy be two neutrosophic random variables with finite expectation 
andb€R. Then, the following statements hold: 
1) If X >I, then E(Xy|G) > 0, 
2) E(bXn + Yn|G) = bE(Xn|G) + E(YnI9), 
3) If Xn < Yn, then E(Xn|G) < E(Yn|Q), 
4) E(E(Xn|G)) = E(Xw), 
5) If Xn is G-measurable, then E(Xn|G) = Xn a.s. In particular, E(b|G) = b, 
) 


( 
( 
( 
( 
( 
(6) If Gi C Go, then 


6 


E(E(Xn|G1)|G2) = E(E(Xw1G2)|G1) = E(Xn 191), 


(7) |E(Xn|9)| < E(\XnII9), 
(8) E|E(XnIG)| < E(\Xw)). 


Proof: 


(1) Follows directly from definition and the fact that X >I = Xy > 0. 
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(2) For all G € G, we have 


[ BOXy + Ywig)aP = f (OXw + ¥y)aP 
G G 


=f xyap+ | yvaP 
G G 


Now, 


[wecxnig) + Bewig)ap = | B(Xy|g)dP +f E(Yy|G)dP 
G G G 


=o | xyap + | YvaP 
G G 


(3) Follows directly from definition and the fact that Xy < Yy. 
(4) Taking G = Q, we get the equality. 


(5) Since Xy is G-measurable, three condition of the definition hold. Now, | E(Xn)dP = 
G 


E(Xwn)dP. Therefore, Xy = E(Xn|G) as. 
G 
(6) For all G € Gi C Go, we have 


[ Bekx\gvlgaP = fe Xy\ayaP 
G G 


= | XnvdP. 
G 


Analogously, 


[ E(E(Xy|G2)|Ga)dP = E(Xw|Go)aP 
G G 


= 7 XnvdP. 
G 


7) Consider that | |E(XwlG)|aP = | | E(Xy\|Q)dP|. Then, 
G G 


|[ E(Xn|G)dP| =1f XndP| 
G G 


< | [xwlaP 
G 
= [ E(xw\lg)aP 
G 
(8) Proof follows from parts (4) and (7) of this theorem. 
Definition 4.10. Let Xj be a neutrosophic random variable with finite second moment, and 


G be a sub-algebra of F. Conditional variance of Xj, known G which will be denoted by 


Var(Xy|Q), it is defined as a neutrosophic random variable as follows 


Var(Xw|G) = E[(Xn — E(Xwy|G))? IG]. 
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We shall recall that neutrosophic conditional variance is not a number, it is a neutrosophic 
random variable. Therefore, the only way that we have the neutrosophic variance of a random 
variable from conditional variance is Var(Xy) = Var(X) = Var(Xwn|{0, O}). 

On the other hand, we have that 


Var(Xn|G) = Var(X + 1|G) 
= Var(X|G) 
= E[(X — E(X|g))|9], 


this shows that conditional covariance is equal to neutrosophic conditional covariance. 


5. Conclusion 


In this article we study the notion of neutrosophic random variable taking into account the 
notions previously studied by and 13}. These results are of great importance because 
convergence on neutrosophic random variables, neutrosophic central limit theorem and neu- 
trosophic laws of large numbers can be studied. Secondly, this results can be applied in quality 
control, stochastic modeling, reliability theory, queueing theory, electrical engineering and so 


on. 
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Abstract: The newly introduced theories, proposed as extensions of the fuzzy theory, such as the 
Neutrosophic, Pythagorean, Spherical, Picture, Cubic theories, and their numerous hybrid forms, 
are criticized by the authors of [1]. In this paper we respond to their critics with respect to the 
neutrosophic theories and show that the DST, that they want to replace the A-IFS with, has many 
flaws. 


Their misunderstanding, with respect to the partial and total independence of the neutrosophic 
components, is that in the framework of the neutrosophic theories we deal with a MultiVariate 
Truth-Value (truth upon many independent random variables) as in our real-life world, not with a 
UniVariate Truth-Value (truth upon only one random variable) as they believe. 


About the membership degrees outside of the interval [0, 1], which are now in the arXiv and 
HAL mainstream, it is normal that somebody who over-works (works overtime) to have an 
over-membership (i.e., membership degree above 1) to be distinguished from those who do not 
work overtime (whose membership degree is between 0 and 1). And, similarly, a negative 
employee (that who does only damages to the company) to have a negative membership (i.e., 
membership degree below 0) in order to distinguish him from the positive employees (those whose 
membership degree is above 0). There are elementary practical applications in this paper that allow 
us to think out of box (in this case the box is the interval [0, 1]). 


Keywords: Neutrosophy; Neutrosophic Components; Neutrosophic Offset Components; 
TriVariate Truth-Value; MultiVariate Truth-Value; UniVariate Truth-Value. 


1. Independence and Dependence of the Neutrosophic Components 


The introduction should briefly place the study in a broad context and highlight why it is 
important. It should define the purpose of the work and its significance. The current state of the 
research field should be reviewed carefully and key publications cited. Please highlight 
controversial and diverging hypotheses when necessary. Finally, briefly mention the main aim of the 
work and highlight the principal conclusions. As far as possible, please keep the introduction 
comprehensible to scientists outside your particular field of research. References should be 
numbered in order of appearance and indicated by a numeral or numerals in square brackets, e.g., 
[1] or [2,3], or [4-6]. See the end of the document for further details on references. 


1.1 TriVariate Truth-Value 


Neutrosophy [15], as new branch of philosophy, started from the practical principle that 
everything (E) should be evaluated from three independent points of view (or sources of information, or 
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random variables): two opposite ones (positive and negative), and a third one the neutral in between 


them, for a fear evaluation. Thus, a neutrosophic triplet has been constructed, <positive, neutral, 
negative>, for studying especially contrary philosophical concepts, ideas, and schools. Therefore, 
one deals with a TriVariate Truth-Value because one uses three independent random variables 
(sources of information): one that presents the degree of positive side of E, another that presents the 
degree of negative side of E, and a third one that presents the degree of neutral (indeterminate) side 
of E. 

That’s what happens in our everyday life, and the most known one is in the court of law 
(defender, persecutor, jury). Also, everything has good, bad, and common features. 

{Surely, more generally, everything may be evaluated from n points of view (n random 
variables, or n sources of information), for any integer 2<nm<oo, as such dealing with a 
MultiVariate Truth-Value, where the random variables may have degrees of positiveness, or 
negativeness, or neutrality (indeterminacy), but this case falls under the Refined Neutrosophic Logic 
[13], or under the Plithogenic Logic as generalization of MultiValued Logic [14], or under the 
Plithogenic Probability & Statistics as generalizations of MultiVariate Probability & Statistics [30], 
which are different stories.} 

For example, in general you are evaluated by a friend in a positive way, by an enemy in a 
negative way, and by a neutral person in a neutral way. 

Surely, in the Refined Neutrosophic Set and Logic and Probability , you may be evaluated by 
many friends in positive ways, and by many enemies in negative ways, and by many neutral 
persons in neutral ways. That’s life, as in neutrosophy. 

This ThreeVariate way of thinking (neutrosophic evaluation) was transferred to the scientific 
disciplines that resulted from neutrosophy: 

Neutrosophic Set (degree of membership, degree of indeterminate-membership, degree of 
nonmembership); 

Neutrosophic Logic (degree of truth (T), degree of indeterminate-truth (I), degree of falsehood 
(F)); 

Neutrosophic Probability (chance of an event to occur, indeterminate-chance of the event to 
occur or not, chance of the event not to occur); etc. 

For simplicity, we preferred to use the descriptive notation (T, I, F) for all neutrosophic triplets. 

Let’s consider the single-valued neutrosophic components, where all 7, /,/ €[0,1]. 

Depending on each application, in the neutrosophic theories one may encounter three (or more) 
possibilities: 

a. UniVariate Truth-Value, when only one source assigns values to the neutrosophic 


components, and thus the neutrosophic components are totally dependent as in the other 
fuzzy theories, whence 0<7+/+F <1. 
b. BiVariate Truth-Value, when two independent sources assign values to the neutrosophic 


components, for example one source assigns values to two neutrosophic components (let’s 
assume to T and F, thus 0<7'+F'<1) and the second one to the other neutrosophic 
component (which is I, thus 0</ <1), and therefore the neutrosophic components are 
partially dependent and partially independent {or T and F are totally dependent of each 
other, while I is totally independent from both of them}, whence O<$7T+/+F' <2. 

c. TriVariate Truth-Value, when three independent sources assign values to the neutrosophic 


components, each source to one distinct neutrosophic component, thus 0<7+/+F <3) 
and all three neutrosophic components are totally independent. 
d. TriVariate Truth-Value, when the three sources are partially dependent and partially 


independent. For example, John’s work is evaluated by three sources: a friend, an enemy, 
and a neutral person, which communicate with each other and arrive to some agreement 
about John’s work that is interpreted as degree of dependence (d) between these three sources, 
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and to some disagreement about John’s work that is interpreted as degree of independence (i) 
between the three sources, where d,i €[0,1],d+i=1. 

e. MultiVariate Truth-Value, in general, for Refined Neutrosophic Set/Logic/Probability [13], 
and for Plithogenic Logic/Probability/Statistics [14, 30]. 


1.2 “Unfortunately, this fact [independence of components — our note] is not usually taken into 
account in the works, where NST was applied.” 


Their assertation is untrue, the independence of components was used in most of the 
neutrosophic applications. 

The independence of the neutrosophic components comes from the unrestricted summation T + 
I+ F that can get any value between 0 and 3. The independence comes from the fact that if a 
neutrosophic component gets a value, it does not affect in no way the other two neutrosophic 
components’ values. Not restricting the value of the sum T + 1+ F means from the start the existence 
of degrees of independence and dependence between the components. 

In many neutrosophic applications that presented numerical examples, looking at the 
neutrosophic triplets (T, I, F), you would see: some whose sum is < 1, others whose sum is > 1, and 
others whose sum is = 1. For example (0.1, 0.3, 0.5), or (0.9, 0.8, 0.6), or (0.7, 0.1, 0.2), etc. 

Also, in all neutrosophic papers the neutrosophic operators were employed, which means that 
the Indeterminacy (I) was used independently from T and F into the operators’ formulas, which is 
not the case for the previous classical, fuzzy (especially A-IFS) set and logic, and probability theories. 

Unlike in other previous theories (for example in DST), no normalization is done in the 
neutrosophic theories, therefore, after aggregation, the resulted neutrosophic components sum may 
be any number between 0 and 3. 

Yet, the situation is more complex, since the neutrosophic theories comprises all possibilities of 
the neutrosophic components, i.e.: to be totally independent, partially independent and partially 
dependent, and totally dependent. Not only the case of the totally independent components - as they 
have written in their equation (6). 


1.3. In their paper [1], their equation (6): 
“0<T+I1+F 3 for the completely independent components” 


is partially wrong. 


The correct one is only: 


“OST+I+F <3" 

which means that the summation T + I + F can be any number in [0, 3], with 7,/,F €[0,1], 

and consequently, it comprises all possibilities, i.e. the components may be: 

either totally independent, or partially independent and partially dependent, or totally 
dependent. 

The independence and dependence of the components depend on each application and on the 
experts. Practical examples will follow below. 

It is obvious that if 7,/,F €[0,1],then of course 0<7+/+F' <3, but we emphasized this 
double inequality to make sure the readers would not take for granted that O<7+/+F'<1 asin 
the previous classical, fuzzy set and logic, and probability theories. Therefore O<7+/+/F <3 is 
no restriction at all! 


1.4. “We have deep doubts about the validity of this hypothesis of the components mutual 
independence from its practical applicability point of view” (p. 3). 
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Ironically, just the practical applications have inspired us to consider the independence of the 
components, and very simple ones, as these authors will see below. 

Their misunderstanding is that these authors are considering only the UniVariate Truth-Value 
{truth that depends on a single parameter (or point of view, or random variable), which enforces the 
sum of the neutrosophic components to be up to 1, and they are totally dependent}. But, in our 
everyday life, we almost always deal with a MultiVariate Truth-Value {truth that depends on many 
independent parameters (or random variables, or sources of information), and the neutrosophic 
components may be: partially dependent and partially independent, or they may be totally 
independent}. 

Practical Examples will follow below. 

In general, 

UniVariate Truth-Value # MultiVariate Truth-Value. 

Complete Independence of the neutrosophic components means that there are different (and 
independent) sources of information that provide estimations on each of T, I, and F respectively. 

This happens in our everyday life: an item (person, object, event, action, proposition, theory, 
etc.) is evaluated from many points of view (or many random variables). 


1.5 “According to the independence hypothesis, the event T= 1, F=1 and I= 1 is allowed in the 
NST and in this case, the constraint (6) is fulfilled. Suppose T, F and I are the degrees of truth, 
false and indeterminacy, respectively (this is the notation used in the NST). Thus, if we deal with 
a complete truth (T= 1), then in compliance with the formal logic and common sense, the measure 
of false is 0 (F = 0) without any indeterminacy (I= 0).” 


{We used the notations T, I, F because they are more descriptive for the Truth, Indeterminacy 
(or Neutrality), and Falsehood respectively, instead of the Greek letters {,7,V that are not 
descriptive and were used in their paper [1].} 

Here it is their confusion, these authors consider only the UniVariate Truth-Value of a 
proposition. 

As we showed before, from a point of view a proposition may be true, from other point of view 
it may be false, or may be neutral (or indeterminate). 

When these authors talk about “common sense” they are automatically / stereotypically 
referring to a single source of information that provides information about all three neutrosophic 


components of a proposition (therefore the components are all totally dependent). When a single 
source provides information about an event, it knows and adjusts the sum of the components to be 1. 
See the below practical examples. 


1.6 “It is interesting that the events T= 1, F=1, 1=1 and T=0, F=0, I =0 are interpreted in [9] asa 
paradox, and its definition is treated as a merit of the NST. In our opinion, generally, it seems to 
be more reliable to use theories, which have no paradoxes” (p. 4). 


We agree to these authors with the fact that the theories that have paradoxes are not reliable, 
but the Neutrosophic Logic was not designed for the theories with paradoxes. 

We only proved that a proposition (not theory) P, which is a paradox (totally true and false in 
the same time, and totally uncertain as well), can be represented in the Neutrosophic Logic as P(1, 1, 
1), while in other classical or fuzzy and fuzzy extension set, logic or probability theories the 
proposition P cannot be represented, since the sum of the components is not allowed to be greater 
than 1. 


2. Practical Examples of Independent or Dependent Neutrosophic Components 


Let’s see several practical examples, as these authors have required: 


2.1 Practical Example 1 
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The following event E takes place: 

E = {There is a street protest in Minneapolis}. 

a. From the point of view of the Human Rights Activists the protest is positive, because 
people have the right to express their view, and consequently the CNN television station 
(reflecting the left politics) joys it. Let’s say T(positiveness) = 0.8. 

b. But, from the point view of the Police, the protest is negative, since the protesters are violent 
and destroy and burn houses and injure people; then the Fox News television station 
(reflecting the right politics) presents the negative side of the protests: violence, destruction, 
arson, chaos. Let’s say F(negativeness) = 0.9. 

c. Let’s consider an unbiased (neutral) Media that reports on the event. This is the neutral 
source, it evaluates the event in general as, for example, I(positiveness and negativeness) = 
0.4. 

As seen, T + I + F > 1, and the three neutrosophic components T, I, and F are totally 
independently assessed, since the Human Right Activists, the Police, and Media are three different 
and independent entities. 

The authors wrote: “Therefore, we can say, e.g., that the high degree of truth is obligatory 
accompanied by the low degrees of false and indeterminacy.” (p. 3). 

This is true ONLY for the UniVariate Truth-Value of the Classical and Fuzzy Logic. This is false 
for the MultiVariate Truth-Value of the Neutrosophic Logic as we previously proved with several 
elementary practical examples. 

To contradict these authors, let’s assume, in this practical example, that the Human Rights 
Activists reassess their evaluation of the event, and they reassign T(positiveness) = 0.7. But this has 
nothing to do with the Police or Media to reassess their evaluations of F(negativeness) and 
I(positiveness and negativeness) respectively. Since all three sources, and thus the T, I, F, are totally 
independent. If a neutrosophic component increases or decreases, it may have no effect on the other 
neutrosophic components. 

This is a TriVariate Truth-Value, since the event E is evaluated by three independent 
parameters (from three different points of view): Human Rights Activists, Police, and Media. 

As seen, it’s not fair to analyze something from only one point of view (from only one 
parameter). 

This is a TriVariate Truth-Value. 


2.2 Practical Example 2 


A murderer John Doe is being tried in the court of law for having committed a crime. There are 
three player parts in the court: 

the Persecutor team, which presents the suspect in a negative way, for example F(Doe) = 0.9; 

the Defense team, that presents the suspect in a positive way, for example T(Doe) = 0.4; 

and the Jury, that is neutral, where /(Doe) €[0,1]. 

Herein, the Persecutor and the Defense are totally independent sources (since they are 
opposite). Therefore, T and F are totally independent. 

But the Jury is dependent on the evidences provided by both the Persecutor and the Defense. 

Therefore, the neutrosophic component I is totally dependent on both T and F. 

Let’s assume I = 0 means not guilty, I= 1 means guilty, while / € (0,1) means a hung-jury (i.e. 
some jurors say he is guilty, while others say he is not guilty) or unable to reach a verdict. 

This is a TriVariate Truth-Value. 


2.3 Practical Example 3 that refutes their assertation 


Proposition: G = George is a good student. 
George is evaluated by three different independent professors. 
The math prof: George is excellent in mathematics and he gets only A’s. Hence T(G) = 1. 
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The sport prof: George is the worst athlete in the team since he cannot run, cannot play baseball. 
Hence F(G) = 1. 

The literature prof: I am totally uncertain about George’s ability to write a literary composition 
since he never turned in any of them. Hence I(G) = 1. 

Therefore we got G(1, 1, 1). 

This is a TriVariate Truth-Value. 


2.4 Example 4 that refutes their assertation 


A paradox is a proposition that is true and false at the same time (hence T = F = 1), and 
completely unclear/indeterminate (hence I = 1). 


2.5 Example 5 from mathematics that refutes their assertation 


Assume the proposition M is “1 + 1= 10”. 

If the base of numeration is 2, then proposition M is true: T(M)=1. 

If the base of numeration is 10, the proposition M is false: F(M) = 1. 

This is a proposition that is totally true and totally false, without being a paradox. 

Herein one has a BiVariate Truth-Value (i.e. with respect to two parameters: Base 2, and 
respectively Base 10). 


If the base of numeration is unknown (let’s denote it by b), then the truth-value of M is also 


unknown (indeterminate): I(M) =1. 


Now one has a TriVariate Truth-Value (i.e. with respect to three parameters: Base 2, Base 5, 


and unknown Base J). 


2.6 Example 6 of independent and dependent neutrosophic components 


There will be a football match between Poland and Belarus. For each country there are three 
possibilities: to win, to draw, or to lose. Therefore, as in neutrosophic theories. 


a) Totally independent neutrosophic components 


Asking a Polish person what is Poland’s chance to win, he may say T(Poland) = 0.8. 

But a Belarusian person may say that Belarus will win, let’s say F(Poland) = 0.7. 

Another person, from another country (Romania), may answer that it is a chance of a tie game: 

I(Poland) = 0.4. 

It is supposed that the three sources, the Polish, Belarusian, and Romanian persons do not 
communicate nor know the evaluations of the others. They are totally independent and 
consequently are the components T, I, F. 

Herein there is a TriVariate Truth-Value. 


b) Totally Dependent Neutrosophic Components 


Let’s assume that a Polish mathematician evaluates all three possibilities of Poland. Being a 
mathematician, he knows that the sum of the component has to be 1, as in the classical and fuzzy set 
theories, logic, or probability. 

He then may say: T = 0.7, F=0.1, 1 =0.2. 

The neutrosophic components are totally dependent, since all three depend on a single source. 

Herein there is a UniVariate Truth-Value. 


c) Partially Dependent and Partially Independent Neutrosophic Components 
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Another situation. Assume that a scientist George has to evaluate both chances of Poland, to 
win or to lose. 

If he choses T = 0.6, for example, he knows that 0 < F< 1 — 0.6 =0.4. Suppose he takes F = 0.3. 

A second source Marcel has to evaluate the possibility of tie-game, without nothing anything 
about George’s. Let’s suppose that he says: I= 0.8. 

In this case, T and F are totally dependent of each other, while I is totally independent from both 
T and F. HereinO0<7+/+F <2. 

Herein there is a BiVariate Truth-Value. 


3. Neutrosophic Overset/Underset/Offset 


“Tn our opinion, the most daring theory was proposed in [*18]. This theory allows negative and 
greater than 1 values of membership degrees. There are some basic definitions introduced in [*18], 
but here, we analyze only the most general one: 

Definition 4. For T(x), I(x) and F(x) being the degrees of truth, indeterminacy and false, 
respectively, a Single-Valued Neutrosophic Offset A is defined as follows: 

A={(x, <T00, 100, FOd>), x. U}, 

such that there exist some elements in A that have at least one neutrosophic component that is > 
1, and at least another neutrosophic component that is < 0. 

For example: A = {(x1, <1.3, 0.3, 0.2>), (x2, <0.1, 0.4, -0.8>)}, since T(x1) = 1.3 > 1 and F(x2) =-0.8 < 
0.” (p. 6) 

{We took the liberty of updating the reference citation to be adjusted to our paper. Instead of 
[16] as in these authors’ reference, we wrote [*18]. See more papers on Neutrosophic 
Overset/Underset/Offset: [27-29].} 

These neutrosophic overset (degree > 1), neutrosophic underset (degree < 0), and neutrosophic 
offset (some degree > 1 and other degree < 0) were well understood by the prestigious Cornell 
University arXiv (New York City) mainstream Archives that approved our book: 

https://arxiv.org/ftp/arxiv/papers/1607/1607.00234.pdf 
and by the mainstream French Hal Archives as well: 

https://hal.archives-ouvertes.fr/hal-01340830 . 

These concepts were inspired from our real life [*18, 27, 28, 29]. 

The authors continue with the below citation from our book: 

“There is a crucial example in [*18], which clarifies the author’s reasoning that we critically 
analyze: “In a given company a full-time employer works 40 h per week. Let’s consider the last week 
period. Helen worked part-time, only 30 h, and the other 10 h she was absent without payment; 
hence, her membership degree was 30/40 = 0.75 < 1. 

John worked full-time, 40 h, so he had the membership degree 40/40 = 1, with respect to this 
company. But George worked overtime 5 h, so his membership degree was (40+5)/40 = 45/40 = 1.125 
> 1. Thus, we need to make distinction between employees who work overtime, and those who work 
full-time or part-time. That’s why we need to associate a degree of membership strictly greater than 
1 to the overtime workers.” (p. 6) 

The above was our practical example. 

The authors reject it: 

“The crucial drawback of this reasoning is the lack of the clear definition of fuzzy classes, which 
memberships are estimated. We can see here two distinct fuzzy classes: the class of employees 
working at least no more than 40 h a week and the class of employees that works more than 40 h. The 
first class is presented by the membership function rising from 0 to 1 in the interval [0, 40] of worked 
hours and equal to 0 if the sum of worked hours is greater than 40. The second class is defined by the 
membership function increasing from 0 to 1 in the interval of worked hours from 40 to Hmax, where 
Hmax is the maximal allowed by government (and trade unions) value of worked hours. We can see 
that such an obvious reasoning does not allow membership degrees greater than 1. The incorrect 
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reasoning of the author of [*18] is also based on the implicit mechanical conjunction of two different 
classes with not intersected supports. Of course, such a conjunction can be made, but the resulting 
fuzzy class and the corresponding membership function should have a new sense reflecting a 
synthetic nature of a new class. In the considered case, we can introduce the class of “hard working 
employees” with the membership function rising from 0 to 1 in the interval [0, Hmax].” 

There are people who invent theories and then try to squeeze the reality into them. 

But, we did the opposite, we started from the real-world problems (over-work, negative work) 
and tried to make the theories that model / approximate the reality as accurate as possible. Late on, 
we improved our models little by little. 

First, we do not work with fuzzy classes, but with a neutrosophic approach. 

Also, we see no reason to make two classes where the membership, in both of them, starts from 
0 and ends to 1. What about if one gets the same value, for example the membership degree T = 0.3 in 
both classes [or in the three classes, as they added one more similar class for the negative 
membership]? It’s a confusion. On the other hand, these two classes cannot catch the employees with 
negative membership (those who produce damages to the company, T < 0). 

These authors belong to the category of people that try to squeeze the reality (the membership 
degree of overtime workers which overpasses 1, or T > 1) to the narrow classical set theory, where 
the membership degree has to be T < 1. The classical set theory is not written in stone, so we may 
enlarge it if the reality requires it. 

When Zadeh founded in 1965 the Fuzzy Set and allowed the membership degree to be any 
number between 0 and 1 (not only 0 or 1 as in classical Set Theory) he was criticized at that time by 
several scientists (as he told me in 2003 at an international conference at the University of Berkeley, 
California, where we met). But he prevailed, because in the real world there exist many partial 
memberships. 

About the membership degrees that are outside of the interval [0, 1], it is normal that somebody 
who over-works (works overtime) to have an over-membership (i.e., membership degree above 1) to 
be distinguished from those who do not work overtime (whose membership degree is between 0 
and 1). 

Our example of negative employee who deserves a negative membership (T < 0), is cited by 
these authors: 

“Let us turn to the example: “Yet, Richard, who was also hired as a full-time, not only did not 
come to work last week at all (0 worked hours), but he produced, by accidentally starting a 
devastating fire, much damage to the company, which was estimated at a value half of his salary 
(i.e., as he would have gotten for working 20 h that week). Therefore, his membership degree has to 
be less that Jane’s (since Jane produced no damage). Whence, Richard’s degree of membership, with 
respect to this company, was -20/40 = -0.50 <0.” ” (p. 6) 

The authors continue: 

“As we are analyzing only the last week, we can see that Richard does not belong to any of the 
classes described above. It is a member of a practically unlimited class of those who do not work for 
a given company. We can significantly narrow this class by considering only those people who, by 
their actions or inaction, cause damage to the company (the most harmful are the top managers of 
competing firms). This way we can estimate the maximum damage Dmax (it does not matter in 
money or equivalent worked hours), which can be inflicted on the company by an external detractor. 
Thus, the class of external (nonworking for the company) people who bring company damages can 
be presented by the membership function varying from 0 to 1 in the interval of damages [0, Dmax]. 
There is no place for any negative membership degree.” 

These authors did not read/understand exactly: Richard is indeed a full-time employee, he 
works for the company, as we have written into our book: “Richard, who was also hired as a 
full-time” it is certainly an employee. The authors make a false statement for Richard as 
“nonworking for the company”. 
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Even so, it is not clear, why did they make a third class varying from 0 to 1 for the negative 
employees? As such, we’d like to return the ancient Occam’s wisdom back to themselves: “Entities 
should not be multiplied unnecessarily.” 

If you have a negative person in your group, for example, which creates only problems to the 
group, you cannot assign him a membership degree equals to zero (as for people that do neither 
positive nor negative things to the group), but you should assign him a negative membership 
degree. It is very logical this way. 

A negative employee (that who does only damages to the company) has to have a negative 
membership (i.e, membership degree below 0) in order to distinguish him from the positive 
employees (those whose membership degree is above 0). 

We see no reason to complicate the problem by creating three classes of membership degrees in 
order to avoid membership degree values greater than 1 or less than 0, instead of keeping a single 
class, but enlarging it to the left-hand side of 0 and respectively to the right-hand side of 1. 

Because neutrosophic set has 3 components, they would need 9 classes, not talking of the 
refined neutrosophic set, that may have any number 2 <n < ~ of refined neutrosophic components, 
therefore they would need 3n classes! Better they should think out of box (in this case the box is the 
interval [0, 1]). 


4. Applicability 


The authors wrote: “there is no need for such somewhat artificial and heuristic theories as the 
Neutrosophic, Pythagorean and Spherical sets and their derivatives” (p. 5). 

We disagree. The neutrosophic theories are not artificial, they started from our real-world 
practicability, where there are so many neutrosophic triplets (<A>, <neutA>, <antiA), where <A> is 
an item (concept, proposition, idea, etc.), formed by two opposites <A> and <antiA>, together with 
their neutrality (indeterminacy) <neutA>. 

For examples: (friend, neutral, enemy), (positive particle, neutral particle, negative particle), 
(masculine, transgender, feminine), (true, indeterminate, false), (win, tie-game, defeat), (yes, 
uncertain, no), (take a decision, pending, not taking a decision), etc. 

The neutrosophic theories have many applications [25] in various fields such as: Artificial 
Intelligence, Information Systems, Computer Science, Cybernetics, Theory Methods, Mathematical 
Algebraic Structures, Applied Mathematics, Automation, Control Systems, Big Data, Engineering, 
Electrical, Electronic, Philosophy, Social Science, Psychology, Biology, Genetics, Biomedical, 
Engineering, Medical Informatics, Operational Research, Management Science, Imaging Science, 
Photographic Technology, Instruments, Instrumentation, Physics, Chemistry, Optics, Economics, 
Mechanics, Neurosciences, Radiology Nuclear, Medicine, Medical Imaging, Interdisciplinary 
Applications, Multidisciplinary Sciences, etc. and there were published over 2,000 papers, books, 
conference presentations, MSc and PhD theses by researchers from 82 countries around the world. 

With respect to what the neutrosophic theories brought new, we invite these authors to read 
our 2019 paper, so we do not repeat the things [26], whose weblink is provided. 

Rather, these authors’ transformation/substitution of the Atanassov-Intuitionistic Fuzzy Set 
(A-IFS) into the Dempster-Shafer Theory (DST) framework is artificial, since their transformation is 
not quite equivalent with the A-IFS, while practically their transformation is useless because of the 
very large intervals they use that supposed to catch the solution. 


5. Publications 


They say that the “caution of editors and reviewers of solid old journals is not caused by their 
conservatism at all, but by the desire to see, in addition to formal definitions of these theories and 
numerous theorems, the solution of real methodological and practical problems” (p. 1). 
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In general, in any field of knowledge, when a Theory1 is generalized by the Theory2, the 
proponents of Theory] are reluctant to publish and even to admit Theory2, and the first reason is the 
rivalry between theories, the conservatism is only an excuse. But each theory has its flavor. 

The authors are less informed, since in the last years there have been books published by 
prestigious publishing houses such as Springer [19, 21], Elsevier [20], IGI Global [22-24] (we cite the 
last ones), etc. and many high rank journals by Springer, Elsevier, IOS Press, Tayler & Francis, MDPI, 
Hindawi, Emerald Publishing, IGI Global, World Academy of Science Engineering and 
Technology, IEEE, Wiley, etc. have published papers on the neutrosophic environment, such as: 
Complex & Intelligent Systems, Cognitive Computation, Artificial Intelligence Review, International 
Journal of Fuzzy Systems, Evolving Systems, Complex & Intelligent Systems, Soft Computing, 
Journal of Machine Learning & Cybernetics, Multiple-Valued Logic, Design Automation for 
Embedded Systems, Granular Computing, Neural Computing and Applications, Journal of Systems 
Architecture, Applied Soft Computing, Measurement, Symmetry, Mathematics, Information, 
Axioms, Entropy, Computational and Applied Mathematics, BMC Medical Research Methodology, 
International Journal of Aerospace and Mechanical, Cognitive Systems Research, Theoretical and 
Applied Climatology, Journal of Metrology Society of India, Journal of King Saud University — 
Science, Journal of Intelligent & Fuzzy Systems, IEEE Access, Expert Systems, etc. 

Further on, they will see in this paper many solutions using the neutrosophic theories to 
practical problems. 


6. Critics of the DST 


These authors [1] want to destroy the fuzzy extension theories just to promote the 
Dempster-Shafer Theory (DST) that they support, but from the beginning they are going on an 
uncertain way, since DST is a flawed theory which gives many counter-intuitive results [2-8; 
weblinks provided; download the papers and respond to the DST problems], as we'll show below. 

They assert that all fuzzy extension theories can be substituted by the DST, which is not true. 


6.1 The DST fails in the Zadeh’s Counter-Example 


Zadeh’s Counter-Example [2], as know by all fusion community, is the following: 

Two doctors examine a patient and agree that he suffers from either meningitis (M), contusion 
(C), or brain tumor (T). Thus © = {M, C, T} is the frame of discernment. Assume that the doctors 
agree in their low expectation of a tumor, but disagree in likely cause and provide the following 
diagnosis: 

mi(M) = 0.99, mi(T) = 0.01, and m2(C) = 0.99 m2(T) = 0.01, where mi(.) represents the diagnoses 
provided by the first doctor, while m2(.) the diagnoses by the second doctor. If we combine the two 
basic belief functions using the DST (first doing the conjunctive rule, then the Dempster’s rule of 
combination), one gets the unexpected conclusion: 

0.0001 - 
— 0.0099 — 0.0099 — 0.9801 
which means that the patient suffers with certainty from brain tumor, which is wrong. 
Zadeh [2] has clearly written down: “there is a serious flaw in Dempster's rule which restricts its 


a ae 


use in many applications”. 
Similarly, P. M. Williams questioned the validity of Dempster’s Rule [31]. 


6.2 The A-IFS gives a better solution to Zadeh’s Counter-Example than DST 


After criticizing Atanassov’s Intuitionistic Fuzzy Set (A-IFS), the authors proposed 
“redefining the A-IFS in the framework of the more general Dempster-Shafer theory of evidence 
(DST)” (p. 2). 

Okay, then let’s set and analyze the Zadeh’s Counter-Example in the frame of the A-IFS, and we 
show that A-IFS gives better result than DST. 
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Let: 

Di = {M(0.99, 0), C(O, 0), T(0.01, 0)}, 

D2 = {M(0, 0), C(0.99, 0), T(0.01, 0)}, 

where D1 represents the diagnoses provided by the first doctor, i.e. 

M(0.99, 0) means that the degree of membership (truth) of the patient to have meningitis is 0.99, 
and the degree of nonmembership (falsehood) of the patient not to have meningitis is 0; 

And similarly for the other diseases. 

And where D2 represents the diagnoses provided by the second doctor. 

Let’s use the A-IFS min/max intersection operator (A ,_;,< ) for the two doctors’ diagnoses: 

Di Aas Dy = (0.99, 0) A 4 irs (0, 0),(0, 0) A 4 irs (0.99, 0),(0.01, 0) A, js (0-01, 0)} = 

{(min {0.99, 0}, max {0, 0} ), (min {0, 0.99}, max {0, 0}), (min {0.01, 0.01}, max {0, 0})} = 

{(0,0), (0,0), (0.01, 0)! = {44 (0,0), C(0, 0), 7(0.01,0)}. 

A-IFS shows that the chance of the patient of having tumor is 0.01, which is more realistic with 
respect to the chance of tumor of the patient, than DST’s. 

More counter-examples to the Dempster’s rule have been published in the literature [3-8]. 

After these failures of the DST, new theories have been proposed, such as TBM, DSmT [9], etc. 


and many quantitative and qualitative fusion rules [10-12] in order to overcome the Dempster’s rule 
counter-intuitive results. 


7. Conversion from A-IFS to DST 


The authors [1] propose the conversion from the framework of the A-IFS to the DST in the 
following way (pp. 7-8). 

Let U be a universe of discourse, and: 

Bars = 4(X,< T(x), F(x) >), T(x), F(x) €[0,1],0 < T(x) + F(x) <1,.xeU} be a non-empty subset of 
it, that is called an Atanassov-Intuitionistic Fuzzy Set (A-IFS). 

Let’s x(T(x),F(x)) be a generic element that belongs to B,,. , with 
T(x), F(x) €[0,1], 0 < T(x) + F(x) <1, whence the indeterminacy (hesitancy) is I(x) =1-T(x)—F(x) € [0,1]. 


From the fusion theory, and especially from Dempster-Shafer Theory, the Basic Believe 
Assignment (bba), denoted by m(.), is defined as: 


- DBs = 
m:2° [0,1] such that m() =0, where p is the empty-set, and Yo m(x)=1. 
And the Believe Function Bel and the Plausible Function Pl are defined as follows: 
Bel: 2°" [0,1], Bel(x)= > m(y) 


pye2PAtFs yor 


PL: 2°" [0,1 Pix)= > ao 


pe2Palls yrxng 
Afterwards, they approximate the above B,_;,, to an interval-valued fuzzy set (IVFS), denoted 
AS Cys = {(x,[Bel(x), Pl(x))),x € 2°} = {(x,[T(x), T(x) +10); T 0), (x) €[0, 1], T(x) +1) <1 x € 27} which is 
notequalto B,_j-;. Their approach is similar to that of a Vague Set. 
The interval [Bel(x), Pl(x)]] BI(x) was called Believe Interval (BI). 
Mathematically, this is beautiful, but practically it is useless. When converting from an 
approach to another one, it is supposed to diminish the indeterminacy (hesitancy) and get better 


results. But, it is not the case. The higher is indeterminacy (I) the larger is the believe interval that 
suppose to catch the solution. 

As counter-examples, let’s consider the following A-IFS triplets (their components’ sums are 
equal to 1): 

(T, L, F) = (0.2, 0.5, 0.3) produces the BI = [0.2, 0.7]; 

(T, L, F) = (0.3, 0.6, 0.1) produces the BI = [0.3, 0.9]; 
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(T, I, F) = (0.2, 0.8, 0.0) produces the BI = [0.2, 1], etc. 

There are pretty large intervals to deal with, that make the result vaguer. To say that the 
solution lies inside of the interval, for example [0.2, 1], means almost nothing towards solving the 
problem whose solution is always between 0 and 1. 

Another drawback is the fact that computing with intervals is more complicated than 
computing with crisp numbers. 


8. Differences between A-IFS and NST 


“The conceptual difference between the NST and the A - IFS is the introduction of the 
hypothesis of complete independence of the components” (p. 3). 

By NST they meant Neutrosophic Set Theory. 

This is not the only difference, another big distinction is with respect to the construction of the 
neutrosophic operators (negation, intersection, union, implication, equivalence, etc.), since within 
the frame of neutrosophic environment the Indeterminacy (I) is getting full consideration and “I” is 
involved in the neutrosophic operators’ formulas, while in the A-IFS operators the indeterminacy 
(called hesitancy) is completely ignored and does not appear in none of their operators’ formulas. 

Even for the case when the sum of the neutrosophic components is equal to 1, as occurs for the 
A-IFS components, the results after applying the neutrosophic operators are different from those 
obtained by the A-IFS operators. 

A simple example is below, for the neutrosophic conjunction (A, >) vs. A-IFS conjunction 


(A 41s): 

Let’s denote by A, the fuzzy set t-norm, and by V,, the fuzzy set co-norm. 

Let (7,1,,F)and (7,,1,,r,) be two neutrosophic triplets, where 7,7,,F,,7,,/,,F, €[0,1], and there is 
no restriction on the sums of the two neutrosophic triplets. 


Then, the neutrosophic conjunction is: 
(TL.F) Ans Toto Fy) = (0 Aes Tool Vrs LaF Ves Ff) 


where we clearly see that the indeterminacy/hesitancy (I) is involved in the above formula on 
the right-hand side: 1, V p<, I,. 

But, for the A-IFS conjunction formula the indeterminacy/hesitancy is completely ignored, 
which makes the operator less accurate. If 7+ <1, 7,+F,<1, and 7.+/,+F, =17,+/,+F, =1, 


in order to comply with the A-IFS constrains, one gets: 
(LF) A srs Ty Fy) = (Ti Aes Ty FV es B) 


unfortunately, no indeterminacy/hesitancy (I) is involved into the formula. 

Even when the sum pf the neutrosophic components is 1, as in A-IFS, the results of the 
neutrosophic and respectively A-IFS operators are different. Let’s see this numerical example: 

(0.6,0.1,0.3) Ax. (0.5, 0.4, 0.1) = (min {0.6, 0.5}, max {0.1, 0.4}, max {0.3, 0. 1}) = (0.5, 0.4, 0.3) 

while 

(0.6,0.3) Ay is (0.5, 0.1) = (min {0.6, 0.5}, max {0.3,0.1}) = (0.5, 0.3) 

whence the indeterminacy/hesitancy = 1-0.5-0.3=0.2 #0.4. 

In this case these authors agree with us: 

“In the case of mutually dependent components, the main constraint O<7+//'+J/ <1 inthe 
NST seems to be more fruitful than that in the A - IFS (T+ F+ I=1). This was quickly discovered and 
the so-called Picture fuzzy sets theory (PFS) was proposed” (p. 4). 

Thanks to the indeterminacy (I), that plays an important role in the neutrosophic environment 
and in the real world that is full of indeterminate (vague, unclear, conflicting, incomplete, etc.) data, 
more fields were developed within the field of neutrosophy, such as: Neutrosophic Algebraic 
Structures (based on neutrosophic numbers of the form a + bI, where | = literal indeterminacy, and a, 
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b are real or complex numbers), Neutrosophic Statistics (using classical statistical procedures and 
inference methods but on indeterminate data), Neutrosophic Probability (chance of an event to 
occur, indeterminate-chance of the event to occurring or not, and chance of the event not to occur), 
etc. 

Therefore, there are many distinctions between the neutrosophic theories and the A-IFS. 


9. Conclusions (authors also should add some future directions points related to her/his research) 


Many practical applications have been given in this paper about the independence and 
dependence of the neutrosophic components in our every-day life. 

The misunderstanding of some authors, with respect to the partial and total independence of 
the neutrosophic components, is that in the framework of the neutrosophic theories we deal with a 
MultiVariate Truth-Value (truth upon many independent random variables) as in our real-life world, 
not with a UniVariate Truth-Value (truth upon only one random variable) as they believe. 

Similarly with respect to the degrees of memberships greater than 1 or less than 0, which are 
now mainstream subjects. The neutrosophic theories were inspired from the practical applications.. 


Conflicts of Interest: The authors declare no conflict of interest. 
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Abstract: In this article, we define firstly generalized Euclid distance measure and generalized Euclid similarity measure 
based on generalized set valued neutrosophic quadruple numbers. Also, we show that generalized Euclid distance measure 
and generalized Euclid similarity measure satisfy the distance measure conditions and similarity measure conditions, 
respectively. Furthermore, we define a score function for generalized Euclid similarity measure. In addition, we generalize 
an algorithm, for single valued neutrosophic set, based on generalized Euclid similarity measure and generalized set valued 
neutrosophic quadruple numbers. Also, we give a multi criteria decision making applications for this generalized algorithm. 
This application based on patients, diseases, drugs and this application is different from previous applications because of 
generalized Euclid similarity measure and generalized set valued neutrosophic quadruple numbers. Furthermore, this 
application has different result according to some previous similarity measure. Thus, this application can used for 
covid-19 treatment due to structure of generalized Euclid similarity measure and generalized set valued neutrosophic 
quadruple numbers 


Keywords: Distance measure, similarity measure, Euclid measures, generalized set valued neutrosophic quadruple numbers, 
generalized Euclid distance measure, generalized Euclid similarity measure 


1 Introduction 


Many uncertainties arise in daily life. Most of the time, Aristotle logic (classical logic) is insufficient to 
explain these uncertainties mathematically. Fuzzy logic [1] and intuitionistic fuzzy logic [2] were defined to deal 
with uncertainties. However, in these structures, membership functions were defined as dependent on each other. 
Finally, neutrosophic logic and sets [3], (T, I, F) membership functions are independent of each other, were defined 
by Smarandache. Thus, uncertainties are taken into calculations more precisely. Due to this advantage, many 
studies have been carried out in both algebra and application areas by using neutrosophic sets [4-11]. In particular, 
decision making applications have found more application areas with the definition of neutrosophic sets and more 
precise results have been obtained. Therefore, many decision-making applications have been obtained. Recently, 
Hashmi et al. studied multi-criteria decision-making in medical diagnosis for m-Polar neutrosophic topology [12]; 
Khalil et al. introduced decision making applications for the single-valued neutrosophic fuzzy set and the soft set 
[13]; Olgun et al. studied neutrosophic logic on the decision tree [14]. Also, similarity measures defined for 
neutrosophic sets have an important place in these applications, and these similarity measures have been used in 
many studies [15-18]. Recently, Mukherjee et al. obtained several similarity measures for neutrosophic soft sets 
[19]; Saqlain et al. studied tangent similarity measure of single valued neutrosophic hypersoft sets [20]; Sahin and 
Kargin introduced decision making applications in professional proficiencies based on new similarity measure for 
single valued neutrosophic sets [21]; Saqlain et al. studied distance and similarity measures for neutrosophic 
HyperSoft Set with construction of NHSS-TOPSIS and applications [46]. Also, hybrid of neutrosophic numbers 
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and methods have very important place in decision making applications [40-43]. Recently, Abdel-Monem and 
Gawad studied a hybrid model using MCDM Methods and bipolar neutrosophic sets for select optimal wind 
turbine: case study in Egypt [44]; Fahmi obtained group decision based on trapezoidal neutrosophic Dombi fuzzy 
hybrid operator [45]. 


Neutrosophic quadruple sets [22], which are a generalized form of neutrosophic sets, were defined by 
Smarandache in 2015. Unlike neutrosophic sets, neutrosophic quadruple set contain a known part and an unknown 
part. However, known membership functions (T, I, F) are located in sets of neutrosophic quadruple set. A 
neutrosophic quadruple set is denoted by 

{(k, IT, ml, nF): k, 1, m,n € R or C} 
Here, k is referred to as the known part, (IT, ml, nF) as the unknown part. With the help of this definition, many 
algebraic structures are reconsidered in the neutrosophic quadruple theory [23-32]. 
Also, set valued neutrosophic quadruple sets [33] and generalized set valued neutrosophic quadruple sets 
[34] have been defined in order to use neutrosophic quadruple sets in application studies. A generalized set valued 
neutrosophic quadruple set denoted by 

Gs, = {(Ksybs,Tsy»Mslsy Noi Ps,)? Ksje bsyy Ms, Ns, € P(X); i= 1, 2,3, ..., np. 

Where T;, J; and F; have their usual neutrosophic logic; K,, is called the known part and (L,,T;,,Ms,1s,, Ns,s;) is 
called the unknown part. Thanks to this definition, neutrosophic quadruple sets have become available in the field 
of application. Most importantly, this definition, which has a more general structure than neutrosophic sets, will 
find more application areas and will give more objective results to many problems with the help of the known part 
and unknown part. Recently, Kandasamy et al. studied neutrosophic quadruple algebraic codes over Z2 [35]; Ma 
et al. obtained neutrosophic quadruple rings [36]; Mohseni et al. introduced commutative neutrosophic quadruple 
ideals [37]; Rezaei et al. studied neutrosophic quadruple a-ideals [38]; Kargin et al. obtained generalized Hamming 
similarity measure based on neutrosophic quadruple numbers [39]; Sahin et al. studied Hausdorff Measures on 
generalized set valued neutrosophic quadruple numbers [40]. 


While the treatment of many diseases is known in the field of medicine, there are still diseases whose 
treatment is not fully known. It is also clear that new drugs can be found for the treatment of unknown diseases 
based on the treatment of known diseases. However, treating patients struggling with more than one disease can 
become even more complex. Because, in addition to the unknown treatment, they will have separate medications 
for other diseases. It is clear that in solving such problems there is a need for a structure in which the known part 
is the unknown part and (T, I, F) known neutrosophic membership functions. Since each known disease will have 
separate medications and it will be investigated which results (true, indeterminate, false) these drugs will give in 
unknown diseases, a structure such as (L,,T;,,Ms,/s,,Ns,/,), containing both cluster and T, I, F, will be needed. 
For this reason, using generalized Euclid measures based on generalized set valued neutrosophic quadruple 
numbers in solving such problems can give better results. So, we give a multi criteria decision making application 
based on generalized algorithm for solving such problems. Also, this application is different from previous 
applications because of generalized Euclid similarity measure and generalized set valued neutrosophic quadruple 
numbers. Furthermore, this application has different result according to some previous similarity measure. Thus, 
this application can used for covid-19 treatment due to structure of generalized Euclid similarity measure and 
generalized set valued neutrosophic quadruple numbers. 

In this paper; in 2. Section, we give some information for neutrosophic sets, some similarity measures, 
generalized set valued neutrosophic quadruple sets and numbers, In 3. Section, we define firstly generalized Euclid 
distance measure and generalized Euclid similarity measure based on generalized set valued neutrosophic 
quadruple numbers. Also, we show that generalized Euclid distance measure and generalized Euclid similarity 
measure satisfy the distance measure conditions and similarity measure conditions, respectively. Furthermore, we 
define a score function for generalized Euclid similarity measure. Then we give examples for generalized Euclid 
distance measure, generalized Euclid similarity measure and score function. In 4. Section, we define a generalized 
algorithm and multi criteria decision making application based on generalized Euclid similarity measure and 
generalized set valued neutrosophic quadruple numbers. In 5. Section, we give conclusions. 
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2 Preliminaries 


In this chapter, we give some information for neutrosophic sets, some similarity measures, generalized set valued 
neutrosophic quadruple sets and numbers. 


Definition 2.1: [3] Let E be the universal set. For Vx € E, 
O07 S$ T,(x) + 1,(x) + Fy(x) < 3+ 


by the help of the functions T,:E > }0, 1°. , Ig: E > J0, 1°[ and Fy: E > 0 ]0, 1°*[ a neutrosophic set A on E is 
defined by 


A= {(x, Ty (x), I, (x), Fax): « € E}. 


Here, T,(x), [,(x) and F,(x) are the degrees of truth, indeterminacy and falsity of x € E respectively. Also, for € 
>0, 0=0-¢ andlt=1+e. 


Definition 2.2: [4] Let E be the universal set. For Vx € E, 
0<T)(x) +100) + Fi) <3 


using the functions T,: EF > [0,1], I,:E — [0,1] and F,: £ > [0,1], a single-valued neutrosophic set A on E is 
defined by 


A = {(x, T(x), Ia), Fa(x)): x € E}. 
Here, T,(x), [,(x) and F,(x) are the degrees of truth, indeterminacy and falsity of x € E respectively. 
Also, a single valued neutrosophic number is denoted by 
B= (Tg (x), Ip (x), Fg (x)). 
Definition 2.3: [17] Let E be an universal set, 
Ay = {%j, <T4, i), La, i), Fa, Xi)>: x; € E } and 


Az = {Xj, <T4, (i), La, %i), Fa, (i) >: x; € E } be two single — valued neutrosophic sets. The Euclid similarity 
measure between A, and Ag, is defined by 


2 2 2 
$A Aya Fan ed-Tay(ai) Heri) +(Fa, (Xi)-Fay (xi) 


Also, The Euclid distance measure between A, and Ag, is defined by 


(Tay Tayi) +(14,@D-l4, dD) +(Fa, @—Fay ed) 
xp- a + xi)- a + xp- a 
dp(AyA2) = [D2 4 a 
Definition 2.4: [17] Let E be an universal set, 

Ay = {Xj <T 4, i), La, i), Fa, (Xi) >: x; € E } and 


Az = (Xj, <T4, (%1), La, Oi), Fa, i>: Xj € E } be two single — valued neutrosophic sets. The Hamming similarity 
measure between A, and Ag, is defined by 
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1 n 
Sq = Aa) = 1-50) [Pag (2)) — Ta )1 + [as ) = Lao 5) + [Fag )) — Fao) 


Theorem 2.5: [17] Let X,,X, and X3 be three single — valued neutrosophic sets, dg be a distance measure. Then 
the following properties hold. 
i. 0 < dg(X1,X2) <1 
il. X, = X, if and only if dg (X,, X2) = 0 
iii. dg (X1,X2) = dg (Xz, X1) 
iv. IfX, CX, C Xz, then dg (Xz, X2) < dg(X1,X3) and dg(Xz,X3) S dg(X1,X3). 


Theorem 2.6: [17] Let X,,X, and X3 be three single — valued neutrosophic sets, S be a similarity measure. Then 
the following properties hold. 


i. 0254 .4,) <4 
ii, S(Ay,A,)=1 © A, =A, 


iii,  S(A,,A>) = S(A>, Ay) 
iv. IfA, & Ay © Ag € E, then (Ay, A3) < S(Ay, Az) and S(A,, A3) < S(A, As). 


Definition 2.7: [5] Let A, = <T,, ,, F,> and Az = <T», I,, F,> be two single-valued neutrosophic numbers. Let's 
define the measure of similarity between A, and A, as follows 


min{y3(T1-T2)?+ (y-l2)*,_ |2(T1-T2)-U1-!2)1/3 } 


{max{ 3(Ty-T2)*+ (4-h)’, [27 —T2)- (ly -I2)1/3}/2}+1 


Sw(Ay, Az) = 1-2/3. { 


min{/3(T1-T2)*+ (Fi—F2)*, 12(71-T2)-(Fi-F2) 1/3 } 
{max{ 3(T—-T2)2+ (Fy —Fo)2, 2(Ty—-T2)-(F,—Fo)|/3}/2}+1 


min{/2(Ty-T2)2+ U4—l2)?+ (Fi- Fa), 13(T1-T2)-(-I2) - (Fi -F2)1/5 3 \ 
{max{/2(T Tz)?+ (Iy-In)*+ (Fi-F2)*, 131-72) -I2)— (F,-F2)|/5}/2}+1 


Definition 2.8: [34] Let X be a set and P(X) be power set of X. A generalized set — valued neutrosophic quadruple 
set is a set of the form 


GaAs Bel, 5C, Ios Dele): Ax Be Cas, © POR) = 13:2, 35.5 nh 


Where T;, J; and F; have their usual neutrosophic logic means and generalized set — valued neutrosophic quadruple 
number defined by 


Gn; = (As, B,.Ts;5 Cy ,15;.Ds,Fs;)- 


As in neutrosophic quadruple number, for a generalized set — valued neutrosophic quadruple number 
(As, Bs, Ts; €s,1s,» Ds, Fs,) tepresenting any entity which may be a number, an idea, an object, etc.; A,, is called the 
known part and (B,,T;,,Cs,1,,, Ds, Fs,) 1s called the unknown part. 

Definition 2.9: [34] Let Gy, = (As, Bs,Ts,. Cs,Is,,Ds,Fs,) and Gy, = (As; BsjTsj1CsjIsjDs,Fo;) be two 
generalized set — valued neutrosophic quadruple numbers. A,, S As; As, As; As, S As, As, S As, and T;, S 


Ts i» Is, <1,,K,S Fi if and only if we say Gy, 1s a subset of Gy, and denote it by Gy, S Gy, 


Sj’ si 
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3 Generalized Euclid Measures Based on Generalized Set Valued Neutrosophic 
Quadruple Numbers 


In this chapter, we define firstly generalized Euclid distance measure and generalized Euclid similarity 
measure based on generalized set-valued neutrosophic quadruple numbers. 


Also, in this paper we assume that T, I, F € [0, 1] as single valued neutrosophic numbers. 
Definition 3.1: Let : X # @ be a non-empty set and P(X) be the power set of X. 


Let Gyi = (Ag1, By1T 51, Coil 1, Doi F.1) and Gy2 = (Ag2, B.2T 52, Co21,2, D52F 2) be two generalized set-valued 
neutrosophic quadruple numbers. 


Define a function dg: Gy X Gy2 — [0,1] such that 


2 2 2 
Toai-T 2) + (1 4—I 2) + (F 1—-F 2) 
| si7's? s}'s? sp" 5? 


3 


do (Guz, Guz) = 3 L 


s(451\4g2 )+5(42\4g1) 5(B1\8.2)+9(B.2\B 1) 5(Cya\cg2 )+5(Cg2\Cya J s(Dg1\0.g2 }45(D..2\D51) 
l l l L 4 L L l L 4 L t L l ae L L L l 


maxls( Aga vase al maxis( By VB 52 )n maxls( Cga0Cy2 )n maxls( Da UP 52 )n 


Then, dg (G wpG i) is called generalized Euclid distance measure for generalized set valued neutrosophic 
quadruple numbers. 


Where, s(A) is the number of element of set A. Also, we generalize Euclid distance measure in Definition 2.3. 
Theorem 3.2: Let 

Guz = Ase Bap Tsp Csplsp, Dep Psa), 

Gup = Asp Bop Tsp Csplsp» Psp hsp)» 

Gy3 = (As3, Bsa T's3, Cs3lc3, Ds3F's3) 


be three generalized set valued neutrosophic quadruple numbers. The generalized Euclid distance measure in 
Definition 3.1 satisfies the following conditions. 


i) dg (Gus, Gy2) € [0,1] 


2 
Ni 


ii) dg (Gy2,Gy2) = 0 Gyr = G 
iii) dg (Gys, Gy2) = dg (Gy2,Gy2 ) 


iv) IfGy1 C Gy2 C Gy3 , then 


dg (Gy, Gye) <dg (Gy, Gye) and dg (Gy2,Gy2) < de (Guz, Gyo) 
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Proof: 


i) We assume that G1 = G,2. From Definition 2.9, we obtain that 
L U 
Agi = Ase : Bsa = By ; Cs = C52 ; Desa = Dg2. 


Thus, 


5(451\451 )*5(4g1\4g1) 5(B51\851)+5(B51\8 51) s(C5a\eg1 }45(C51\C51) s(Dg1\Dg1 }45(D51\D51) 
L l L l 4 l t L l ae L L L L + l Ll l L 


maxis( Aga vasa )Al maxis( B44 vB a) maxls( Cy UC) maxls( Da UD ga a) 


_1 ee cs ee) _1 0 
~ 2 3 2 ~ 2" 


=) (1) 
We assume that 
Ast # As2 Bsa # By ; Cs3 # Cs2 » Desa # Ds2 : 
In this case, 
dg (Gy3, Guz) > 0. (2) 
We assume that 


Gyi #+@ and Gye = (6,0 T 51,0 151, 0 Fx). 


s(453\0)+s(0\45s s(253\0)+s(0\253) +(€53\0)+3(0\¢53) s(2s3\0)+s(0\0,3) 
+ + + 
max(s( 4519 1} max{s| Bo1Ud ,1} max(s(C,1 9 1} max{s Devo). 
i i i i 


2 
= if |= + aaaeiees| 
2 3 2 
=2.[1+1)=1 (3) 


Hence, from (1), (2) and (3) we obtain 
0 < dg (Gys,Gy2) <1. 


ii) >: We assume that 
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s(453\452)#5(452\4g3) 5(B1\82)+9(B.2\B 1) 5(Cea\cg2 )+5(Cg2\Cya ) s(Dg3\Dg2 }45(D..9\Dg1) 
i i ify i i i ify. i i i ify i i i i 


maxls( 451 VAs )n maxis( 1 UB 52 )n maxls( Cga0Cy2 a maxls( D1 UP 52 )n 


+. 


Thus, 


= (4) 


and 


5(451\4g2 )#5( Ag2\4g1) s(B51\82)+5(B.2\B.1 s(Cya\cgo )#5(Cg2\C52) s(D1\0.¢2 }45(D.52\D51) 
a l L t a l L l t + b l E iL a kL } L i 


max(s( 4510452 Ja) max(s(B 1B 2 a) maxls( Cy UC )) max(s( D1 UD 52 )a) 

5 =0 (5) 

From (4), we obtain 
(Psp — Tp) + fle — top) + (Fp sp) = 9. 

Hence, we obtain that 

(Ta - T2) = Oand Ts = T2 

(I. - 12) =Oand Ig: = 1,2 

(Fs: = Fe) =Oand Fy = Fp (6) 


Also, From (5), we obtain 


s(Aga\4gz)+5(Ag2 \4s1) s(B54 \B52)+8(Bg2 \B51) 


max{s(Ag1 vase).1} max{s(B ,1UB.2 1} 


s(Cea\Cgz)+8(C52\C 52) s(D,1\D52)+s(D.2\Dq1) 


+ 
max{s(C51UC,2),A} max{s(D.1UD.2).A} 
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=0. 
Hence, 
s(As:\As2) + 5 (As2\Ag) = 0 
s (By1\Byz) + 5 (By2\Bgx) = 0 
s(Cea\Cy2) +5 (Cy2\Cyr) = 0 
s(Dgs\Dg2) + 8 (Ds2\Dgs) = 0 (7) 
From (7), we obtain 
Ast = Ag? , Bea = Boe Coa = Cy2 and Dea = Dg (8) 


Therefore, from (6), (9) and Definition 2.9 we obtain 


Gut = Gy? 
<=: We assume that Gyi = Gy?- It is clear that from (1), 
dg (Gy3,Gyz) = 0. 
Hence, we obtain 


dg (Guz, Gyz) = 0 Gys = Gyp. 


s(453\452)#5(452\4g3) 5(B1\8c2)+9(B.2\B 1) 5(Cea\cg2 )+5(Cg2\Cya ) s(Dg3\0.g2 }45(D..2\Dg1) 
i i is, i i i ify. i i i ify i i i i 


maxls( 451 VAs )n maxis( 81 UB 52 a maxls( CgaUCy2 )n max{s Pst UP 52 )n 


s(4g2\4g1)+5(4g1\4g2) 5(B.2\81)+9(B51\8 2) 5(Ce2\cq1)+5(Cg1\Cy2 J s(Dg2\D gt }45(D1\D.2) 
i i i i i i i ify. i i i ify i i i i 


mants( 492 vassal maxts( B42 vBs1 a) max(s( C520Cy1 )a) maxis(D 2 uD )a) 


+. 


= de (Guz, Gut) 


iv) We assume that 
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Gyi Cc Gye Cc Gye. 


From Definition 2.9, we obtain 
s(Ast) S 8(Ag2) S s(Aga) 
s(By1) s s(B,2) s s(By3) 


s(Cs1) < s(Cs2) < s(Cs3) 


s(Ds1) < s(Ds) < s(Dss) (9) 
5 (4sp\4se) = 5 (Asp\Asp) = 5 (Ase\4sp) = 9 
Ss (By\By2 =s (By\Be2 =s (B,2\B,2) =@ 


) 
5 (C5p\Csp) = 5 (Csa\Csp 


=s(D\D.2) = 0 (10) 


—S 
ll 
nH 
— 
S 
wn 
my 
ee 
dS 
Hn 
w 


S(D.1\D 2 
(Des \Ds; 


) 
) 
) 
) 
) 
) 
5 (Dsp\Dsp) $5 (Dsp\Dsx) am 
) 
) 
) 
) 
) 
) 
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max {s (C2 U C52) 1} = max{s (ca), 
max {s (D.2 U Ds) 1} = max{s (D,3) 1}, 
max j5 (Agi U Acs) ,1} = max{s Ass), 1} 


max {s (Dg: UD,2),1} = maxfs (Ds), 1} (12) 


Hence, from (9), (10), (11), (12), (13); 


2 2 2 
ToT 2) + C a—I 2) + (F 1—-F 2) 
I si" s? s} 7's? sp"? 


dg (Gy2,Gyz) =F ; 


s(453\452)#5(4s2\4g3) 5(Bg1\®2)+9(B.2\B 1) 5(Cea\cg2 )+5(Cg2\Cya ) s(Dg3\D.g2 }45(D..2\Dg1) 
i i ify i i i ify. i i i ify i i i i 


maxls( 451 vAse)a) maxis( 1 UB 52 )n max(s( CgaUCy2 a maxls(D1 ese )n 


5(451\4g3 )+5(4g3\4g1) 5(B51\8,3 )+5(B,3\B¢1 s(Cea\ega }#5(Cy8\C51) s(Dg1\D 3 }45(D..9\D51) 
i i i i i i i i i i t i i i i i 
+ + + 

max(s( 4510459 a) max{s| Bi UB 53 1} maxis( C51 UCys s1} max{s PsiUD oa )1} 


2 
= de (Gup. ug): 
Therefore, 
de (Gui, Gye) < de (Gu Gua) 
Also, from (9), (10), (11), (12), (13); we obtain 


dc (Guz Gus) < de (Gyp- Sys) 
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Definition 3.3: Let : X # @ be a non-empty set and P(X) be the power set of X. 


Let Gyi = (Agi, By1T 51, Coil 1, Doi F.1) and Gy2 = (Ag2, B,2T 52, Co21,2, Do2F 2) be two generalized set-valued 
neutrosophic quadruple numbers. 


Define a function Sp: Gy X G,y2 > [0,1] such that 


2 2 2 
T 4-T 2) + C 41-1 2) + (F 1—-F 2) 
| si7"s? s}'s? sp"? 


3 


S¢ (GugrGx2) = 1- FL 


s(453\452)#5(452\4g2) 5(Bg1\82)+9(B.2\B 1) 5(Cya\cg2 )+5(Cg2\Cya ) s(Dg3\D.g2 }45(D..9\Dg1) 
i i ify i i i ify. i i i ify i i i i 


maxls( 451 vAse)a) maxis( 1 UB 52 )n maxls( Cga0Cy2 a maxls(D 1 UP 52 )n 


+. 


Then, S¢ (G Nii Gye) is called generalized Euclid similarity measure for generalized set valued neutrosophic 
quadruple numbers. 


Where, s(A) is the number of element of set A. Also, we generalize Euclid similarity measure in Definition 2.3. 


Corollary 3.4: Let Sg (G be G We) be Euclid similarity measure for generalized set valued neutrosophic quadruple 


numbers in Definition 3.3 and dg (G nieG a) be Euclid distance measure for generalized set valued neutrosophic 
quadruple numbers in Definition 3.1. Then, 


Sc (Gyp Guz) = 1 ~do (Sup Sue) 
Theorem 3.5: Let 
Gp = Asp, Bsa Tsp. Cstlsp, DspF sp), 
Gup = Asp Bap T sp» Csplsp, Dsph sp)» 
Gy3 = (As3, Bsa Ts3, Cs3lc3, Ds3F's3) 


be three generalized set valued neutrosophic quadruple numbers. the generalized Euclid similarity measure in 
Definition 3.3 satisfies the following conditions. 


i) So (Gu Gu) € [0.1] 

i) So (Gup. Gyp) = 1 > Gyp = Guy 

il) Sc (Gug, Gua) = So (Guz, Gus) 

iv) If Gys © Gyz © Gye , then 

Sc (Gug» Gus) $ So (Gup» Guz) and So (Gyg,Gup) < So (Guz. Gng 


Proof: From Corollary 3.4 and Theorem 3.2, it is clear that S¢ (G wi G wa) satisfies the conditions of Theorem 3.5. 


M. Sahin, A. Kargin and M. S. Uz Generalized Euclid Measures Based on Generalized Set Valued Neutrosophic Quadruple 
Numbers and Multi Criteria Decision Making Applications 


Neutrosophic Sets and Systems, Vol. 47, 2021 584 


Example 3.6: Let 
X1 = ({@4, @1}, {@7, © }(0,3), {@g, © }(0,4), { ®19}(0,1)) 
X2 = ({@1, ®2}, {@6}(1), 0(0), 6(0)) 


be two generalized set valued neutrosophic quadruple numbers, S¢ (G ie G w?) be Euclid similarity measure for 


generalized set valued neutrosophic quadruple numbers in Definition 3.3 and dg (G vie G w?) be Euclid distance 
measure for generalized set valued neutrosophic quadruple numbers in Definition 3.1. Then, 


S{@4,01}\{@1,02})+5({o1,@2}\{o4,01}) 
max{s({o4,01,02}),1} 
4 507,.06}\(06})+S((O6}M@7,06}) 
max{s({@7,06}),1} 

45 {ag,09}\9)+s(G\ {@g,09}) 
max{s( {@g,o9}),1} 
s({@10}\9)+s(@\ { 10) 

1 _ J(0,3-1)2+,(0,4—0)2+,/(0,1—0)2 +~nax{s({@10)).4 
dg(%,X2) = 21% Vv : v 7 ia 10})1} ] 


1+1,1+0 2+0 1+0 


1 -((0,7)+(0,4)+(0,1) By eee a ein: ? 
=+1( i) 


2 3 


21 
u2 4 yr 
3 2 

= 0.53 
and 


So(Xy, Xp) = 1—dg(X;, X,) = 1— 0,53 = 0,47. 


Definition 3.7: (Score Function) Let 
X= (Ay, BT, Cy, Dy Fy) 
X_ = (Az, ByT>, Cyl, D2 Fz) 


be two generalized set valued neutrosophic number, X; be a generalized set valued neutrosophic number 
representing a sample and Sg be Euclid similarity measure for generalized set valued neutrosophic quadruple 
numbers in Definition 3.3. It is unclear which number is more similar to the sample in case 


Se (Xi X1) = Se (Xi, X2) 
In these cases, we will define a score function to determine which number is more similar to the sample. 
a) 
If s(A,) + s(B,) > s(Az) + s(B,), then choose X,. 
If s(A,) + s(B,) < s(Az) + s(B2), then choose X>. 


b) We assume that s(A,) + s(B,) = s(A2) + s(B2). 
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If T, > Tz, then choose X;. 
If T, < Tp, then choose X9. 
c) We assume that s(A,) + s(B,) = s(Az) + s(B,) and T, = To. 
If F, > Fy, then choose Xp. 
If F, < Fy, then choose X,. 
d) We assume that s(A,) + s(B,) = s(A2) + s(B2), T; = T2 and F, = Fy. 
If 1, > Iz, then choose Xp. 
If 1, < I, , then choose X;. 
e) We assume that s(A,) + s(B,) = s(A2) + s(B2), T, = T, and 1, = Ih. 
If F, > Fy, then choose Xp. 
If F, < Fy, then choose X,. 
f) We assume that (A,) + s(B,) = s(A2) + s(B2) ,T, = T),1, =I, and F, = Fy. 
If s(C,) + s(D,) > s(C2) + s(D2), then choose X3. 
If s(C,) + s(D,) < s(C2) + s(D2), then choose X,. 


g) We assume that (A,) + s(B,) _ s(A2) + s(B2) 3 T, = T> ’ iL = I, and Fy = F, and s(C,) + s(D,) = s(C>) + 
S(D3). 


Then, we choose X, or X2. 


Example 3.8: Let 

X1 = ({@4, @1, @42, @13}, {@7, 6} (0,3), (Wg, Mo, ©14}(0,2), {@15, @1¢}(0,1) ) 
Xz = ({@2z, @3, 4, 12}, {(@g, © }(0,4), { Wo, ®15}(0,3), {Mg, @19, @16 }(0,1)) 
be two generalized set valued neutrosophic quadruple numbers and 


X = ({@1, ®2}, {@6}(1), B(0), O(0)) be a generalized set valued neutrosophic number representing a sample. We 
choose X, or X2 according to Sg in Definition 3.3. 


S({@4,01,012,013}\{@1,02}) +$({01,2}\{@4,01,012,013}) 
max{s({o4,01,02,012,013}),1} 
4507,06}\(o6))+so6}\(07,06}) 

max{s({@7,6}),1} 
4 5(108,09,014}\0)+s(0\ {og,09,0143) 
max{s( {@g,09,@14}),1} 


45 015,016}\0)+s(0\ {15,016)}) 
5.(%,)=1- WOE DFA OZOH OT=DYE max{s({@15,016}),1} ] 
G 19 2 3 2 


= 1-0,62 = 0,38. 
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S({@2,03,04,12}\{@1,02})+5({@1,©2}\{@2,03,@4,012}) 
max{s({@2z,3,04,012,01}),1} 
4 Slog,06}\o6})+s((o6}\'o8,06}) 
max{s({@g,,@6}),1} 
s({a9,15}\9)+s(O\ {@9,015}) 
max{s({@9,@15}),1} 
5 5 5 45({08,.010,016}\9)+5(0\ {08,010,016) 
oan + (0,3-0)2+,/(0,1-0) max{s( {@g,@109,.016}).1} 
3 2 


+ 


SG(X2, X) = 1 


1 
2 


= 1-0,62 = 0,38. 


Thus, 


Sg (X1, X) = Sg(X2, X). 


In this case, by the Score Function in Definition 3.7, 
S(A,) + S(B,) = sC@q, @1, @12, @13}) + S{@7, @6}) = 6 
and 
s(Az) + s(Bz) = s({@2, @3, 4, @12}) + S({@g, @e}) = 6. 
As s(A,) + s(B,) = s(A;) + s(B,), we compare T; with T . 
Since, 
T, = 0.3 and T, = 0.4 


by the Score Function, we choose X5. 


4 MULTI CRITERIA DECISION MAKING APPLICATIONS WITH GENERALIZED 
SET VALUED NEUTROSOPHIC QUADRUPLE NUMBERS AND GENERALIZED 
EUCLID SIMILARITY MEASURE 


In this section, we use the generalized algorithm used in [39, 40] using neutrosophic sets and give it again 
for the generalized set valued neutrosophic quadruple numbers. We will also use the generalized Euclid similarity 
measure (in Definition 3.3) in this algorithm. 


Using this algorithm [39, 40], we will give an example of individuals with more than one disease to 
determine which of the known disease medications will be good for their unknown disease. We compared the 
results we obtained in this example with the results obtained in neutrosophic numbers and showed that we obtained 
different results. 


This example will be especially useful for healthcare professionals in determining which drugs to use in 
corona (covid-19) treatment of an individual with various diseases. 


4.1 Multi Critarias Decision Making Algorithm with Generalized Set Valued Neutrosophic Quadruple 
Numbers and Generalized Euclid Similarity Measure 


Step 1: Let H = {h,,hy,...,h,} be set of criterias. 
Step 2: Let W = {wy, Wy, ..., Wy} be weighted value set of criterias such that 


W, is weighted value of hy, 
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W? is weighted value of hz, 


W, is weighted value of h,, 
Also, Di, Wi = Land w; € R’. 
Step 3: 
Let us express an ideal object K that we can compare as a generalized set-valued neutrophic quadruple set 
K = {hy: (P(A), P(A): Ohi, OF ii), ho: (P(B), P(B)T2;, Olo;, OF oi), «-» 
Ay: PW), PO )T rir Onis OF nid} 


Where, 


(P(A)T,;, 01,;, OF,;) is ideal set for hy, 


(P(A)T2;, B12; OF ;) is ideal set for hy, 


(P(A)Tnj, Oni OF ni) is ideal set for hy, 


Step 4: Let X = {X,,X2,...,X,} be the set of objects that we will choose the best according to their ideal object 
similarity values. Now, we give each object as a generalized set valued neutrophic quadruple set. 


Xy = (hy: (Ary, Are, Arsliy AraFi1), he: (Bir, Br2Ti2, Bighz, BiaFi2), +» 
Ant Yip Ni2Tin Yishin YiaFin)} 
X_ = (hy: (Agi, A227 21, Azzlo1, Aza Fo1), he: (B21, Bo2T 22, Bo3l22, B24 F 22), 


hn: (21, Yo2Ton Yo3lon, YoaFon)} 


X; = {hy: (Ai, AiaT in, Aizlia, Aia Fin), ho: (Bir, BizTiz, Bizliz, Bia Fiz), +» 
Ay: (Yin, Yi2Tins Yizlins YiaFin)}, i=1,2,..,n. 
Where, 


A441, A12, A13, A414, A21, A22,A23) Ara, + Aja, Aiz, Aiz, Aig € P(A) 


M. Sahin, A. Kargin and M. S. Uz Generalized Euclid Measures Based on Generalized Set Valued Neutrosophic Quadruple 
Numbers and Multi Criteria Decision Making Applications 


Neutrosophic Sets and Systems, Vol. 47, 2021 588 


By, By2, By3, Big, B 1, Ba2, B23, Baa, + Biz, Biz, Biz, Big € P(B) 


Yaa Yio, Viay ia» Yor Yoo Yo3, You we Vins Yiz, Yi3, Yia € P(Y). 


Step 5: Let's show the objects in step 4 in Table 1. 


Table 1. Table of Objects 


hy h, - hy 

X (Aq) Ag2T 11) Ar3lia, Ara Fir) (By, By2T 12, Bizhz, Big Fy2) se, Yi YroTins Yislins YiaFin) 
X2 (Az1, A22T21)A23l21, AzaFo1) (Bo1, Bz2T22, Bo3l22, Boa F 22) se, (Yo1,Y22Ton Yo3lon, YoaF on) 
Xi | (Ain AiaTiv Aisliv AiaFin) (Bix, Bi2Ti2, Bizlia, Bia Fiz) |---| Wins Yi2Tin Yislin YiaFin) 


Step 6: We find the similarity value of the criteria value of each object in Table | and the criteria values of the 
ideal object with the generalized Euclidean similarity measure. Thus, we obtain Table 2. 


Table 2. Criteria Similarity Table 


hy hy ote h, 
Xy | Se(K(A1).X1(h1)) | Se(K(A2)¥1(h2)) |---| Sen) An) 
X_ | Se(K(A1),X2(h1)) | Se(K(A2)X2(h2)) |---| Se(KRn)X2 Cn) 
X; | Sc(KChy) Xi) | Se(Kh2),Xi(2)) | | Se(KCtn) Xi (hn) 


M. Sahin, A. Kargin and M. S. Uz Generalized Euclid Measures Based on Generalized Set Valued Neutrosophic Quadruple 
Numbers and Multi Criteria Decision Making Applications 


Neutrosophic Sets and Systems, Vol. 47, 2021 


589 


Step 7: Each criteria similarity value in Table 2 is multiplied by its own criteria weight value, and by adding the 
weighted similarity values for each object, the ideal object similarity values are obtained. Thus, we obtain Table 


3. 


Where, i = 1,2,....n and Sg;(K,X;) = 


k=1 Wr «Sg(K(hx), Xi(hx)). 


Table 3. Weighted Similarity Table of Objects with Ideal Object 


wyh, wh, Why Yk=1 We - Sg(K(Ax),X i (he 
) 
Xy | wy. Sg(K(hy),X1 (hy) | We. Sg (K(h2),X1 (hz) Wy Sg(K(hn).X1 (An) Sei (K, X1) 
) ) ) 
Xz | W1-Sg(K(hy),X2(h1) | W2-Sg(K(h2),X2 (he) Wn- Sg(K(An).X2 (An) Se2(K, X2) 
Xj | Wy. S¢(K(Ay), W2. S¢(K(h2),Xi(h2) Wn: Sg(K(An),Xi (Nn) Sgi(K, Xi) 
X;(h1)) ) ) 


According to the values of Sg; in Table 3, the objects closest to the ideal object are determined. 
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1. Determine 
the criteria 


Determine 
the weighted 
value of 
criteria 


he 


Show the ideal 
object as 
GsvNQs 


6. 


Obtain the 
table of 
similarities to 
ideal object 


5. 
Obtain the 


Criteria table 
of object 


4. 


Show the 
objects as 
GsvNQs 


7. 


Obtain the table 
of weighted 
similairties to 
ideal object 


8. 


Obtain the 
Similarity value 
table of objects 
to ideal object 


Graph 1: Diagram of the algorithm. [39] 


4.2 Multi Criteria Decision Making Applications with Generalized Set Valued Neutrosophic Quadruple 
Numbers and Generalized Euclid Similarity Measure 


In this section, we give an application of individuals with more than one disease to determine which of 


the known disease medications be good for their unknown disease using to algorithm in 4.2. 


In this application, we find out which drugs used in 10 patients with 4 different known diseases are the 
most ideal treatment for an unknown disease. Where, diseases are taken as criteria and patients as objects for 
algorithm 4.2. It is clear that in solving such problems there is a need for a structure in which the known part is the 
unknown part and (T, I, F) known neutrosophic membership functions. Since each known disease will have 
separate medications and it will be investigated which results (true, indeterminate, false) these drugs will give in 
unknown diseases, a structure such as (Ls,Ts,, Ms; Is,, Ns,Fs,), containing both cluster and T, I, F, will be needed. 


Step 1: Let H = {h,, hg, ..., hn} be set of diseases. 


Step 2: Let W = {w, Wp, ..., W,} be weighted value set of diseases such that 


W, = 0.2 is weighted value of hy, 
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Wz = 0.3 is weighted value of hz, 
w; = 0.4 is weighted value of hz, 
Ww, = 0.1 is weighted value of hy, 


Step 3: We choose the ideal patient K such that 


K = {hy: (ay, Az, Az, Ag, Ag, Ag, A7, Ag, Ao}, (Ay, Az, Az, Ay, As, Ag, A7, Ag, Ao}1, BO, BO), 
hg: ({b,, bo, bs, ba, bs, be, bs, bo}, {b,, b2, b3, by, bs, De, bg, bo}1, 00, 60), 
h3: ({¢c1, C2, C3, C5, C6, C7, Cg, Co, Cro}, {c1, C2, C3, C5, C6, C7, Cg, Co, Cro $1, 0, 0), 
hy: ({d,, dz, dy, de, dy, dg, dy, dio}, {dy, d2, dy, de, dy, dg, dy, dio}1, 00, @0)}. 


Since K is ideal patient, the truth set of the known part of the criteria and the unknown part must be equal, and the 
truth value of the unknown part must be 1. Also, other sets must be empty and other values must be 0. For example, 
at ideal patient K; 


for h,, 
the set {a,, Az, 23, Ay, As, Ag, A7, Ag, Ao} is regarded as a set of drugs that are good for disease h, and 

( {a,, Az, 3, Aq, As, Ag, A7, Ag, Ag }1, G0, BO) is regarded as a set of drugs that are good for unknown disease. 
Aslo, this applies to h, and other diseases. 


Step 4: Let X = {X,,X2,X3,X4,X5,X6,X7,Xg,Xo, X19} be set of patients such that 


X, = {hy: ({a,, Az, Aq, A7}, {A,,A2}(0.5), (a1, a4} (0.2), {a7}(0.1)), 
hz: ({b3, by, bs, be}, {b4, bs, be }(0.6), {b4, bg }(0.1), (by, bs }(0.1)), 
hg: ({e1, C3, Cs, C0}, {C3 }(0.3), (C1, Cs }(0.4), {cio }(0.2)), 
hg: ({d1, dz, dg}, {di, dg}(0.4), {dg}(0.1), {dz }(0.2))} 
Xz = {hy: ({az, ag, Ao}, {a7}(0.2), (ag, ao }(0.3), {a9}(0.2)), 
hg: ({b,, bs, be}, (by, b3}(0.5), {b3, bg}(0.2), {bg }(0.1)), 
hg: (ics, Cy, Cr9}, {C7 }(0.3), {cg} (0.4), {C1}(0.2)), 
hy: ({d¢, dg}, {dg }(0.4), (de, dg }(0), {d5}(0.6))} 
X3 = {hy: ({az, ds, a6}, {as, Ag }(0.3), {as }(0.2), {a3}(0.2)), 
hg: ({by, bz}, {b1}(0.7), {b }(0.1), {b2}(0.1)), 
hg: (ce, C7, Cg}, {C7 }(0.1), {c¢, Cg }(0.2), fe.}(0S)); 
ha: ({d7, dio}, {d19} (0.4), {d7}(0.2), fd, dio }(0))} 
Xq = (hy: ({as, ag}, {ag }(0.2), {as}(0.5), {a;}(0.2)), 
hz: ({b3, be, bo}, {b3, bo}(0.1), {b¢, bo} (0.2), {b3}(0.5)), 
hg: ({c2, C5,C7, C0}, (C5, C19 $(0.3), {C7, C19 }(0.4), {c.}(0.3)), 
ha: ({dz, dg, do}, {dg, do}(0.6), {dz, do}(0.1), {dz, dg}(0.1))} 
Xs = {hy: ({a2, 3, As, A7, Ao}, {Az, 3, A9}(0.7), {a5, a7, Ao}(0.1), {a7}(0.2)), 
hz: ({b2, bs, bs, bg}, {b2, bs}(0.4), {b3}(0.2), {bg }(0.3)), 
hg: ({e1, C7 Coy Cro}, {C7, Coy Ci} (0-6), {C1} (0.2), {c1, C7}(0.2)), 
hy: ({d2, dy}, {d2}(0.3), {d4}(0.3), {a4} (0.2))} 
Xe = fhi: ({as, a6, Ag}, (as, a }(0.4), {as}(0.2), {ao}(0.3)), 
hg: ({b3, bg, bg}, {bg} (0.2), (bs, bg }(0.1), {b4}(0.5)), 
hg: ({c3, C6» Co}, (C6, Co} (0.5), {c3 }(0.3), {co}(0.2)), 
hg: (dy, dy, dz, do}, {d, dg, do}(0.6), {dy, do} (0.1), fd, }(0.2))} 
X7 = (hy: ({a,, a7}, {a7}(0.2), {a7}(0.5), {a,}(0.2)), 
ha: ({b2, bg, be, bg, bo}, {b4, be} (0.2), {b3, bg, bo} (0.3), {b2, be }(0.4)), 
hg: ({c2, C3, C6, C7}, (C3, Cg, C7}(0.6), {C2} (0.2), {C2, Ce, c3}(0.1)), 
ha: ({d4, dg, dio}, {dg, di0} (0.7), {d4}(0.1), {d4, dio, }(0.1))} 
Xg = {hy: ({a2, A4, Ag, A7, Ag}, {A4, Ag, A7, Ag}(0.7), {Az, Aq, Ag, A7}(0.1), (a4, Ae, a7}(0.1)), 
hy: ({b2, ba, bs, bg, bo}, {B2, bs}(0.3), {b3, bs, Bg, bo}(0-1), {bz, bs, b7}(0.5)), 
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hs: ({c3, C7, Co}, (C7, Co}(0.4), (cz, C7}(0.5), {c7}(0.1)), 
hy: ({dg, do, dio}, (dg, d19}(0.3), {dg}(0.3), {do}(0.2))} 
Xo = {hy: ({a6, 7, Ag}, {a7, Ag}(0.5), {a¢, a7} (0.2), {ae, dg}(0.3)), 
hg: ({b3, bg, bg, bg, bo}, {b4, De, bg, by} (0.7), {b3, bg, be }(0.1), {b3, D4, bg, bg}(0.1)), 
hs: ({c3, Co C7}, (C6, C7} (0.4), {c3, C6 }(0.3), {c.}(0.1)), 
hy: (dq, 47, dro}, {d7, dyo}(0.5), {a4} (0.3), dy, dio }(0.2))} 
X19 = (hy: (a3, 3, Az, Ag, Ao}, {A7, Ag, Ag} (0.4), {az, a7, Ag, Ag}(0.1), {a3}(0.4)), 
ho: ({b2, bs, bs, be, bg, bo}, {b3, be, bg, by} (0.6), {b2, bg, bg, bo }(0.2), (bz, bs}(0.2)), 
h3: ({c3, C7, Cro}, (C7, C10} (0.6), {c3, c7}(0.1), {c3}(0.2)), 
ha: ({dy, dz, do, dio}, (di, d19}(0.3), {d7, do, dio }(0.1), (di, do}(0.4))} 


Step 5: Let's show the diseases according to patients in step 4 in Table 4. 


Table 4. Table of Diseases 


h, hy h3 hy 
Xi ({a,, Az, Ay, a7}, ({b3, by, bs, be}, ({c1, C3, Cs, Cro}, ({d,, dz, dg}, 
{a,, a, }(0.5), {by, bs, bg }(0.6), {c3}(0.3), {d,, dg }(0.4), 
(a4, a4}(0.2), (Dy, be}(0-1), eee {de}(0.1), 
{a,}(0.1)) oie lore {d,}(0.2)) 
xy (a7, dy, do), ({by, bs, bs}, (cyto), | Ode, dah, 
{a7}(0.2), {b;, b3}(0.5), {c7}(0.3), {dg}(0.4), 
{dg, ag }(0.3), {b3, bg}(0.2), {c,}(0.4), {d,,dg}(0), 
{a5}(0.2)) {bg}(0.1)) {c10}(0.2)) | {dg}(0.6)) 
re (as, a5, a6}, (b;, bat, (6, ¢7, Cal, (dy, dio}, 
{a5 a6}(0.3), {b,}(0.7), {c,}(0.1), {dyo}(0.4), 
{as}(0.2), {b,}(0.1), {c6,Cg}(0.2), {d,}(0.2), 
{a3}(0.2)) {b2}(0.1)) {c5}(0.5)) {dy, dyo}(0)) 
X4 ({as, Ao}, ({b3, be, bo}, ({C2, Cs, C7, Cy}, ({d2, dg, do}, 
{a,}(0.2), {b3, bo }(0.1), {Cs, Cio }(0.3), {dg, dy }(0.6), 
{as}(0.5), {be, bo }(0.2), {c7, C19 }(0.4), {d,, d}(0.1), 
{as}(0.2)) {b3}(0.5)) {c2}(0.3)) | {dz-ds}(0.1)) 
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Xs ({az, 03,45, A7,A9}, | ({b2,b3, bs, bg}, ({€1,€7, Co, C10}; ({dz, d4}, 
{a2, 3, 49}(0.7), {b2, bs}(0.4), {6763/6101 (0:0); {d,}(0.3), 
{ds, 7, 9}(0.1), {b3}(0.2), {c}(0.2), {d4}(0.3), 
{a7}(0.2)) {bg}(0.3)) (C1, C7}(0.2)) {d4}(0.2)) 
Xe ({as, a6, do}, ({b3, by, bg}, ({c3, C6, Co}, ({dy,d4, dy, do}, 
{as, a6}(0.4), {bg}(0.2), {c6,Co}(0.5), | {dy,d4,do}(0.6), 
{as}(0.2), {b3, bg}(0.1), {c3}(0.3), {d;,d}(0.1), 
{a9}(0.3)) {b4}(0.5)) {c}(0.2)) {d7}(0.2)) 
X, ({a;, a7}, ({bz, by, be, bg, bo}, | (fc2,€3,Ce 7}, | da, dg, dio}, 
{a,}(0.2), {b4, be}(0.2), {C3,Cg,C7}(0.6), | {dg,dyo}(0.7), 
{a7}(0.5), {b3, bg, by}(0.3), {c}(0.2), {d4}(0.1), 
{a,}(0.2)) {b2, b}(0.4)) {C2,Cg,€3}(0.1)) | {d4, dy, }(0.1)) 
Xg | ({az, 44,46, 47, ag}, ({b2, bs, bs, be, bo}, ({c3, C7, Co}, ({dg, do, dio}, 
{A4, Ag, 47, ag}(0.7), {b2, b3}(0.3), {c7,Cy}(0.4), {dg, dyo}(0.3), 
{a2,4,4¢,47}(0.1), | {b3,bs,b¢,bo}(0.1), |  {c3,c7}(0.5), {dg}(0.3), 
{a4, a, A7}(0.1)) {b, bs, b7}(0.5)) {c7}(0.1)) {do}(0.2)) 
Xo ({ag, a7, dg}, ({b3, by, bg, bg, bo}, (e55 06,ty), ({d4, dz, dyo}, 
{a7,ag}(0.5), {by, bg, bg, bo}(0.7), |  {ce,C7}(0.4), {d;,d4o}(0.5), 
{ag,a7}(0.2), {b3, by, be }(0.1), {c3,C6}(0.3), {d,}(0.3), 
{a¢, ag}(0.3)) {b3, by, bg, bg}(0.1)) {ce}(0.1)) {d4, d4o}(0.2)) 
Xio:| Caz, G3) 76g.) | Cb b3,bs; Bev bar bah. |- Cegrentyo. | Cdidyrderdig}, 
{a7, dg, 49}(0.4), {b3, bg, bg, bo}(0.6), | {C7,Cro}(0.6), | {dy,dyo}(0.3), 
{A2,@7,Ag,Ao}(0.1), | {b2,b¢,bg,bo}(0.2), | {c3,¢7}(0.1), | {d7, do, dyo}(0.1), 
{a3 }(0.4)) {b3, bs}(0.2)) {c3}(0.2)) {d;, d9}(0.4)) 


Step 6: We obtain diseases similarity in Table 5. 


Table 5. Diseases Similarity Table 


hy hy hs hy 
X, | 0.4102 | 0.4580 | 0.3193 | 0.3907 
X, | 0.3119 | 0.4073 | 0.3119 | 0.3906 
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X3 0.3526 0.4073 0.2619 0.3906 


X4 0.2712 0.2740 0.3102 0.4407 


Xs 0.4590 0.3659 0.4179 0.3240 


X6 0.3526 0.2989 0.3693 0.4413 


X7 0.2712 0.3080 0.4345 0.4573 


Xg 0.4836 0.3413 0.3360 0.3407 


Xo 0.3693 0.4927 0.3693 0.3740 


X10 0.3757 0.4520 0.4193 0.3854 


Step 7: We obtain weighted similarity of patients with ideal patient in Table 6. 


Table 6. Weighted Similarity Table of Patients with Ideal Patient 


(0,2).hy | (0,3).hg | (0,4).hg | (0,1). hg | Dh Wy -Sg(K(hy),X; (hy) 
Xy 0,0820 0,1374 0,1277 0,0390 Soi(K, X1) = 0,3861 
x, | 0,0623 | 01221 | 0,247 | 0,0390 Sga(K, X,) =0,3481 
X3 0,0705 0,1221 0,1047 0,0390 So3(K,X3) = 0,3363 
X4 0,0542 0,0822 0,1240 0,0440 Soa(K, X4) = 0,3044 
x, | 00918 | 0,1097 | 0,1671 | 0,0324 Soa(K, X=) = 0,4010 
X, | 0,0705 | 00896 | 01477 | 0,0441 See(K,X) = 0,3519 
X7 0,0542 0,0924 0,1738 0,0457 So7(K,X7) = 0,3661 
X, | 0,0967 | 0,1023 | 0,1344 | 0,0340 Sca(K, Xz) =0,3674 
Xo 0,0738 0,1478 0,1477 0,0374 Sg9(K, Xo) = 0,4067 
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Xio | 0,0751 | 0,1356 | 0,1677 | 0,0385 So1o(K, X19) = 0,4169 


According to the values in the Table 6, the patients with the best treatment are 
X10, Xo,Xs5,X1, Xg, X7, X6,X2,X3,Xq 
respectively. 


4.3 Comparison Analysis 


In this section, we compare the results of the 4.2 Application with the results of some similarity measures 
previously defined for neutrosophic sets. However, since generalized set valued neutrosophic numbers are used in 
5.2 Application, only the components in the unknown parts (T, I, F) of the generalized set valued neutrosophic 
numbers be taken for neutrosophic similarity measures in this comparison. 


a) 
In 4.2 Application, 


if we use the Euclid similarity measure in Definition 2.3 [17], we obtain weighted similarity of patients with ideal 
patient in Table 7. 


Table 7. Weighted Similarity Table of Patients with Ideal Patient according to Euclid similarity measure 


X, | 0,7887 
X, | 0,7476 
X, | 0,7554 
X, | 0,7017 
X, | 0,8132 
X, | 0,7609 
X, | 0,7448 
X,__ | 0,7598 
x, | 0.8146 
Xio__| 0,8141 


According to the values in the Table 7, the patients with the best treatment are 
Xo,X10)X5,X1, Xe, Xe, X3,X2,X7,X4 
respectively. 


b) In 4.2 Application, 


if we use the Hamming similarity measure in Definition 2.4 [17], we obtain weighted similarity of patients with 
ideal patient in Table 8. 
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Table 8. Weighted Similarity Table of Patients with Ideal Patient according to Hamming similarity measure 


X, | 0,6832 
X, | 0,6198 
X, | 0,6364 
X, | 0,5332 
X, | 0,7032 
X, | 0,6297 
X, | 0,6399 
Xz, | 0,6365 
x, _| 0.7164 
Xie. O31 


According to the values in the Table 8, the patients with the best treatment are 
Xo,X10)X5,X1,X7, XQ, X3,X6,X2,X4 
respectively. 


c) ) In 4.2 Application, 


if we use the similarity measure in Definition 2.7 [5], we obtain weighted similarity of patients with ideal patient 
in Table 9. 


Table 9. Weighted Similarity Table of Patients with Ideal Patient according to similarity measure in 
Definition 2.5 


X, | 0,4238 
X, | 0,3532 
X, | 0,3822 
X, | 0,2779 
X; | 0,4691 
X, | 0,3764 
xX, | 03974 
X,__ | 0,3933 
x, | 0.4747 
X19 | 0,4741 
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According to the values in the Table 9, the patients with the best treatment are 
X9,X19,%5,X1,X7,Xg,X3,X6,X2,X4 
respectively. 


We give Comparison of similarity measures in Table 10. 


Table 10. Comparison of similarity measures 
Similarity Measure Result 


Generalized Euclid Similarity Measure 
y Nigp hay Nei Xt Ra, No Nei Kos Nay Ne 


(proposed method) 


Euclid Similarity Measure [17] DCR ND, OFS CS, COD. WD Ca OF 
Hamming Similarity Measure [17] No No Rok ee ee ON 
Similarity Measure in Definition 2.5 [5] Va Nea Na Keer NA 


From Table 10, we obtain different result from Euclid similarity measure [17], Hamming similarity measure [17] 
and similarity measure in Definition 2.7 [5]. 


5 Discussion and Conclusions 


In this article, we define firstly generalized Euclid distance measure and generalized Euclid similarity 
measure based on generalized set valued neutrosophic quadruple numbers. Also, we show that generalized Euclid 
distance measure and generalized Euclid similarity measure satisfy the distance measure conditions and similarity 
measure conditions, respectively. Furthermore, we define a score function for generalized Euclid similarity 
measure. 


In addition, we generalized algorithm, for single valued neutrosophic set, based on generalized Euclid 
similarity measure and generalized set valued neutrosophic quadruple numbers. Using this algorithm, we give an 
example of individuals with more than one disease to determine which of the known disease medications will be 
good for their unknown disease (for example covid-19). We compared the results we obtained in this example with 
the results obtained in neutrosophic numbers and showed that we obtained different results. For example, in Table 
10, we obtain different result from Euclid similarity measure [17], Hamming similarity measure [17] and similarity 
measure in Definition 2.7 [5]. It is clear that in solving such problems there is a need for a structure in which the 
known part is the unknown part and (T, I, F) known neutrosophic membership functions. Since each known disease 
will have separate medications and it will be investigated which results (true, indeterminate, false) these drugs will 
give in unknown diseases, a structure such as (L;,Ts,,Ms,Is,, Ns,Fs,), containing both cluster and T, I, F, will be 
needed. For this reason, using generalized Euclid measures based on generalized set valued neutrosophic quadruple 
numbers in solving such problems can give better results. 


Also, using the similarity measures and algorithm in this article, solutions can be found to other problems 


in the medical field. In addition, decision making applications can be obtained with the help of these similarity 
measures and algorithms for other branches of science. 
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Abstract. The aim of this paper is to introduce a new set namely neutrosophic vague refined set to handle 
inconsistent and indeterminate information. Set theoretic operations depend on neutrosophic vague refined set 
are discussed along with desired properties. Also, algebraic operations on neutrosophic vague refined set are 


studied with suitable examples. 
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1. Introduction 


Many of the philosophers make an attempt to model unsure information using classical 
mathematics might not achieve success manner. This is because the uncertainty that is just 
too convoluted and in addition not understandably outlined. Several scientists place an effort 
to search out applicable solutions to some mathematical issues that can’t be resolved by ancient 
strategies. These issues have an effect truth that traditional strategies cannot work out the 
issues of uncertainty in engineering, economy, decision-making, medicine etc. Therefore, many 
alternative theories was developed to clear up uncertainty and vagueness together with the 
fuzzy set theory[28], vague set theory[6] and rough set theory [9]. But, these theories cannot 
deal with uncertainty and consistent info. 

In the theory of classical set, the membership of the elements in a non-empty set is of two 
conditions. As per that conditions, an element either belongs to the set or doesn’t belong to 
the set. In fuzzy set theory, an element is assigned by the grade of membership value within 
the closed unit interval [0,1]. Therefore, a fuzzy set A in the universal set of discourse X is a 
function f: A — [0,1] and often this function is mentioned as the membership function. 

Later, because of the generalisation of fuzzy set Atanassov in 1986 introduced the 
intuitionistic fuzzy set|1] where an element is assigned by values of truth membership and false 


membership ranges from [0,1] individually. Vague set theory|6] in 1993 was initially found by 
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Gau et.al. which is an extension of theory of fuzzy set. Vague sets are taken into account 
as an efficient tool to influence uncertainty since it provides additional info as compared to 
fuzzy sets[28]. Many studies have unconcealed that, several researchers have combined vague 
set with other theories. 

Neutrosophic set was developed by Smarandache[21] in 1998 considered as the 
generalization of probability set, fuzzy set/28] and intuitionistic fuzzy set|1]. The neutrosophic 
set has 3 independent membership functions. Not like fuzzy set and intuitionistic fuzzy set, 
the membership functions in neutrosophic sets are truth, indeterminate and falsity. 

As a generalisation of set theory, Yager|25] first of all introduced new theory named as 
theory of bags which in turn gives the concept of multiset (i.e) the element may take place 
more than once. Subsequently, the idea of multiset was originally initiated by Blizard[2] and 
Calude et al.[3].. Many authors now and then created variety of generalization of theory of 
set. As the generalisation of multiset, many researchers [4, 8, 16, 17, 18, 22, 24] discussed 
additional properties on fuzzy multiset which takes place more than once with possibly same 
or different membership values. Shinoj et.al.[20] created associate extension of combining the 
concept of fuzzy multiset by an intuitionstic fuzzy set, which is known as intuitionstic fuzzy 
multiset. By the study on intuitionstic fuzzy multiset, loads of excellent results are achieved 
by researchers [5, 10, 11, 12, 13, 14, 15]. The ideas of fuzzy multiset and intuitionistic fuzzy 
multiset fails to influence uncertainty. Chatterjee et. al.[3] initiated single valued neutrosophic 
multiset very well. 

In 2013, by extending classical neutrosophic logic Smarandache[21] gave n-valued refined 
neutrosophic logic and its applications in which the neutrosophic components T,I,F are 
refined to n number of components. Neutrosophic Refined set are defined by the generalisation 
of fuzzy multi set, intuitionistic fuzzy multi set. Irfan Deli[7] in 2016 extended refined neutro- 
sophic set to refined neutrosophic soft set. Ye and Ye|26] developed single valued neutrosophic 
set and operations with laws. Ye et. al.[27] originated generalized distance 
measure and its similarity measure between single valued neutrosophic multi sets. Addition- 
ally, they applied the measures to a diagnosing medical side with incomplete, indeterminate 
and inconsistent info. 

This paper is organized as follows: The essential definitions of Fuzzy set, Intuitionistic 
fuzzy set, Vague set, Neutrosophic set, Neutrosophic vague set and few of its properties that 
are helpful for the discussion have been presented. We have established a new concept by 
extending neutrosophic vague set namely neutrosophic vague refined(multi) set and few of its 
properties and operations on neutrosophic vague refined(multi) set are discussed. Additionally, 
algebraic operations of neutrosophic vague refined(multi) set along with some examples are 


given. 
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2. Preliminaries 


In this section, we recall the useful basic definitions and related results for developing the 


desired set. 


Definition 2.1. [28](Fuzzy Set) 
Let X be a non-empty set in the universe of discourse. A fuzzy set Ar on X is defined as 


follows: 
Ar= {(z,a4(xz)): a2 € X} 


where a(x): X — [0,1] is represented as a grade of membership function of the fuzzy set 


Ap. It is denoted as Ap. 


Definition 2.2. [1](Intuitionistic Fuzzy Set) 
Let X be a non-empty set in the universe of discourse. A intuitionistic fuzzy set Ayr on X is 


an object defined as follows: 

Ajr= {(x, a(x), Ba(xz)): 2 € X} 
where a(x) : X — [0,1], Ba(a) : X — [0,1] represents the degree of membership function 
and degree of non-membership function respectively of the element xEX to the set Ayr, which 


is a subset of X. And also for every element x€X, membership functions a4(x), 64(x) ranges 


O0< a(x) + Ba(x) < 1. It is denoted as Ayr. 


Definition 2.3. [6](Vague Set) 
Let X be a non-empty set in the universe of discourse. A Vague set Ay in X is defined as 


follows: 

Ay = {(#,a,4(x),1—Ba(x)): 2 € X} 
where a4: X->[0,1], 64: X—[0,1] denotes truth membership function and false membership 
function respectively and a,(x) + 84(a) < 1. Here a(x) is a lower bound on the grade of 


membership of x derived from the evidence for x and 3,4(x) is a lower bound on the grade of 


membership of the negation of x derived from the evidence against x. 


Definition 2.4. [21](Neutrosophic set) 
Let X be a non-empty set in the universe of discourse. A neutrosophic set Ay in X is defined 


as follows: 
Ay= {{x, Ha(z), na(2), va(x)) pd Owe xX} 
where 4(x),74(x),v4(x) represents truth membership function, indeterminate membership 


function and a falsity membership function of the element xe X to the set Ay respectively 


and the condition “0 < wa(x) + na(x) + va(x) < 3¢ holds. 
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Definition 2.5. [19](Neutrosophic Vague set) 
Let X be the non-empty set in universe of discourse. A Neutrosophic vague set (Mjvin short) 


is of the form, 

Myv ={(z, Ones (x), Tvhee (x), Fuyy (x)) -LE X} 
whose truth membership, indeterminacy membership and false membership functions is 
defined as 


Tuyy (2) = PoP ie) = [I-,I*], Putwy (2) = [F-, Ft] 
where, 


T+ =1-F-,Ft =1-T- 


and the condition -0< T-+J—~- 4+ F- <2t, 0<Tt4I°4+F* < 2+ holds. 


Definition 2.6. [19] 

Let Myy and Nyy be two neutrosophic vague set of the universe U. For x€X, Mwy is included 
by Nyv if Tuy (©) < Tryy (2); Iuyy (2) > Inyy (x); Fuyy (2) > Fxyy(x). It is denoted as 
Myv © Nnv. 


Definition 2.7. [19] 
The complement of neutrosophic vague set Mwy is defined by 
Te, (a= [L-T+,1-T-], ff, (e)= [L-It,1-I-], FS ()= [L- F+,1- F-JAt is 


denoted as M4, 


Definition 2.8. [19] 
The union of two neutrosophic vague sets Myy and Nyy is given by Pyy where Pyy= 
MyvUNyrv, whose truth-membership, indeterminacy-membership and false-membership func- 


tions are 
fry, (x)= [min (Tiny, Tig, TUN aa la ) 


Fey (x)=[min(Fy Fx ),min( Ft Ft | 


Myvz’~ Nnvz Mnv,’~ NNvVz 


Definition 2.9. [19] 
The intersection of two neutrosophic vague sets Myy and Nyy is given by Pyy where Pyy= 
MavnNnv, whose truth-membership, indeterminacy-membership and false-membership func- 


tions are 


Pry (x)=|min(Thiyy, Try, 


ys min(Triyy, , Tie ot | 


PP (x)= |ma(Finyy, i ENN Ve ); max (Pity y, , FKNwve | 
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Definition 2.10. [22](Neutrosophic Refined set) 

Let X be a non empty set of universe of discourse. A neutrosophic refined set (briefly NRS) 
on X can be defined as follows: 

Awr={(t, (Ty p(0)s Tay y(@)s Tay gl®))s (Thy g(®)s Pigg (@)s L859 (@))s Fyn @)s F3y (©): 
Fay p(@))) © X} 
where 


e779 (x), Tyg (®) :X — [0,1], 
Linn @) Tae), sels) :X — [0,1], 


such that 0< T4 Coe Gs eee (x) < 3 for j=1,2,...,p for any xEX, Ta (2); a ee (a), 
re ee (a), ic Ce), Dann (®)s en (x) and Fawn (2), Fie); auP 3) is the truth- 
membership sequence, indeterminate-membership sequence and falsity-membership sequence 


of the element x, respectively. Also, p is called the dimension of neutrosophic refined set Ayp. 


3. Neutrosophic Vague Refined sets 


In this section, we introduce the new set namely neutrosophic vague refined set with suitable 


example. 


Definition 3.1. (Neutrosophic vague refined set) 

Let X be a non empty set in the universe of discourse. A neutrosophic vague refined set (in 

short NVRS)Dyvpr on X can be defined by the form 

Dwvn=(ts Phy q(t): TB yun Or LB yy a @)» Ebyy a(t Bryn (Or LB yn) 
Payal): PF alts ele) :2 EX} 

The truth-membership, indeterminacy-membership and falsity-membership functions of 


neutrosophic vague refined set is defined as, 


y = (T-. T+). 72 —p- 7h Pp _tp- pt 
Tye 7 (7; VW; Lf pwyn — Uj A; le? Dies = Fj &; 
and 
StF ae — oan -_ 
Ty =l=f) 42, =l= J, 
where 


(pec) sa (2), Ti yy 92) : X —+ Pl, 1], Loan (®)sTbyyn (2): os TByyp(@) X35 
P(0,1), Fogg a(®)>! Deyn @)4F Beye (@) @ & —> P[0,1] such thet “0 < 75.) («) + 
Dyyyp(®) +r Fh 


set of [0,1]. 


Here, TD); i Cs tes ‘oe ‘Gan Drees (a), Tyr (Case DT psies Ge), 


F Dee (es F Dvn 2s bay Fat (a) is represented as truth membership sequence, 


eee 2* for j=1,2,...,u for any element x € X and P(0,1] is the power 
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indeterminate membership sequence and falsity membership sequence of the element x respec- 


tively. And also, u is called the dimension of neutrosophic vague refined set Dnyy pr. 


Remark 3.2. 
We arrange the membership sequence in decreasing order but the corresponding indeterminate 


sequence and non-membership sequence may not be in increasing or decreasing order. 


Example 3.3. 

Let X={a,b} be any non empty set. Then 

Dyvr={(a, ([0.1, 0.6], [0.5, 0.8], (0.1, 0.8]), ({0.3, 0.5], [0.8, 0.9], [0.6, 0.8}), ([0.4, 0.9], [0.2, 0.5], 
(0.2, 0.9]), 6, ({0.5, 0.8], [0.3, 0.9}, {0.2, 0.5]), ([0.7, 0.8], (0.3, 0.4], [0.2, 0.3]), (0.2, 0.5], 
(0.1, 0.7], [0.5, 0.8]))} 


is said to be a neutrosophic vague refined subset of X. 


Definition 3.4. (Null set) 
A neutrosophic vague refined sets on the universe X is said to be a null neutrosophic vague 


refined set denoted by Ovyp if 


Thay (®) = 10,0), Loy p(®) = Us Phy g(#) = [LU 


PNvR 


for j=1,2,3,...u and xe X. 


Definition 3.5. (Absolute set) 
A neutrosophic vague refined sets on the universe X is said to be a absolute neutrosophic vague 
refined set denoted by lyyp if 

Te opi ®) = Ly Ut boys (®) = 001, Fb. .,(2) = 10,0] 
for j=1,2,3,...u and x€ X. 


4. Set Theoretic Operations on Neutrosophic Vague Refined Set 


In this section, we study some of the set theoretic operations on neutrosophic vague refined 


set with suitable examples. 


Definition 4.1. (Union) 


Let Pyvr and Qnvpr be two neutrosophic vague refined sets in the universal set X, where 


Paver ={(Lbyyn(®)s PByyg(@)s Toy ns Ebyyn(®) BByyg(@)sLByy _(@))s 
(Fhayn(®)s BByyp(@)rFByyy(@))) 12 eX} 

Onvin = {Tan (@)s TB ara (B)o <- TB aren (@))» Tb rrape (B)s FB aren (@)s LB rar (2)): 

(Fb ry a(®)s Fo yyy BrP yyy(t))) 12 EX } 


Then, the neutrosophic vague refined union of two sets Pyyr and Qyvr denoted by Syvr 
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where Snyr = PyvreU Qnvre, whose truth membership function, indeterminate membership 


function and false membership function is 


Tye (t) = max {Ty 4 (), Ty n(@)}; 
Le) min{ Ip ,(2)s ie ie 
Fick (x) = min FP (x), Povees (x)} 


V xEX, j=1,2....,r. 


Example 4.2. 
Let X= {a,b} be the non empty set. Let the sets Pyyr and Qyvyp be defined as: 


Pyvr = {(a, ({0.3, 0.4], [0.4, 0.5], [0.4, 0.6]), (0.5, 0.6], (0.4, 0.5], (0.1, 0.2]), ([0.6, 0.7], [0.5, 0.6], 
0.4, 0.6]), b, ({0.4, 0.6], 0.4, 0.5], (0.4, 0.7]), ({0.5, 0.6], [0.4, 0.5], [0.1, 0.3]), ([0.4, 0.6], 
0.5, 0.6], (0.3, 0.6])) }, 
Quvr = {(a, (0.1, 0.2], [0.3, 0.5], [0.1, 0.3]), ({0.7, 0.8], (0.6, 0.8], (0.2, 0.3]), ([0.8, 0.9], [0.5, 0.7], 
0.7, 0.9]), b, ({0.3, 0.6], (0.7, 0.8], (0.2, 0.4]), ([0.6, 0.8], [0.8, 0.9], [0.2, 0.3]), ([0.4, 0.7], 
0.2, 0.3], (0.6, 0.8]))} 


Then, the union of two neutrosophic vague refined sets Pyyr and Qnyp is 


Snver = {(a, ({0.3, 0.4], (0.4, 0.5], (0.4, 0.6]), ({0.5, 0.6], [0.4, 0.5], [0.1, 0.2]), (0.6, 0.7], (0.5, 0.6], 
(0.4, 0.6]), b, ({0.4, 0.6], [0.7, 0.8], [0.4, 0.7]), ({0.5, 0.6], (0.4, 0.5], (0.1, 0.3]), ({0.4, 0.6], 
[0.2, 0.3], (0.3, 0.6]))} 


Definition 4.3. (Intersection) 


Let Pyvyr and Qnvypr be two neutrosophic vague refined sets in the universal set X, where 


Pyvr = {((TByy_(@)s TB yyy (@)sTByy a (@))s Pyyn(®)s Pyyp (®)s LByyp (2), 
(Fey (2) F Byrn @)s Fl Byy alt) 22 € X J. 

Quvr ={((Toyyn(®)s Tanya)» Foyyn(2))s Cbyyn (2) layyn(®)s -layya(2)): 

Powe) Foun le #3, (2))) 7c EX Ff. 

Then, the neutrosophic vague refined intersection of two sets Pyyr and Qnypr denoted by 

Swver where Syve = PyvreN Qnve, whose truth membership function, indeterminate mem- 


bership function and false membership function is 


Ty g(t) = min{ Th p (2), Tayyp (2), 


F(a =man lt. 1b (e)h 
Fe vya(t) = mar{ Fp, , (2 x), Fo ny p(@)} 
V xEX, j=1,2,...,r. 
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Example 4.4. 
Let X= {a,b} be the non empty set. Let the sets Pyyr and Qyvpr be defined as: 


Pyvr = {(a, (0.1, 0.5], [0.4, 0.7], [0.1, 0.8]), ({0.7, 0.8], (0.4, 0.8], (0.2, 0.7]), ([0.5, 0.9], [0.3, 0.6], 
0.2, 0.9]), b, ({0.1, 0.6], (0.3, 0.9], (0.4, 0.7]), (0.8, 0.9], [0.8, 0.9], [0.5, 0.8), ({0.4, 0.9], 
0.1, 0.7], [0.3, 0.6]))}, 
Qnvr = {(a, (0.3, 0.8], [0.4, 0.7], [0.2, 0.6]), (0.5, 0.6], (0.6, 0.8], (0.1, 0.2]), ([0.5, 0.7], [0.4, 0.8], 
0.2, 0.7]), b, ([0.2, 0.7], (0.3, 0.6], (0.4, 0.8]), ([0.5, 0.6], [0.4, 0.5], [0.2, 0.3]), ([0.3, 0.5], 
0.2, 0.6], (0.3, 0.8]))} 


Then intersection of two neutrosophic vague refined sets Pyyr and Qnvrp is 

Swver = {(a, ({0.1, 0.5], [0.4, 0.7], [0.1, 0.6]), ([0.7, 0.8], [0.6, 0.8], [0.2, 0.7]), ([0.5, 0.9], [0.4, 0.8], 
(0.2, 0.9]), b, ([0.1, 0.6], [0.3, 0.6], [0.4, 0.7]), ([0.8, 0.9], [0.8, 0.9], [0.5, 0.8]), ([0.4, 0.9], 
(0.2, 0.7], [0.3, 0.8])) } 


Definition 4.5. (Inclusion) 


A neutrosophic vague refined set Pyypr is a subset of another neutrosophic vague refined set 


Qnvr denoted by Pyve € Qnvr, 


Pyvr = {((LByyn(®)s TByyp(@)s-T Bye (2))s EPyy (©) By pO) By (©), 
F Peso OF Pua OF Beye) OSX J 
Qnvr = ee (x), Ta es (2), -.. TB xyalt x), Conval® x), ee (x), ol Ori ()), 
( 


(Foyvalt ), FO ern ), + EB yp (2) ' 7c EX }. 


xEX, j=1,2....,r. 


Definition 4.6. (Equality) 
Let Pyvr and Qnvypr be two neutrosophic vague refined sets. These sets are said to be 
neutrosophic vague refined equal if Pyy pr is neutrosophic vague refined subset of Qvvr and 


Qwnvep is neutrosophic vague refined subset of Pyvyr. It is denoted by Pyvyr = Qnvr. 


Definition 4.7. (Complement) 

Let Pyvypr be the neutrosophic vague refined set in the universal set X. 

PyvrR= {(T bay (@)s i, Ce : alp 2); Cicel®), Fe cn At), wil peg @)), 
(FL (x), F2  (x),...F4%  (x))): 2 € X }. 


PNVR PNVR PNVR 


Then the complement of the neutrosophic vague refined set denoted by Py pz is defined as 
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Dos (x)° = Teds (x) 
dt (x)° =1- ee (x) 
ee (x)° =1 Te () 


V xEX, j=1,2....,r. 


Example 4.8. 

Let Pyypr be the neutrosophic vague refined set in the universal set X, 

Pyvr = {(a, (0.2, 0.4], [0.6, 0.7], [0.4, 0.9]), ([0.2, 0.5], (0.5, 0.7], (0.8, 0.9]), ([0.6, 0.8], [0.3, 0.4], 
(0.1, 0.6])) } 

Then the complement of Neutrosophic vague refined set A is as follows: 

Prvr = {(a, ((0.8, 0.6], (0.4, 0.3), (0.6, 0.1]), ([0.8, 0.5], [0.5, 0.3], [0.2, 0.1]), ([0.4, 0.2], [0.7, 0.6], 
(0.9, 0.4])) } 


Definition 4.9. (Addition) 


Let Pyvr and Qnvpr be two neutrosophic vague refined sets in the universal set X, where 


Pyvr = {((LByy_(©)s Tey (@)s TB (©) Ey yn (®)s Pay n(@)s Lbyy n (2): 


(Fey yn (2): FByya(@)s FE Byyp(2))) 12 € X }. 
( 


QnvR = {Onn ©) Foie oe TB yval® x), Lowen x), Loven) loynl®))s 
(Fonve® x), ee Co Fe nye(®))) § 7x EX j. 


Then the neutrosophic vague refined addition of two sets Pyyr and Qnyr denoted by 
Pnvr © Qnve, whose truth membership function, indeterminate membership function and 


false membership function is 


Ti 


Pyvel 


PI J J J 
Pwr ®@ Qnva® a) = x) + TO tir (x) — Thay (x). Teen (x) 


J 7J 7J 7d 73 
ee @BQnvR () = Fouvn (x) + TQwvn (x) — _j Pave (x). Tos (x) 
Ai - : 
Bik @DQnvR () = Tas (x). a (x) 
V xEX, j=1,2,...,r. 


Example 4.10. 
Let X= {a,b} be the set in universal set X. Let the sets Pyvr and Qnvpr be defined as: 


Pyvr = {(a, ([0.2, 0.5], [0.8, 0.9], (0.4, 0.7]), ({0.2, 0.3], (0.5, 0.8], (0.4, 0.6]), ([0.5, 0.8], [0.1, 0.2], 
0.3, 0.6]), 6, ([0.3, 0.8], [0.5, 0.9], (0.2, 0.6]), ([0.3, 0.5], [0.7, 0.9], [0.1, 0.5]), ([0.2, 0.7], 
0.1, 0.5], [0.4, 0.8])) }, 

Qnvr = {({a, ([0.3, 0.7], [0.2, 0.4], (0.5, 0.7]), ([0.3, 0.6], (0.2, 0.7], [0.5, 0.8]), ([0.3, 0.7], [0.6, 0.8], 
0.3, 0.5}), 6, ([0.4, 0.8], [0.6, 0.7], [0.1, 0.6]), ([0.5, 0.5], [0.7, 0.9], [0.8, 0.9]), ([0.2, 0.6], 
0.3, 0.4], [0.4, 0.9])) } 
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Then the addition of two neutrosophic vague refined sets Pyyr and Qnyp is 
Pyvr ® Qnvr= 
{(a, ([0.44, 0.85], [0.84, 0.94], [0.70, 0.91]), ([0.44, 0.72], [0.6, 0.94], [0.70, 0.92]), ([0.15, 0.56], 
(0.06, 0.16], ([0.09, 0.30]), b, ([0.58, 0.96], [0.80, 0.97], [0.28, 0.84]), ([0.51, 0.75], [0.91, 0.99], 
(0.82, 0.95]), ([0.04, 0.42], [0.03, 0.20], (0.16, 0.72])) } 


Definition 4.11. (Multiplication) 


Let Pyvr and Qnvrpr be two neutrosophic vague refined sets in the universal set X, where 


Pyvr = {((Lbyyp(®)s TB yy a (®)s EBay n(®))s Ebyyn() Lbyyg(@)s LB yn (2), 
Piya @) Fey yn oP Bee @))) 2 OX }. 

Qnvr = {(Tayyn(®)s Taye (@)sTOyyn(®))s Lbyyn(®) Byyn(@)s Fb nyn(®))s 

owen): Fo yen Or opal) 2 Se }- 

Then the neutrosophic vague refined multiplication of two sets Pyyr and Qnyr denoted 

by Pyvr®Qnvr, whose truth membership function, indeterminate membership function and 


false membership function is 


r _ pi rj 
re (2) _ “Pave (®) TOwve (x) 


Pow @Qnve (x) = 


Fi Foye (x) + Fe (2) - Fay a(t x). Paes (2) 


Pwkwone ” x) = 
V xEX, j=1,2,...,r. 


Example 4.12. 
Let X= {a,b} be the set in universal set X. Let the sets Pyvr and Qnvypr be defined as: 


Pyvr = {(a, ({0.2, 0.4], [0.8, 0.9], [0.4, 0.5]), ({0.2, 0.4], (0.5, 0.8], [0.3, 0.6]), ({0.6, 0.8], [0.1, 0.2], 
0.5, 0.6]), b, ({0.3, 0.5], (0.5, 0.7], (0.1, 0.6]), ({0.3, 0.5], [0.4, 0.9], [0.1, 0.7]), ([0.5, 0.7], 
0.3, 0.5], (0.4, 0.9]))}, 
Quvr = {(a, ({0.3, 0.9], [0.2, 0.7], 0.5, 0.8]), ({0.1, 0.6], (0.5, 0.7], (0.3, 0.8]), ({0.1, 0.7], [0.3, 0.8], 
0.2, 0.5]), b, ({0.2, 0.8], (0.6, 0.8], (0.3, 0.6]), ([0.4, 0.5], [0.5, 0.9], [0.8, 0.8]), ({0.2, 0.8}, 
0.2, 0.4], [0.4, 0.7]))} 


Then the multiplication of two neutrosophic vague refined sets Pyyr and Qnvp is 


Pyvr 8 Qnvr= 
{ (a, ([0.06, 0.36], [0.16, 0.63], [0.20, 0.40]), ({0.02, 0.24], [0.25, 0.56], [0.09, 0.40]), ([0.64, 0.94], 
A.Angel Marina and A.Francina Shalini, An Introduction to Neutrosophic Vague Refined set 


Neutrosophic Sets and Systems, Vol. 47, 2021 611 


(0.37, 0.84], ([0.60, 0.80]), b, ([0.06, 0.40], [0.30, 0.56], (0.03, 0.36]), ({0.12, 0.25], (0.20, 0.81], 
(0.08, 0.56]), ({0.60, 0.94], (0.44, 0.70], (0.64, 0.97]))} 


Definition 4.13. (AND operation) 


Let Pyvr and Qnvrpr be two neutrosophic vague refined sets in the universal set X, where 


Puvr = (lB yyn(®)s TB yyy (®)s + TBryn (®))s Eyyn (©) Eby (Os ol By yn (@))s 
(Fb n(®)s BByyy(@)s FE Byy_(t))) 2 € Xf. 

Qnvr = (((Tonyn@)> Tanyn @)s Toya) COnyn(®): lomyn @)s--lb yn)» 

(Fowon@)s Fann (2) -Fonyn(®))) 22 €X }- 

AND operation between these two neutrosophic vague refined sets is denoted by Pyvr\Qnvr 

is the intersection of two neutrosophic vague refined sets Pyyr and Qnyp. 

V xEX, j=1,2,...,r. 


Definition 4.14. (OR operation) 


Let Pyvr and Qnvpr be two neutrosophic vague refined sets in the universal set X, where 


Pave = {((TByyn(®)s TB eye (@)s 0 T By yn) Cyn ©): EBxye @)s Eby yn (@))s 
(Fei Os Pegg, Oyo Phe) 2 eX fh 
Qnvr = ae (x), Fonts (2), -.. Toya x), Conval® x), ee (x), sil Ore ()), 
( 


ont ), FO eas ), +. EB a(t) = 7@ EX }. 


OR operation between these two neutrosophic vague refined sets is denoted by PyvyvrV QnvrR 
is the intersection of two neutrosophic vague refined sets Pyyr and Qnyp. 
V xEX, j=1,2,...,r. 


Definition 4.15. (Cartesian Product) 


Let Pyyr and Qnvp be the two neutrosophic vague refined sets. 


Prev = {(Ebyyn(®) EBoyn(@sFBbyyn(®))s Eryyn(®)> Pbyy ns -LByyn(®)) 
(Fhyyn (2) BByyp(®)sFByy_(@))) 2 © Xf. 

Qwr = {((foyyn) TayynW)>- Toye) (i Ys Para Ws LB wien (Ws 
(B8n(@); FB a (¥)s FB. (y))) 2y X }. 


Then the cartesian product of two sets Pyvr X Qnvp is defined as 


PNVR x Qnva={((T py axOnvn (2 Y)> TP axQnv a (2 Y), il ccc U)), 
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72 7P 
Ceahowin (x,y), ere oe (x,y), ail BaKOnGn (x,y) 


C; (iP 
Fe Onion (v,y), Po asoue (v,y), Fy RXQNVR (x,y) 


where 


:X — [0,1] 


J fi Fi 
PnvrXQnvr’?” PnvrexXQnvr’?” PyvexXQnvr 


and also, 


Pd — mim sl T wl 
Tv axQnval® y) _ min{ Toy exQnve (x), Teyy RxQnvR (y)} 


LD vakOuvn (x, y) a mazr{ lp axQnvr(®)s Ta engi (y)} 
is 


PyvrXQnvrR 


(x,y) = mar{ Foy axQnva(@)s 


ee (y)} 
forall ay @ X and j= {12 cyt} 


Example 4.16. 
Let X= {a,b} be the set in universal set X. Let the sets Pyvr and Qnvypr be defined as: 


Pyvr = {(a, ((0.3, 0.7], [0.4, 0.5], [0.4, 0.7]), ({0.2, 0.5], (0.4, 0.9], (0.3, 0.8]), ([0.3, 0.7], [0.5, 0.9], 
0.3, 0.6]), b, ({0.4, 0.6], (0.3, 0.8], (0.1, 0.5]), ([0.3, 0.7], [0.5, 0.9], [0.2, 0.6]), ({0.4, 0.6], 
0.2, 0.7], (0.5, 0.9]))}, 
Quvr = {(a, (0.1, 0.5], [0.5, 0.7], [0.5, 0.8]), ({0.2, 0.7], (0.5, 0.8], (0.4, 0.8]), ([0.5, 0.9], [0.3, 0.5], 
0.2, 0.5]), b, ({0.4, 0.9], (0.1, 0.5], (0.5, 0.6]), ([0.3, 0.6], [0.4, 0.9], [0.5, 0.8), ({0.1, 0.6], 
0.5, 0.9], (0.4, 0.5])) } 


Then the cartesian product of two neutrosophic vague refined sets Pyyr and Qnyp is as 
follows 

Pyvr X Qnvre= 

{((a, a)([0.1, 0.5], [0.1, 0.5], [0.4, 0.7]), ([0.2, 0.7], [0.5, 0.9], [0.4, 0.8]), ([0.5, 0.9], [0.5, 0.9], [0.3, 0.6])), 
((a, b)([0.3, 0.7], [0.1, 0.5], [0.4, 0.6]), ({0.3, 0.6], [0.4, 0.9], [0.5, 0.8]), ([0.1, 0.6], [0.5, 0.9], [0.4, 0.6})), 
((b, a)({0.1, 0.5], [0.3, 0.7], [0.1, 0.5]), ([0.3, 0.7], [0.5, 0.9], [0.4, 0.8]), (0.5, 0.9], [0.3, 0.7], [0.5, 0.9])), 
((b, b)({0.4, 0.6], [0.1, 0.5], [0.1, 0.5]), ({0.3, 0.7], [0.5, 0.9], [0.5, 0.8]), ([0.4, 0.6], [0.5, 0.9], [0.5, 0.9])) } 


5. Algebraic properties of neutrosophic vague refined set operations 


In this section, we study algebraic properties of above operations in neutrosophic vague 


refined set with examples. 


Proposition 5.1. (Identity Law) 

For any neutrosophic vague refined set Pyyr defined on the absolute neutrosophic vague 
refined set X. 

(1)Puve VU Onve= Pnve 


(2)PnvreO Xnvr= Pnve 
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Proof. 
(1)Let Pyvr be the two neutrosophic vague refined set. 
Prvn = (Py ®)sTRyyn @s- Eby a(®))s Phy (®)> Boy ®)s Eby n(@)) 
(Phan (OF Byg (@i- LB g(@))) 2 EX J. 
Onve is defined as follows 
Ovr={(a, ({0, 0], [0,0], ---[0,0]), (C1, Us 1, Mel, 1), (EL, Ws [Ls Us E11) 
b, ([0, 0}, [0, 0], ....[0, 0]), ({, 1], [1,1], ..-.[1, 1]), (1, 1, (1, 1, --. [1 1) F- 
So, Pyvr UOnvR= 
{< (max{Tp,,,,(x),[0,0]}, min{TZ (x), (0, O]}, ......, min{TB (x), (0, O]}), 


(mar{Ib vn feed ye min{ In ae ol eee »min{ TP ,(2)s (1, 1]}), 
(maz{Fh (Ge), 2 min{ FR Ca Wee | een »min{tis, » (ache LT as} 
Therefore, 


Pyvr VU Owvr = {Toye pg (2): TB ayy (2)s TB yg (2) Eby yy (2) Bey gO) LB yyy (2): 
(Fh (a), coe PE. (a@))) :x Ee X}. 


(2)Proof is simitar to (1). 


Example 5.2. 

(1)Let Pyvr be neutrosophic vague refined set in the universal set X. 

Pyvr = {(a, (0.2, 0.4], [0.8, 0.9], (0.4, 0.5]), ([0.2, 0.4], (0.5, 0.8], (0.3, 0.6]), ([0.6, 0.8], [0.1, 0.2], 
(0.5, 0.6]), 6, ([0.3, 0.5], [0.5, 0.7], [0.1, 0.6]), ([0.3, 0.5], [0.4, 0.9], [0.1, 0.7]), ([0.5, 0.7], 
(0.3, 0.5], [0.4, 0.9])) }, 

Ove = {(a, ([0, 0), [1, 1), {1,1)), ((0,0), [1,1], (1, 11), (10,01, (1, 1, (1,1). 

Then, 

PyvreU Onver ={(a, ((0.2, 0.4], [0.8, 0.9], (0.4, 0.5]), ((0.2, 0.4], [0.5, 0.8], (0.3, 0.6]), ((0.6, 0.8}, 
[0.1, 0.2], [0.5, 0.6]), b, ([0.3, 0.5], [0.5, 0.7], [0.1, 0.6]), ([0.3, 0.5], [0.4, 0.9], 0.1, 0.7]), 
([0.5, 0.7], [0.3, 0.5], [0.4, 0.9]))}, 

(2) Obvious. 


Proposition 5.3. (Domination Law) 

For any neutrosophic vague refined set Pyy pr defined on absolute neutrosophic vague refined 
set X 

(1) Pyrvr NO Onver=Onver 


(2) Pyve UXnvr= XNVR 


Proof. 


(1)Let Pyvr be the two neutrosophic vague refined set. 


PNVR = (Tb w), TPavr @), TE yet x), Cbyyal® w), i (z), EB ()), 
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(FL (x); ou Fe cate) :cEX }. 


PNVR 


(x), Fp 


PNVR 
Onve is defined as follows 
Onvea={(a, ([0, 0], [0, 0], ....[0, 0]), ([1, 1], [1,1], .---[1, J), (1, 4], (1, 1, [1 
b, ({0, 0], [0, 0], .--.[0,0]), ([L, 1], (1, J, ----{1, J), (TL, 1, (LW, + [E, 1)) F- 
So, Pyvre ON OnvR= 
{< (min{T}, ,,(2), [0,0]}, max{TZ, ,(x), [0, 0]}, ......,max{TB (x), [0, O}}), 
(min{ Ih. _(2)s [1 I}, max{i2, (2), [1, I}... max{TZ (x), [1, 1}), 
(min{ Fh ,(&)s [1, 1]}, max{F2 (x), [1, UJ}, es »max{ FS (x), (1, 1]}) >} 
Therefore, 
Prva Onve = {(a, (0,0), [0,0], ..-[0, 0]), (f1, 1), 1,1, 2)), (1 1 (2, Us [2 1))}- 
(2)Proof is similar to (1). 


Example 5.4. 

(1) Let Pyvr be neutrosophic vague refined set in the universal set X. 

Pyvr = {(a, ((0.1, 0.2], [0.3, 0.5], (0.1, 0.3]), ({0.7, 0.8), (0.6, 0.8], [0.2, 0.3]), ({0.8, 0.9], (0.5, 0.7], 
(0.7, 0.9]), , ({0.3, 0.6], [0.7, 0.8], {0.2, 0.4]), ([0.6, 0.8], (0.8, 0.9}, [0.2, 0.3]), ((0.4, 0.7], 
[0.2, 0.3], [0.6, 0.8])) } 


Onvr={(a, ([0, 0], (0, 0], ....[0, 0]), (1, 1], (1, 1, .--[1, 1), (HU, 1, 1, --, [1, 1) 
b, (0, 0], [0, 0], ....[0,0]), ([1, 2], [1,2], ...-[1, 2]), (1, UI, [L, 2), ---. [1, 1). 

Then, 

PyvreNOnvr= 
{(a, ([0, 0], [0, 0], ....[0,0]), ([1, 1], [1,1], -.--[1,2]), (1, 4, [1,4], --., [1, 1) 
6, ((0, 0], [0, 0], ....[0,0]), ([1, 2], [1,2], ...-[1, 1]), (1, Ui, [L, 2, ---, [1 1) F- 


(2) Obvious. 


Proposition 5.5. (Idempotent Law) 

For any neutrosophic vague refined set Pyyr defined on absolute neutrosophic vague refined 
set X. 

(1) PyveO Pyvr= Pyvr 


(2) PyveU Pyvr= Pyve 


Proof. 


The proof is obvious. 


Example 5.6. 


(1)Let Pyvr be neutrosophic vague refined set in the universal set X. 
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Pyvr = {(a, ([0.1, 0.5], [0.5, 0.7], [0.5, 0.8]), ([0.2, 0.7], [0.5, 0.8), [0.4, 0.8]), ([0.5, 0.9], [0.3, 0.5), 
(0.2, 0.5]), b, ({0.4, 0.9], [0.1, 0.5], [0.5, 0.6]), ([0.3, 0.6], [0.4, 0.9], [0.5, 0.8]), ({0.1, 0.6], 
(0.5, 0.9], [0.4, 0.5])) } 

Then, 

PuvrO Pryvr= {(a, ([0.1, 0.5}, [0.5, 0.7], [0.5, 0.8]), ([0.2, 0.7], [0.5, 0.8), [0.4, 0.8]), ([0.5, 0.9], 
(0.3, 0.5], [0.2, 0.5]), b, ([0.4, 0.9], [0.1, 0.5], [0.5, 0.6]), ((0.3, 0.6], [0.4, 0.9], [0.5, 0.8]), 
({0.1, 0.6], [0.5, 0.9], [0.4, 0.5])) } 

Hence, Pyvre ON Pynvr= Pnve. 

(2) Obvious. 


Proposition 5.7. (Commutative Law) 

For any neutrosophic vague refined set Pyyr defined on absolute neutrosophic vague refined 
set X 

(1) Pyve U Qnvr= QnvreU Pyvr 


(2) PyveO Qnvr= QnvreO Pave 


Proof. Proof is obvious. 


Proposition 5.8. (Associative Law) 

For any neutrosophic vague refined sets Pyyr, Qnvr and Ryve defined on absolute neutro- 
sophic vague refined set X. 

(1) (Pyvre UV Qnvr) VU Ryvr = PyveU (QnveU Rvp) 

(2) (Prva Qnvr) 1 Ryvr = PyveO (QnveN Rnve) 


Proof. 


(1) Let Pyvr, Qnver and Ryvr be three neutrosophic vague refined sets defined as follows: 


Pyve = Tee Os ey Pd oO eda @), 
(Fact) Pea Ooh genie X |. 

Onve CeO oa el oa) os Oo oo) 
Fo ce) Po pal Foe) EX J 


Ruvr= {(Thrva(®) Leave): Ee aha); (Cpe Ces eee ce sl ce), 
Pie OF hen Oot Pea 
Then, (PyveU Qnvr)U Rnver 


Teg @)) VE asp Oise) VO ies 2 Eben ®) V loge ge icin 
Bon?) V owen ©)» Poeen®) ¥ Foun @)) +9 FByen@) V FOweal®))) 2 EAPO 
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X} 
={ (Pym VB gyn OV Phy (OD) (BB rye OY Piyyn OV Phin (2) bya ®) 
V ayy elt )) ‘ Fenval® ))-- (Pyyp(2 «) Vv IOnval® )) Vv FRuyn(®))s ((Fbyyn (2) My 
(Foyvn(®)) ¥ Fyn (®)) + ((FByyn(®) V Foyyn(®)) V FByya(@))) 12 € X} 


={((Thyyn (2) V Tayyn(®) V Thyyn (2) TByyn(®) V Tonyn(®) ¥ Taye (2)))s 
by alt w)V Conval® x)V Fevve(® w)))... 1 EByyal® x)V CL 2)V TR vy al)))s FByy 9 (2) V 
(Foxy (®) V Fay p(®))) 9 (FByyn(®) V Fonyn(®) V FRyya(®)))) @ © X} 
=PyvrU (QnvrU Ryvr) 
(2) The proof is similar to (1) 


Proposition 5.9. (Distributive Law) 

For any neutrosophic vague refined sets Pyvyr,Qnvr and Ryvp defined on absolute neutro- 
sophic vague refined set X. 

(1) Pyvr U (QnvreO Ryve) = (PrvreU Qnver) 9 (Pave Rnve) 

(2) Pyve fl (QnvrU Ryve) = (Prve 0 Qnve) U (Pavel Rnve) 


Proof. 
(1) Let Pyvr, Qnver and Ryvr be three neutrosophic vague refined sets defined as follows: 


Puvr ={((Thyyy(®)s TB yyy 1 TB yyy (®))s TByy ne (@)s Bag (@)s lL Bey (2): 
(Fen (®)s F Bey n (2s F Byyp(@))) 1 @ EX }. 

Nt es pe) oes oe eae) 
Foss Fo el es Ot SX 

Ryvr = {((TRyya(2)s TRyyp(® Jas eee C x)), ( Fryyn(® x), Pvp(®)r Raya (®))s 
(Foal Or Reval Dsl ag 2) eS} 

Then, PyvrU (QnveN Rnvr) 


= {(F4_ (2), TH, (2), Eb (@) £8, (2), (Fb (@), FY. (@)) U 
(os Thien 8 Sen Td) 2 SX) 


={((Thyye(®) V ayy n(®) A Tay n(@))s 9 (PByy en (®) V (Tony nl) A (TR n(®)): 


Py alt x) \ Convnl® ) V Rasy ())s + »( Evy a(t ©) A Conve (x ) Vv (Ruvn(®)))s 
a (x) A (Fonvalt x)V Friwvn(®))s + »( FEyval® x) N(EQ QnvR (x) V Rvs (x)))) :@ EX} 
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={(((TByve (2) ¥ Lonvn(®)) A (Love (®) V Thve(®)) 1 ((TByye(®) V Cenve(2)) A 
(TByya(@)V fl £))))s (Bye) Lo yyn(®))¥ Eby yn (®)Lyyn())s 9 (CByvn (2) 
DB vvr(®)) V Eby n(®) A thay (2) (FEyvn(®) A Foyve(®)) V Fy a (®) A 

Frwy n(®))s 9 ((FByyn(®) A Fyn (®)) ¥ FByy a (®) A FRyya(2))))) 1 @ © X} 


= (PyvrU Qnvr) 9 (PyvrU Ryve) 
(2) The proof is similar to (1) 


Proposition 5.10. (Double Complement Law) 
For any neutrosophic vague refined set Pyyr defined on absolute neutrosophic vague refined 


set X 


(Pyvr)® = Pnvr 


Proof. 


Let Pyvr be neutrosophic vague refined set defined as follows: 


Pye = (ie lO Tee OnE @) Ge @ logos @ relia): 
(Fb ap (®)s EBs (Es oF Bay y(B))) 12 EX }. 
Then, 
PSya={((1 -— PT py g (2), 1 — Te Pyy (2), 1 — PY Pyye(®)), (1 — Peppy e(@),1 — Peppy e(2), -- 
1- I pyyp(2)), (1 — Fl pyye (2), 1 — F?pyyp (a), 1 — FY Pyyp(a))) 10 € X}. 


(Pxvr)° ~ {((TPyyn(®); TRyp(®): slap ak)) by p(®), cae) ial Bs) 
(Pbyn(®)s Eby (2): 5 FB (@))) 12 © X}. 
Therefore, (Pi p)° = Pyve 


Proposition 5.11. (Absorption Law) 

For any neutrosophic vague refined set Pyyr and Qyvpr defined on absolute neutrosophic 
vague refined set X 

(1) Pyvre U (Pyvef Qnvr) = Pave 

(2) Pyvef (PyvrU Qnvr) = Pave 


Proof. Proof is obvious. 
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6. Conclusions 


This paper ensures the work of introducing the new set namely neutrosophic vague refined 
set by the combination of neutrosophic vague set and neutrosophic refined(multi) set. Several 
operations and laws have been discussed along with some examples. In future, neutrosophic 
vague refined topological spaces can be introduced. And also, decision making problems on 
neutrosophic vague refined sets can be introduced. 


Conflicts of Interest: The authors declare no conflict of interest. 
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Abstract. The notions of neutrosophic UP-subalgebras, neutrosophic near UP-filters, neutrosophic UP-filters, 
neutrosophic UP-ideals, and neutrosophic strong UP-ideals were introduced by Songsaeng and Iampan [M. 
Songsaeng, A. Iampan, Neutrosophic set theory applied to UP-algebras, Eur. J. Pure Appl. Math., 12 (2019), 
1382-1409]. In this paper, we introduce the notions of neutrosophic implicative UP-filters, neutrosophic com- 
parative UP-filters, and neutrosophic shift UP-filters of UP-algebras by applying the notions of implicative 
UP-filters, comparative UP-filters, and shift UP-filters of UP-algebras to neutrosophic set, and investigate some 
of their important properties. Relations between neutrosophic implicative UP-filters (resp., neutrosophic com- 


parative UP-filters, neutrosophic shift UP-filters) and their level subsets are considered. 


Keywords: UP-algebra; neutrosophic implicative UP-filter; neutrosophic comparative UP-filter; neutrosophic 
shift UP-filter 


1. Introduction 


A fuzzy set f in a nonempty set S is a function from S to the closed interval [0, 1]. The con- 
cept of a fuzzy set in a nonempty set was first considered by Zadeh [27]. The fuzzy set theories 
developed by Zadeh and others have found many applications in the domain of mathematics 
and elsewhere. The notion of neutrosophic sets was introduced by Smarandache in 1999 


which is a more general platform that extends the notions of classic sets, (intuitionistic) fuzzy 
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sets and interval valued (intuitionistic) fuzzy sets (see [1:9}[20}). Neutrosophic set theory is 


applied to various part which is referred to the site 
http://fs.unm.edu/neutrosophy.htm. 


The above-mentioned section has been derived from [24]. Wang et al. introduced the 
notion of interval neutrosophic sets in 2005. The notion of neutrosophic \-structures and 
their applications in semigroups was introduced by Khan et al. in 2017. The notion of 
neutrosophic sets was applied to many logical algebras (see (7\[17}{13}[16)). 

The notions of neutrosophic UP-subalgebras, neutrosophic near UP-filters, neutrosophic 
UP-filters, neutrosophic UP-ideals, and neutrosophic strong UP-ideals were introduced by 
Songsaeng and Iampan in 2019. In this paper, we introduce the notions of neutrosophic 
implicative UP-filters, neutrosophic comparative UP-filters, and neutrosophic shift UP-filters 
of UP-algebras by applying the notions of implicative UP-filters, comparative UP-filters, and 
shift UP-filters of UP-algebras to neutrosophic set, and investigated some of their important 
properties. Relations between neutrosophic implicative UP-filters (resp., neutrosophic com- 


parative UP-filters, neutrosophic shift UP-filters) and their level subsets are considered. 


2. Basic results on UP-algebras 
Before we begin our study, we will give the definition and useful properties of UP-algebras. 
Definition 2.1. An algebra X = (X,-,0) of type (2,0) is called a UP-algebra, where X 


is a nonempty set, - is a binary operation on X, and 0 is a fixed element of X (i.e., a nullary 


operation) if it satisfies the following axioms: 


(Va,y,z€ X)((y-z)-((@-y)- (e+ z)) =0), (1) 
(Vz € X)(0-2=2), (2) 
(Vz € X)(z-0 = 0), and (3) 
(V2,y €X)(x-y=0,y-2=052=y). (4) 


From [4], we know that the notion of UP-algebras is a generalization of KU-algebras (see 


} 
For examples of UP-algebras, see (1}(2][5}/1.4)[1'7|/18}. 
The binary relation < on a UP-algebra X = (X,-,0) is defined as follows: 
(V2,yEeX)(a@<yau-y=0) (5) 
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and the following assertions are valid (see [4}[5}). 


Ve, 26 Xe ys>e xs coy), 
Va,u, 26 X)((e-y)+ 2s .e*(y+e)), and 


Va,x,y,z€X)((x@-y)-2<y-(a-z)). 


(1) a UP-subalgebra of X if it satisfies the following condition: 


(Va,y€ S\(a-y ES), 


(2) a near UP-filter of X if it satisfies the following condition: 


(Ve, yEex)\(yeSsau-yeS). 


(3) a UP-filter of X if it satisfies the following conditions: 


the constant 0 of X is in S, 


(Va,yEex)(a-yESxeEeSsyeEs), 


( 
( 
( 
( 
(14 
( 
( 
( 
( 


Definition 2.2. (3}/4\(6l/8} {10/21 A nonempty subset S' of a UP-algebra X = (X,-,0) is called 


(19) 


(20) 


(21) 
(22) 


(4) an implicative UP-filter of X if it satisfies the condition and the following condi- 


tion: 


(Va,y,zEX)(a-(y-z)€ES,4-yEeSs>ua-zeS), 


(23) 


(5) a comparative UP-filter of X if it satisfies the condition and the following condi- 


tion: 


(Va,y,zEX)(a-((y-z)-y) ES tESSyeES), 


(24) 
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(6) a shift UP-filter of X if it satisfies the condition and the following condition: 
(Vz,y,zEX)(a-(y-z)EScxeES= ((z-y)-y)-z€S), (25) 
(7) a UP-ideal of X if it satisfies the condition and the following condition: 
(Va,y,zEX)(a-(y-z) ES yEeS>u-zeS), (26) 
(8) a strong UP-ideal of X if it satisfies the condition and the following condition: 
(Va,y,zEX)((z-y)-(2- 2c) ES yeSsxres). (27) 


Guntasow et al. |3| proved that the only strong UP-ideal of a UP-algebra X is X. 


3. NSs in UP-algebras 
In 1999, Smarandache introduced the notion of neutrosophic sets as the following defi- 
nition. 


A neutrosophic set (briefly, NS) in a nonempty set X is a structure of the form: 
A ={(¢,Apr(x),Ar(2),Ar(a)) |x € X} (28) 


where Ap : X -—> [0,1] is a truth membership function, A; : X — [0,1] is an indeterminate 
membership function, and Ar : X — [0,1] is a false membership function. 

For our convenience, we will denote a NS as A = (X, Ar, Ar, Ar) = (X,Arnz,r) = {(2, Ar(2), 
Ar(x),Ar(xz)) |x € X}. 


Definition 3.1. Let A be a NS in a nonempty set X. The NS A = (X,Arzr) in X 
defined by 
Ar(x) = 1—Ar(z) 
(Va € X)] Az(x) =1—Az(z) (29) 
e@l=1 ee) 


is called the complement of A in X. For all NS A in a nonempty set X, we have A = A. 


In what follows, let X denote a UP-algebra (X,-,0) unless otherwise specified. 
Songsaeng and Iampan introduced the new concepts of neutrosophic sets in UP-algebras: 
neutrosophic UP-subalgebras, neutrosophic near UP-filters, neutrosophic UP-filters, neutro- 


sophic UP-ideals, and neutrosophic strong UP-ideals. 


Definition 3.2. A NS A in X is called 
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(1) a neutrosophic UP-subalgebra of X if it satisfies the following conditions: 


(Va,y € X)(Ar(a-y) = min{Ar(x), Ar(y)}) (30) 
(Vay € X)(Ar(a- y) < max{A7(x), Ar(y)}), (31) 
(Va,y € X)(Ap(@-y) 2 min{Ar(«), Ar(y)})s (32) 


(2) a neutrosophic near UP-filter of X if it satisfies the following conditions: 


(Va,y € X)(Ar(a-y) = Ar(y)); (33) 
(Vay € X)(Ar(@- y) S Ar(y)), (34) 
(Va,y € X)(Ar(@-y) 2 Ar(y)), (35) 


(3) a neutrosophic UP-filter of X if it satisfies the following conditions: 


(Va € X)(Ar(0) 2 Ar()), (36) 
(Va € X)(Ar(0) < Ar(@)), (37) 
(Va € X)(Ar(0) = Ar(@)), (38) 
(Vz,y € X)(Ar(y) 2 min{Ar(x- y), Ar(x)}), (39) 
(Vx,y € X)(Ar(y) < max{A;(x-y), Ar(x)}), (40) 
(Vz,y € X)(Ar(y) 2 min{Ap(x- y), Ar(x)}), (41) 


(4) a neutrosophic UP-ideal of X if it satisfies the following conditions: (36), (37), (38), 


and 
(Vr, y,z2€ X)(Ar(x- z) 2 min{Ar(a- (y- z)), Ar(y)}), (42) 
(Va, y,z€ X)(Ar(@ + z) < max{Az(x - (y- z)), Ar(y)}), (43) 
(Vz,y,2 € X)(Ar(a- z) 2 min{Ap(x: (y- z)), Ar(y)}), (44) 
(5) a neutrosophic strong UP-ideal of X if it satisfies the following conditions: (36), (37), 
(88), and 
(Vz,y,2 € X)(Ar(x) = min{Ar((z-y) - (z+ x)), Ar(y)}), (45) 
(Vx, y,2 € X)(Ar(x) < max{Ar((z-y) - (z+ @)), Ar(y)}), (46) 
(Vx,y,2 € X)(Ar(x) 2 min{Ar((z-y)- (z+ x)), Ar(y)})- (47) 


Definition 3.3. ANS A in X is said to be constant if A is a constant function from X 


to [0,1]?. That is, \7,A7, and Ap are constant functions from X to [0,1]. 


Songsaeng and Iampan proved the generalization that the concept of neutrosophic 
UP-subalgebras is a generalization of neutrosophic near UP-filters, neutrosophic near UP- 


filters is a generalization of neutrosophic UP-filters, neutrosophic UP-filters is a generalization 
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of neutrosophic UP-ideals, and neutrosophic UP-ideals is a generalization of neutrosophic 
strong UP-ideals. Moreover, they proved that neutrosophic strong UP-ideals and constant 


neutrosophic sets coincide. 


Definition 3.4. A NS A in X is called a neutrosophic implicative UP-filter of X if it satisfies 


the following conditions: (36), (37), (38), and 


(Va,y,z€ X)(A(w- z) > min{A(z- (y- z)),A(z-y)}), (48) 
(Va,y,z€ X)(A(w-z) < max{A(z- (y- z)), A(@-y)}), (49) 
(Va,y,z€ X)(A(a-z) > min{r(x- (y- z)),A(x- y)}). (50) 


Example 3.5. Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary 
operation - defined by the following Cayley table: 


0 


eo fF oc oo | 
oN OW WN] YL 
Go OO WW] wh 
mo Fk Se Se BY] 


0 
0 
0 
0 
0 


ew ny fF © 


We define a NS A in X as follows: 

ar = (4: 1 2 8 ea 1 2 83 3) P= (6, 1 2 8 ar 
0.8 0.8 0.6 0.6 0.6 0.4 0.4 0.4 0.4 0.8 0.7 0.7 0.5 0.7 0.5 

Hence, A is a neutrosophic implicative UP-filter of X. 


Definition 3.6. A NS A in X is called a neutrosophic comparative UP-filter of X if it satisfies 


the following conditions: (36), (37), (38), and 


(Va,y,2 © X)(A(y) 2 min{A(x- ((y- z) + y)), A~@)}), (51) 
(Va,y,z € X)(A(y) < max{A(ax- ((y- z) -y)), A(@)}), (52) 
(Vay, 2 € X)(A(y) = min{ Aw: ((y- z)-y)), A(a)})- (53) 


Example 3.7. Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary 
operation - defined by the following Cayley table: 


012 3 4 
0;0 12 3 4 
1/0 02 2 4 
2/0 0 0 1 4 
3/0 0 0 0 4 
4/0 1 2 3 0 
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We define a NS A in X as follows: 

Ce ee ee ee ce ee ee 
PF \0.6 0.6 0.6 060.4)’ " \04 04 04 0.4 0.8)’°"~ \0.7 0.7 0.7 0.7 0.5)" 

Hence, A is a neutrosophic comparative UP-filter of X. 


Definition 3.8. A NS A in X is called a neutrosophic shift UP-filter of X if it satisfies the 


following conditions: (36), (37), (38), and 


(Va,y,2 © X)(A(((z-y)-y)- 2) 2 min{A(w: (y- z)), A@)}), (54) 
(Vay, 2 © X(A(((z-y)-y) +2) S max{A(a- (y- z)), A(a)}), (55) 
(Va,y,2 © X)(A(((z-y)-y) 2) 2 min{ Aw: (y- z)), A(@)}). (56) 


Example 3.9. Let X = {0,1,2,3,4} be a UP-algebra with a fixed element 0 and a binary 
operation - defined by the following Cayley table: 


So © © ©. ©) 
re Oo Oo CO FI] FR 
no Oo Oo WM WH] WD 
Woon Ww wl]w 
Co ek FF. fF FT 


re wns re © 


We define a NS A in X as follows: 


wif{% 12 38 4), _f0 12 3 4), _ (0123 4 
T™ \o0.6 0.6 0.6 06 04/’? (040408 0808/’°" \09 0.9 0.7 0.7 0.7)" 


Hence, A is a neutrosophic shift UP-filter of X. 


Theorem 3.10. A NS A in X is constant if and only if it is a neutrosophic strong 
UP-ideal of X. 


Theorem 3.11. Every neutrosophic implicative UP-filter of X is a neutrosophic UP-ideal. 


Proof. Assume that A is a neutrosophic implicative UP-filter of X. Then A satisfies the 
conditions (36), (37). and (38). 

Let z,y,z € X. Then Ap(x- z) > min{Ar(ax- (y- z)),Ar(x- y)} By generalization of 
neutrosophic near UP-filter, neutrosophic UP-filter, and the condition [33] we have Ap(x-z) > 
min{Ap(x- (y+ z)),Ar(y)}, 

Let x,y,z € X. Then A;(x- z) < max{A;(x- (y- z)),Ar(a- y)} By generalization of neu- 
trosophic near UP-filter, neutrosophic UP-filter, and the condition we have \;(4%@- z) < 
max{A7(x- (y+ z)),Ar(y)}, 
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Let z,y,z € X. Then Ap(a- z) > min{Ar(a- (y- z)),Ar(x- y)} By generalization of 
neutrosophic near UP-filter, neutrosophic UP-filter, and the condition [35] we have Ap(x-z) > 
min{Apr(x: (y- z)),Ar(y)t 

Hence, A is a neutrosophic UP-ideal of X. 


Example 3.12. From the Cayley table in Example|3.7| we define a NS A in X as follows: 


yu (01 2 3 4), _(01 2 3 4), f0 12 8 4 
T™\1 0.70606 04/’% (00305 050.7)’ " \09 08 0.7 0.7 0.5)" 


Then A is a neutrosophic UP-ideal of X. Since \;(2-3) = 0.3 > 0 = max{A;(2-(1-3)), A7(2-1)}, 


we have A is not a neutrosophic implicative UP-filter of X. 
Theorem 3.13. Every neutrosophic comparative UP-filter of X is a neutrosophic UP-filter. 


Proof. Assume that A is a neutrosophic comparative UP-filter of X. Then A satisfies the 


conditions (36), (37), and (38). Next, let x,y © X. Then 


Ar(y) 2 min{Ar (x: ((y-y) -y)),Ar(@)} by 
= min{Ar(x- (0-y)), Ar(x)} by (6) 
= min{Ar(2-y), Ar(2)}, by 

Ar(y) < max{A;(x- ((y-y)-y)),Ar(z)} by 
= max{Ar(x- (0-9), Ar(@)} by (6) 
= max{A;(x- y), A7(x)}, by 

Ap(y) 2 min{Ar(a- ((y-y)-y)),Ar(@)} by 
= min{Ar(x- (0-y)), Ar(a)} by (6) 
= min{Ap(r-y),AF(x)}. by 


Hence, A is a neutrosophic UP-filter of X. 


Example 3.14. From Example |3.12| we have A is a neutrosophic UP-ideal of X and so A is 
a neutrosophic UP-filter of X. Since A\r(1) = 0.7 < 1 = min{A7(0- ((1- 3) -1)), Av(0)}, we 


have A is not a neutrosophic comparative UP-filter of X. 


Theorem 3.15. Every neutrosophic shift UP-filter of X is a neutrosophic UP-filter. 
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Proof. Assume that A is a neutrosophic shift UP-filter of X. Then A satisfies the conditions 


(36), (37). and (38). Next, let x,y € X. Then 


Ar(y) = Ar(((y- 0) - 0) -y) by (2) and 
> min{Ar(a- (0+ y)),Ar(x)} by 
= min{Ar(x-y), Ar(x)}, by 

Ar(y) = Ar(((y- 0) +0) +y) by (2) and 
< max{Ar(x- (0+ y)), Ar(x)} by 
= max{Ar(x-y), Ar(x)}, by 

Ar(y) = Ar(((y- 0) +0) + y) by (2) and 
> min{Ap(x- (0-y)),Ar(a)} by 
= min{Ap(x- y), \r(x)}- by 


Hence, A is a neutrosophic UP-filter of X. 


Example 3.16. From Example |3.12| we have A is a neutrosophic UP-ideal of X and so A is 
a neutrosophic UP-filter of X. Since A7(((1-2)-2)-1) = 0.7 < 1 = min{A7(0- (2-1)), Av(0)}, 
we have A is not a neutrosophic shift UP-filter of X. 


Theorem 3.17. Every neutrosophic strong UP-ideal of X is a neutrosophic implicative UP- 
filter. 


Proof. Assume that A is a neutrosophic strong UP-ideal of X. Then A satisfies the conditions 


(36), (37), and (38). By Theorem |3.10} we have A is constant. Then for all « € X,Ar(x) = 
Ar (0), Ar(x) = Az(0), and Ar(xz) = Ar(0). Next, let x,y,z € X. Then 


eC ee inde onsale 
> min{Ar(z- (y- 2)),Ar(@- y)}, 

aa) be arenas 
< max{A7(z- (y+ z)),Ar(@-y)}, 

ee ee hoe 


> min{Ar(x-(y- z)),Ar(a- y)}. 


Hence, A is a neutrosophic implicative UP-filter of X. 
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Example 3.18. From Example we have A is a neutrosophic implicative UP-filter of X. 
Since A is not constant, it follows from Theorem that it is not a neutrosophic strong 
UP-ideal of X. 


Theorem 3.19. Every neutrosophic strong UP-ideal of X is a neutrosophic comparative UP- 
filter. 


Proof. Assume that A is a neutrosophic strong UP-ideal of X. Then A satisfies the conditions 


(36), (37), and (38). By Theorem [3.10] we have A is constant. Then for all  € X,Ar(x) = 


Ar (0), Ar(z) = Az(0), and A(x) = Ar(0). Next, let x,y,z € X. Then 


Ar(y) = Ar(«) by Ar is constant 
> min{Ar(x- ((y-z)-y)),Ar(z)}, 

Ar(y) = Ar(«) by Az is constant 
< max{A7(x- ((y- z)-y)), Ar(z)}, 

Ar(y) = Ar(2) by \r is constant 


> min{Apr(xz- ((y:z)-y)),Ar(z)}. 


Hence, A is a neutrosophic comparative UP-filter of X. 


Example 3.20. From Example [3.7] we have A is a neutrosophic comparative UP-filter of X. 
Since A is not constant, it follows from Theorem that it is not a neutrosophic strong 
UP-ideal of X. 


Theorem 3.21. Every neutrosophic strong UP-ideal of X is a neutrosophic shift UP-filter. 


Proof. Assume that A is a neutrosophic strong UP-ideal of X. Then A satisfies the conditions 


(36), (37), and (38). By Theorem |3.10} we have A is constant. Then for all « € X,A7(x) = 
Ar (0), Ar(z) = Az(0), and Ap(x) = Ar(0). Next, let x,y,z € X. Then 


Ar(((z+y)+y) +2) = Ar(z) by Ar is constant 
> min{Ar(zx- (y- z)),Ar(2)}, 

Ar(((z-y) + y) +z) = Ar(z) by Az is constant 
< max{Az(x- (y- 2)), Ar(x)}, 

AF(((z+y)-y) + 2) = Ar(2) by Ar is constant 


> min{Apr(xz- (y- z)),Ar(z)}. 


Hence, A is a neutrosophic shift UP-filter of X. 
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Example 3.22. From Example we have A is a neutrosophic shift UP-filter of X. Since 
A is not constant, it follows from Theorem that it is not a neutrosophic strong UP-ideal 
of X. 


Example 3.23. From Example we have A is a neutrosophic implicative UP-filter of X. 
Since A\r(((3-2)-2)-3) = 0.6 < 0.8 = min{A7(0-(2-3)), Ar(0)}, we have A is not a neutrosophic 
shift UP-filter of X. 


Example 3.24. From Example we have A is a neutrosophic shift UP-filter of X. Since 
Ar(2:3) = 0.7 < 0.9 = min{Apr(2-(2-3)), \r(2-2)}, we have A is not a neutrosophic implicative 
UP-filter of X. 


By Theorems [11 and EZT]and Examples[S-T3] 


and |[3.22| we have that the notion of neutrosophic UP-ideals is a generalization of neutrosophic 
implicative UP-filters, the notion of neutrosophic UP-filters is a generalization of neutrosophic 
comparative UP-filters, the notion of neutrosophic UP-filters is a generalization of neutro- 
sophic shift UP-filters, and the notions of neutrosophic implicative UP-filters, neutrosophic 
comparative UP-filters, neutrosophic shift UP-filters is a generalization of neutrosophic strong 
UP-ideals. 


Theorem 3.25. If A is a neutrosophic UP-ideal of X satisfying the following condition: 


Ar(x: (y+ 2)) = Ar(y) > Ar(y) = Ar(w-y) 
(Vz,y,2€X)| Ar(x-(y-z)) < Arly) > Arly) SAr(z-y) |, (57) 
Ar(x: (y+ 2)) = Ar(y) > Ar(y) = Ar(z-y) 


then A is a neutrosophic implicative UP-filter of X. 


Proof. Assume that A is a neutrosophic UP-ideal of X satisfying the condition (57). Then A 
satisfies the conditions (36), (37), and (38). Next, let x,y,z © X. Then 


Ap(a + 2) > min{Ap(a- (y-z)), Ar(y)} by 
> min{rr(2- (y- z)), A(x: y)}, by for Xr 
Ar(« +2) < max{Aj(x- (y+ z)), Ar(y)} by 
< max{A;(2-(y-z)),Ar(a- y)}, by for Ay 
Ap(a +2) > min{Ap(a- (y+ z)), AP(y)} by 
> min{Ar(2- (y-z)),Ar(x-y)}. by for Ap 


Hence, A is a neutrosophic implicative UP-filter of X. 
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Theorem 3.26. Jf A is a neutrosophic UP-filter of X satisfying the following condition: 
Ar(x) 2 Ar(@-y) => Ar(@-y) 2 Ar(z- ((y- 2) -y)) 
(Va,y,2€X) | Ar(x) < Ar(w-y) > Ar(@-y) SAr(@s((Y-z)-y)) | (58) 
Ap(x) 2 Ap(e-y) > Ap(e-y) 2 AP(a: ((y-z)-y) 
then A is a neutrosophic comparative UP-filter of X. 


Proof. Assume that A is a neutrosophic UP-filter of X satisfying the condition (58). Then A 
satisfies the conditions (36), (37), and (38). Next, let x,y,z © X. Then 


Ar(y) > min{ Ar («+ y), Ar(«)} by 
> min{Ar(x- ((y+z)-y)),Ar(2)}, by (58) for Ar 
Ar(y) < max{Ar(a- y), Ar(w)} by 
< max{Az(x- ((y- 2) -y)), Ar(z)}, by for A7 
Ar(y) > min{Ap(«- y), AP(a)} by 
> min{Ap(a- (y+ z)-y)), AF(«)}:- by (58) for Ap 


Hence, A is a neutrosophic comparative UP-filter of X. 


Theorem 3.27. If A is a neutrosophic UP-filter of X satisfying the following condition: 
Ar(x) 2 Ar(w: (((z-y)-y) + 2)) 


< Ar(x- (((z-y)-y)- 2) 
(z-y)-y)-2)) SAr(@: (y- 2) 

-y)+2)) 
= Ar(a:(((z-y)-y) + 2)) 2 Ar(@- (y- 2)) 
then A is a neutrosophic shift UP-filter of X. 


(Va,y,z € X) ; (59) 


Proof. Assume that A is a neutrosophic UP-filter of X satisfying the condition (59). Then A 
satisfies the conditions (36), (37), and (38). Next, let x,y,z © X. Then 


Ar(((z-y)+y) +2) = min{Ar(a- (((z-y)-y)- 2), Ar(z)} by 
> min{Ar (2: (y+ z)),Ar(@)}, by (59) for Xr 
Ar(((z-y)+y) +2) < max{Az(x- (((z-y) + y) > 2), Ar(a)} by 
< max{Ar(x- (y+ z)), Ar(x)}, by (59) for A; 
Ar(((z-y)+y)+ 2) 2 min{ArAr(z: (((z-y)-y) > z)), Ar(@)} by 
> min{Ap(2- (y-z)),An(2)}. by (59) for Ap 


Hence, A is a neutrosophic shift UP-filter of X. 


M. Songsaeng, K. P. Shum, R. Chinram, A. Iampan, Neutrosophic implicative UP-filters, 
neutrosophic comparative UP-filters, and neutrosophic shift UP-filters of UP-algebras 


Neutrosophic Sets and Systems, Vol. 47, 2021 $84 


Theorem 3.28. If A is a NS in X satisfying the following condition: 
Ar(x- 2) 2 min{Ar(a@),Ar(x- y)} 
(Va,z,y,z2€X)]a<a-(y-z) => 4 \p(x-z) < max{;(a), A(x - y)} , (60) 
Ap(a:z) > min{Ar(a), A\r(x- y)} 
then A is a neutrosophic implicative UP-filter of X. 


Proof. Assume that A is a NS in X satisfying the condition (59). Let x € X. By (3). we have 
x-(0-(«-0)) =0, that is,  <0-(a-0). It follows from (60) that 


Ar (0) = Ar(0-0) > min{Ar(x), Ar(0- x)} 

= min{Ar(x), \r(x)} = Ar(z), by 
A1(0) = Ar(0- 0) < max{Az(x), A7(0 - x) } 

= max{A;(x), Ar(x)} = Ar(2), by 
Ar (0) = Ar(0-0) > min{Ar(x), Ar(O- x)} 

= min{Apr(z),Ar(x)} = Ar(2). by 


Next, let x,y,z € X. By @), we have (a-(y-z))- (a: (y-2)) =0, that is, x-(y-z) <a-(y-2). 
It follows from (60) that 

Ar (x: z) 2 min{ArAr (x: (y+ z)),Ar(@- y)f, 

Ar(a +z) < max{Ar(x- (y- z)),Ar(@-y)}, 

Ar(@: 2) 2 min{Ap(a- (y- z)),Ar(@- y)}- 


Hence, A is a neutrosophic implicative UP-filter of X. 


Theorem 3.29. If A is a NS in X satisfying the following condition: 
Ar(y) 2 min{Ar(a), Ar (x)} 
(Va,z,y,z2€X)|asa-((y-z)-y) > 4 Ar(y) < max{);(a), A7(x)} , (61) 
Ar(y) 2 min{Ar(a), Ar(@)} 
then A is a neutrosophic comparative UP-filter of X. 
Proof. Assume that A is a NS in X satisfying the condition (61). Let « € X. By (3). we have 
x-(a-((0-«)-0)) =0, that is, x < x-((0-2)-0). It follows from (61) that 
Ar (0) = min{Ar (xz), Ar(x)} = Ar(2), 
A7(0) < max{Az(x), Ar(x)} = Ar(z), 
Ar(0) > min{Ar(x), A\r(x)} = Ar(z). 
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Next, let z,y,z € X. By (6), we have (x - ((y-z)-y))- (x- ((y- 2) -y)) = 0, that is, 
a+ ((y-z)-y) <2x-((y+z)-y). It follows from (61) that 
Ar(y) 2 min{Ar(z: (yz) -y)),Ar(x)}, 
Ar(y) S max{Ar(x- (y+ z)-y)), Ar(@)}; 
Ar(y) 2 min{Ar(x: ((y-z)+y)), Ar(@)}- 


Hence, A is a neutrosophic comparative UP-filter of X. 


Theorem 3.30. If A is a NS in X satisfying the following condition: 
acau-(y-z) 
Ar(((z-y)+y) +2) 2 min{Ar(a), Ar(x)} 
= 9 Ar(((z-y)-y) +2) < max{Az(a), A7(z)} 
Ar(((2z+y)+y) +2) 2 min{Ar(a), A\r(x)} 
then A is a neutrosophic shift UP-filter of X. 


(Va, x,y,z € X) (62) 


Proof. Assume that A is a NS in X satisfying the condition (62). Let « € X. By (3). we have 
x-(x-(x-0)) =0, that is, < x-(x-0). It follows from that 


Ar (0) = Ar(((O- x) -#)-0) = min{Ar(x), Ar(x)} = Ar(2), by 
Ar(0) = Ar(((O- aw) - x) - 0) < max{Az(x), Ar(@) } = Ar(@), by 
Ar(0) =Ar(((O-2)-2)-0) > min{Ar(z),Ar(xz)} = Ap(z). by 


Next, let x,y,z € X. By (6), we have (x- (y-z))-(x-(y-z)) =0, that is, x-(y-z) < a-(y-z). 
It follows from that 
Ar(((z-y)-y): 2) 2 min{Ar(a- (y+ z)),Ar(w)}, 
Ar(((z-y) + y) +2) S max{Ar(a - (y+ z)), Ar(@)}, 
Ar(((2-y)-y) +2) 2 min{ArAr(x- (y+ z)),Ar(a)}. 


Hence, A is a neutrosophic shift UP-filter of X. 


For any fixed numbers at,a~, 67, 8~,y*,y~ € [0,1] such that at > a7, 8* > B-,yt > 
and a nonempty subset G of X, a NS Tl il = (Xx, AGI, See AEC") in X where 


4 
xe ale AGT and AG C2] are functions on X which are given as follows: 


at ifzeG, 
AF 27 ](z) = 


a- otherwise, 
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_ B- ifxeG, 
Me) = , 
BY otherwise, 
+ . 
+ yt iff eG, 
ASE I(e) = 


y— otherwise. 
Lemma 3.31. [2x (23 If the constant 0 a X is in a nonempty subset G of X, then a NS 
FNS a ad in X satisfies the conditions (36), (37), and (8). 


Lemma 3.32. (29) i a NS ACE ) in X satisfies the condition (36) (resp., (37), 37), (38) ), 
then the constant 0 of X is in a nonempty subset G of X. 


Theorem 3.33. A NS AG oe in X is a neutrosophic implicative UP-filter of X if and 
only if a nonempty subset G of X is an implicative UP-filter of X. 


Proof. Assume that ia eae el is neutrosophic implicative UP-filter of X. Since 
rs pe satisfies the condition (36), it follows from Lemma that 0 € G. Next, 


let e-(y-z),a-yeEG. Then AG |e lee (y-z))=at= AE (A" (a -y). Thus, by (48), we have 
AF (8 |(e- 2) = min{AFA“](w- (y- z)), AFL ](@- y)} = at > AFA“](@- 2) 
and so ONS a “|(a@-z) =a. Thus x- z € G. Hence, G is an implicative UP-filter of X. 


a assume he G is an implicative UP-filter of X. Since 0 € G, it follows from 
Lemma |3.31) that AME 2 78 pie 7] satisfies the conditions (36 (36), (37 , and . Next, let x,y,z € 
Xe 

Case 1: o-(y-2),2-y € G. Then AFG" I(a-(y-2)) = AFE“](@-9) = a, APLGel(@-(y-2)) = 
AF [E+l(@ -y) = B-, and AEE (ew (y-z)) = gC" _|(x-y) = yt. Since G is an wae UP-filter 
of X, we have x- z € G and so boas -|\(@-2) =at AGE ,|(c-z) = Bo, and AEC, ‘Va: Z)=7T. 
Thus 


minf{A¥[2" |(- (y- 2), AELN@-y)} =at > at =AaA$E7|(w- 2), 
max{ $5, ](a- (y-z)), PB Me: y)} = Bo S Bo = AFB Me- 2), 
min{AS[=](a- (y-z)), SL ](@-y)} = yt & yt = dASLZ@- 2) 


Case 2: «-(y-z) ¢Gorxz-y¢G. Then 
AG(2* (a - (y+ 2)) =a7 or AFT 
AF [gr l(@- (y+ 2)) = Bt or AFG l(@-y) = BT, 
Y 
Y 


ABO |e: (y-2)) = or ABLE 
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Thus 
min{A¥[2"](a- (y+ z)), AG ](@-y)} = ar, 
max{ AF [5 ](e- (y- 2), AP Gal(e-y)} = Br, 
min{ SL" ](a- (y+ 2), SL ](@-y)} =7- 
Therefore, 


AGW |(e- 2) > am = minfAF A]: (y- 2), AFA]@- y)}, 
AP igs (a: 2) < BY = max{ AP [5s |(e- (y- 2), AP Bele: yh, 
ABE |(@-2) > 7 = minfA$L"](@- (y+ z)), AFL N(@- y)}. 


pe et 
Hence, AG es is a neutrosophic implicative UP-filter of X. 


Theorem 3.34. A NS es aay ea in X is a neutrosophic comparative UP-filter of X if and 
only if a nonempty subset G of X is a comparative UP-filter of X. 


Proof. Assume that AG inal Ae e is a neutrosophic comparative UP-filter of X. Since 
re pall satisfies the condition (36), it follows from Lemma that 0 € G. Next, 
let x,y € X be such that x-((y-z)-y),2 € G. Then ASE Ne -((y-z)-y))=at= ABE): 
Thus, by (51), we have 
+ ; + + + 
AF(S-](y) = min{AF[S](a- ((y- z)-y)), AFM) = oF = API] (y) 
and so AZT] (y) =a’. Thus y € G. Hence, G is a comparative UP-filter of X. 


Conversely, assume that G is a comparative UP-filter of X. Since 0 € G, it follows from 


Lemma that ce satisfies the conditions (36), (37), and (38). Next, let x,y,z € 
XxX. 


Case 1: x- ((y-z)-y) €Ganda€G. Then 
AG(27](@- ((y- 2) -y)) = at = AF[2"](a), 
APE @-(Y-z)-y)) = = AF Bil@), 
ABD =Me- ((y-2)-y)) =7* = ASL). 

Since G is a comparative UP-filter of X, we have y € G and so A¢[2"](y) = at, AF[B I(y) = 8, 
and A¥["](y) =7*. Thus 

AF ](y) = at > at = min{AF [7 |(e- ((y- z)-y)), AFLA@}, 

AF [gel(y) = BS Bo = maxF [le (> 2) 9) AF GOI, 

ASM ]@) = 7* St = min SE]: ((y-2)-y)), ASL] @)}. 
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Case 2: x-((y-z):y) €Gorxz¢G. Then 


AGS" ](a (yz) -y)) = a7 or A¥[Z=](x) = ar, 
AF l(e- (y-z)-y)) = Bt o APE @) = 8", 


ABO“ \(@- (yz) -y)) = or BL ](a) = 7. 


Thus 
min{ $2" ](a- ((y- 2) -y)), AFI2“T(@)} = a, 
max{ AF [3 ](a- ((y- 2) -y)), FB@)} = Bt, 
min{ A$[](a- ((y- 2) -y)), AFL _](a)} = 97 
Therefore, 


AE (27 ](y) = a7 = min{AF[S"](x- ((y- z)-y)), AFZ=N@}, 


AF [g+l(y) < BY = max{aF [fe ](e-((y-2)-¥)), FGI@}, 


ABE) = 7 = minQAEL*V(e- (y- 2) -y)), AKL Ma)}. 


+ Q- y+ 
Hence, AG a is a neutrosophic comparative UP-filter of X. 


Theorem 3.35. A NS iN lea eal in X is a neutrosophic shift UP-filter of X if and only if 
a nonempty subset G of X is a shift UP-filter of X. 


J 


Proof. Assume that AC is a neutrosophic shift UP-filter of X. Since Fie eel 


satisfies the condition (36), it follows from Lemma [3.32] that 0€G. Next, let 2,y,z € X be 
such that x-(y-z) € Gand «€G. Then AZ [eT] (a - Qez)\)\=at = AGE I) Thus, by (54), 
we have 
at : a a a 
MBIS“](((z-y)-y) = 2) = min{AZ[E=](@ - (y- z)), AFIE=](y)} = a* > AFA“T((z-y) -y) - 2) 
and so AS (27 (((z-y) -y)-z) =a. Thus ((z-y)-y)-2 © G. Hence, G is a shift UP-filter of X. 


Conversely, assume that G is a shift UP-filter of X. Since 0 € G, it follows from Lemma 


f.31] that Ae satisfies the conditions (36), (37). and (38). Next, let 2, y,z © X. 
Case 1: x-(y-z) € Gand «eG. Then 
MIB-](@- (y-z)) = at = AFIZ-](2), 
AF [gel(@- (y+ 2)) = 87 = AF Gi), 
+ pe 
APL ](e- (y+ z)) = 77 = AKL] (@). 
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Thus 
min{A¢[2"](#- (y- 2)), AEA“](@)} = at, 
max{AF [3 ](a- (yz), AF [Gel(@)} = 8, 


min{ AF["=](a- (y+ 2), ASL ](@)} = 77. 


Since G is a shift UP-filter of X, we have ((z- y)-y)-z€G and so ps Gan CCE -y)-y) z= 
at, MPETI((e-9) <v) <2) = 8°, and XE ](((z-y) -y) +2) = 7%. Thus 


MPIA=](((z-y)-y)-2) = at > at = min{A¥[E=](@ (y- 2), AF[E=](@)}, 


APB (zy) -y) 2) = B> <B> = max (AF [2 Jw: (y- 2)), FEL M@)}, 


ABD-M((z-y)-y)-2) = at Sat = min Sle: 2), AFL=](@)}- 


Case 2: x-(y-z) ¢Gora¢G. Then 


AE (27 ](w (y+ 2)) = a7 or AFA "](z) =a", 
APE Me- (y-2)) = Bt or AFBI @) = 8, 


ABD" |(@- (y-2)) =77 or ABLE (2) = 7. 


Thus 
min{ A$ [2"](a + (y+ z)), AE[S"|(a)} = a7, 
max{ AF [5,](a- (y- 2)), AF [ge](@)} = Bt, 
min{ AF['=](a- (y+ 2), ASL] (@)} = 77 
Therefore, 


MFZ=|(z-y) -y) +2) 
AF [bel (z+) 9) +2) 


ASOT \((z-y)-y) +2) = 


IV 


am = min{ AS [2"](e- (y-z)), AFLEN@)}, 
Bt = max{ AFB ](e- (y- 2), AP ELM}: 
e 


= min{A$["](x- (y+ 2)), AFL“ M@)}. 


IA 


Hence, A@ ee es is a neutrosophic shift UP-filter of X. 


4. Level subsets of a NS 


In this section, we discuss the relationships between neutrosophic implicative UP-filters 
(resp., neutrosophic comparative UP-filters, neutrosophic shift UP-filters) of UP-algebras and 


their level subsets. 
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Definition 4.1. Let f be a fuzzy set in A. For any t € [0,1], the sets 


are called an upper t-level subset, a lower t-level subset, and an equal t-level subset of f, 


respectively. 


Theorem 4.2. A NS A in X is a neutrosophic implicative UP-filter of X if and only if for 
all a, 8,7 € [0,1], the sets U(Ar; a), L(Az; 8), and U(\p;7) are implicative UP-filters of X if 
U(Ar; a), L(Az; 6), and U(AR;y) are nonempty. 


Proof. Assume that A is a neutrosophic implicative UP-filter of X. Let a, 8,7 € [0,1] be such 
that U(Ar; a), L(Az; 8), and U(Af; 7) are nonempty. 

Let « € U(Az;a). Then Ar(x) > a. By (36), we have A7(0) > Ar(xz) > a. Thus 
0 € U(ArT; a). Next, let x-(y-z),x-y € U(Ar; a). Then Ar(a- (y-z)) > a and Ar(xz-y) >a. 
By (48), we have A\p(a-z) > min{Ar(a- (y-z)),Ar(a@-y)} > a. Thus x- z € U(Az;a). 

Let x € L(Az; 8). Then A;(xz) < 6. By (37). we have X7(0) < Az(x) < B. Thus 0 € L(A;; £). 
Next, let x-(y-z),a-y € L(Az;G). Then Ar(a- (y-z)) < 6 and Ay(x- y) > B. By (49), we 
have A;(x- z) < max{A;(xz- (y- z)),Ar(a-y)} < 8. Thus x- z € L(Az; 8). 

Let « € U(Ar;y). Then Ar(xz) > y. By (38), we have Ar(0) > Ar(xz) > y. Thus 
0€ U(AF;7). Next, let x-(y-z),2-y € U(Ar;7). Then Ar(a- (y-z)) > y and Ar(x- y) > 7. 
By (50), we have A\p(a-z) > min{Ar(z- (y-z)),Ar(a@-y)} > y. Thus «-z € U(AF;7). 

Hence, U(Ar; a), L(Az; 8), and U(Ar; 7) are implicative UP-filters of X. 


Conversely, assume that for all a, 6,7 € [0,1], the sets U(Ar; a), L(Az; 8), and U(Ar;7) are 
implicative UP-filters of X if U(Ar; a), L(Ar; 8), and U(Ar; 7) are nonempty. 

Let « € X. Then r(x) € [0,1]. Choose a = Ap(x). Thus A7(x) > a, so x €; U(Ar; a) £0. 
By assumption, we have U(A7;q@) is an implication UP-filter of X and so 0 € U(Arz;a). 
Thus Ar(0) > a = Ap(ax). Next, let z,y,z € X. Then Ap(a- (y- z)),Ar(x- y) € [0,1]. 
Choose a = min{Ar(a- (y- z)),Ar(a- y)}. Thus Ar(xz- (y- z)) > a and Ar(x- y) > a, so 
x-(y-z),2-y € U(Ar;a) #0. By assumption, we have U(\7;q) is an implication UP-filter 
of X and so x- z € U(Ar;a). Thus A7p(a- z) > a= min{Ar(x: (y- z)),Ar(a- y)}. 

Let x € X. Then A;(x) € [0,1]. Choose 6 = A;(x). Thus Ay(x) < 8, so x € L(Az; 8) #9. 
By assumption, we have L(A;; 3) is an implicative UP-filter of X and so 0 € L(Az; 8). Thus 
Ar(0) < 8B = Az(x). Next, let z,y,z € X. Then Ar(xz- (y- z)),Ar(x- y) € [0,1]. Choose 
6B =max{Ar(a-(y-z)),Ar(a-y)}. Thus Ap(a-(y-z)) < Band Ar(x-y) < B, sox-(y-z),u-ye 
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L(Ar; 8) 4 9. By assumption, we have L(\7;) is an implication UP-filter of X and so 
x-z€ LAr; 6). Thus Ar(x- z) < 8 = max{Ar(a- (y- z)),Ar(x- y)}. 

Let « € X. Then Ap(x) € [0,1]. Choose y = Ap(x). Thus Ap(x) > y, so x € U(Ap;7) £9. 
By assumption, we have U(Af;7¥) is an implicative UP-filter of X and so 0 € U(Apf;74). 
Thus Ar(0) > 7 = Ar(a). Next, let z,y,z € X. Then Ap(a- (y- z)),Ar(x- y) € [0,1]. 
Choose y = min{Ar(a- (y- z)),Ar(a- y)}. Thus Ar(a- (y- z)) > y and Ar(a- y) > 7, so 
x:(y-z),v-y € U(Ar;7) #0. By assumption, we have U(A7;7) is an implication UP-filter of 
X and so x-z € U(Arz;7). Thus Ar(x- z) > y = min{Ar(a-: (y- z)),Ar(a- y)}. 

Therefore, A is a neutrosophic implicative UP-filter of X. 


Theorem 4.3. A NS A in X is a neutrosophic comparative UP-filter of X if and only if for 
alla, 6,7 € [0,1], the sets U(Ar; a), L(Ar; 8), and U(Ap;) are comparative UP-filters of X if 
U(Ar; a), L(Az; 6), and U(Ar;y) are nonempty. 


Proof. Assume that A is a neutrosophic comparative UP-filter of X. Let a,8,y € [0,1] be 
such that U(Ar; a), L(Az; 8), and U(Ar;y) are nonempty. 

Let « € U(Ar;a). Then Ar(xz) > a. By (36), we have Ar(0) > Ar(xz) > a. Thus 
0 € U(Ar; a). Next, let x,y,z € X be such that x- ((y-z)-y),x € U(Ar; a). Then Ar(a- ((y- 
z)-y)) > aand Ap(x) > a, so a is an lower bound of {Ar(a- ((y: z)-y)),Ar(x)}. By (51), we 
have Ar(y) > min{Ar(a-: ((y- z)-y)),Ar(x)} > a. Thus y € U(Az; a). 

Let x € L(Az; 8). Then A;(xz) < 6. By (37), we have A7(0) < Az(x) < 6. Thus 0 € L(A;; £). 
Next, let x,y,z € X be such that x- ((y- z)-y),v € L(Ar; 8). Then Ar(x- ((y- z)-y)) < B 
and A;(x) < 8, so 6 is a upper bound of {Ar(x- ((y- z)- y)),Ar(a)}. By (52), we have 
Ar(y) < max{Ar(ax- ((y-z)-y)),Ar(@)} < 6 Thus y € L(Az; 8). 

Let « € U(Ap;7). Then Ar(xz) > y. By (38), we have Ar(0) > Ar(x) > y. Thus 
0€ U(AF;7). Next, let x,y,z € X be such that x- ((y- z)-y),xv € U(Ar;7). Then Ar(a- ((y- 
z)-y)) >y and Ap(x) > 7, so y is an lower bound of {A r(x: ((y-z)-y)),Ar(x)}. By (53), we 
have Ar(y) > min{Ar(z- ((y-z)-y)),Ar(x)} = 7. Thus y € U(AF;7). 

Hence, U(Ar; a), L(Az; 8), and U(Ar;y) are comparative UP-filters of X. 


Conversely, assume that for all a, 6,7 € [0,1], the sets U(Ar; a), L(A7; 8), and U(Ar; 7) are 
UP-filters of X if U(Ar; a), L(Az7; 6), and U(Apr;7) are nonempty. 

Let « € X. Then Ar(z) € [0,1]. Choose a = Ap(x). Thus Az(x) > a, so x €; U(Ar; a) £0. 
By assumption, we have U(Ar; a) is a comparative UP-filter of X and so 0 € U(Ar; a). Thus 
Ar(0) > a = Ar(x). Next, let z,y,z € X. Then Ar(az- ((y- z)- y)),Ar(x) € [0,1]. Choose 
a = min{Ar(xz- ((y- z)- y)),Ar(x)}. Thus Ar(x- ((y- z)- y)) = @ and A(x) > a, so 
x-((y-z)-y),2 € U(Ar;a) #9. By assumption, we have U(A7; a) is a comparative UP-filter 
of X and so y € U(Az;a). Thus Ar(y) > a = min{Ar(az: ((y- z)- y)),Ar(z)}. 
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Let « € X. Then A;(x) € [0,1]. Choose 6 = A;(x). Thus A7(x) < 6, so x € L(Az; 8) # 
(. By assumption, we have L(\;; 3) is a comparative UP-filter of X and so 0 € L(X;; 8). 
Thus A;(0) < 6 = A;(x). Next, let z,y,z € X. Then A;(ax- ((y- z)- y)),Ar(x) © [0,1]. 
Choose 6 = max{A;(x- ((y- z)- y)),Ar(x)}. Thus Ar(a- ((y- z)-y)) < 6 and A7(zx) < B, so 
x-((y-z)-y),x € L(\7; 8) #9. By assumption, we have L(\;; 3) is a comparative UP-filter 
of X and so y € L(Az; 8). Thus Ar(y) < B = max{A;(x- ((y- z)-y)), Ar(@)}- 

Let x € X. Then Ap(x) € [0,1]. Choose y = Ap(x). Thus Ap(x) > y, so x € U(Ap;7) £9. 
By assumption, we have U(Ap;7) is a comparative UP-filter of X and so 0 € U(Ap;7). Thus 
Ar(0) > 7 = Ar(z). Next, let x,y,z © X. Then Ar(z- ((y- z)- y)),Ar(z) € [0,1]. Choose 
7 = minfdp(e: (y+ 2)-y)),Av(z)}. Thus Ap(x - ((y- 2) +y)) = 7 and Ap(2) > 7, 80 
x-((y-z)-y),x € U(Ar;7) #9. By assumption, we have U(Ap;7) is a comparative UP-filter 
of X and so y € U(Ar;y). Thus Ar(y) > y = min{Ar(zx- ((y- z)-y)), Ar(Z)}- 


Therefore, A is a neutrosophic comparative UP-filter of X. 


Theorem 4.4, A NS A in X is a neutrosophic shift UP-filter of X if and only if for alla, B,y € 
[(0, 1], the sets U(Ar; a), L(Az; 8B), and U(r; 7) are shift UP-filters of X if U(Ar; a), L(Az; 8), 
and U(Ar;y) are nonempty. 


Proof. Assume that A is a neutrosophic shift UP-filter of X. Let a, 6,y € [0,1] be such that 
U(Ar; a), L(Az; 8), and U(Apf;7) are nonempty. 

Let x € U(Az;a). Then Ar(x) > a. By (36), we have A7(0) > Ar(x) > a. Thus 
0 € U(Ar;a). Next, let x,y,z € X be such that x- (y-z) € U(Ar; a) and x € U(Az;a). Then 
Ar(x: (y+ z)) > a and Ap(x) > a, so a is an lower bound of {Ar(a-: (y- z)), Ar(x)}. By (54), 
we have Ar(((z-y)-y)- 2) > min{Ar(z: (y- z)),Ar(x)} > a. Thus ((z-y)-y)- 2 € U(Ar; a). 

Let « € L(Az;a). Then A(x) < 8. By (37), we have A7(0) < Arz(x) < 8. Thus 0 € 
L(\7; 8). Next, let x,y,z € X be such that x- (y- z) € L(Az; 8) and x € L(Az; 8). Then 
Ar(az-(y-z)) < 8 and A;(xz) < 6, so 6 is a upper bound of {A7(a- (y- z)), Ar(a)}. By (55), we 
have Ar(((z-y)-y)- 2) < max{A;(a- (y- z)),Ar(x)} < B. Thus ((z-y)-y)- 2 € L(Az; 6). 

Let « € U(Ap;y). Then Ap(xz) > y. By (38), we have Ar(0) > Ar(x) > y. Thus 
0 € U(AF;7). Next, let x,y,z € X be such that x- (y-z) € U(Ar;7) and x € U(Ap;7). Then 

Ar(x:(y-z)) > 7 and Ar(y) > 7, so y is an lower bound of {Ar(a- (y- z)),A\r(x)}. By (56), 
we have Ar(((z-y)- y)- 2) > minfApr(a- (y- z)),Ar(x)} > y. Thus ((z-y)- y)- 2 € U(AR;7). 
Hence, U(Ar; a), L(Az; 8), and U(Ar;7) are shift UP-filters of X. 


Conversely, assume that for all a, 6,7 € [0,1], the sets U(Ar; a), L(Az; 6), and U(Ar;7) are 
shift UP-filters of X if U(Ar; a), L(Az; 8), and U(Ar;7) are nonempty. 

Let « € X. Then A7(zx) € [0,1]. Choose a = Ar(x). Thus Ar(x) > a, so x € U(Ar; a) # 
(. By assumption, we have U(Arz;q) is a shift UP-filter of X and so 0 € U(Ar;a). Thus 
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Ar(0) > a = Ar(x). Next, let x,y,z € X. Then Ar(z- (y- z)),Ar(x) € [0,1]. Choose a = 
min{Ap(a-(y-z)), Ar(x)}. Thus Ar(a-(y-z)) > a and Ap(xz) > a, so x-(y-z),2 € U(Ar; a) £0. 
By assumption, we have U(\7;q@) is a shift UP-filter of X and so ((z- y)-y)-z € U(Ar;a). 
Thus Ar(((z-y)-y)- 2) >a=min{Ar(a-: (y- z)),Ar(z)}. 

Let x € X. Then A;(x) € [0,1]. Choose 6 = A;(x). Thus A7(x) < 6, so x € L(Az; 8) # 
(. By assumption, we have L(A;;3) is a shift UP-filter of X and so 0 € L(Az;8). Thus 
Ar(0) < 6 = Ar(x). Next, let z,y,z © X. Then Az(x- (y- z)),Ar(x) € [0,1]. Choose 6 = 
max{A;(x-(y-z)),A7(x)}. Thus A7(a-(y-z)) < 8 and Ay(x) < 6, so x-(y-z), a2 € L(Az; 8) #9. 
By assumption, we have L(A;; 3) is a shift UP-filter of X and so ((z- y)-y)-z € L(Az; 8). 
Thus A7(((z-y)- y)- 2) < 6 = max{Ar(ax- (y- z)),Ar(x)}. 

Let « € X. Then Ap(x) € [0,1]. Choose y = Ap(x). Thus Ar(x) > y, so x € ; U(Ar;7) 4 
(. By assumption, we have U(Ap;7) is a shift UP-filter of X and so 0 € U(Ap;7). Thus 
Ar(0) > 7 = Ar(x). Next, let x,y,z € X. Then Ap(x- (y- z)),ARr(y) € [0,1]. Choose y = 
min{Ap(x-(y-z)),Ar(x)}. Thus Ap(a-(y-z)) > y and Ap(x) > y, so x-(y-z),2 € U(r; 7) £9. 
By assumption, we have U(Apf;7) is a shift UP-filter of X and so ((z-y)-y)-z € U(AR;7). 
Thus Ar(((z-y)-y)- 2) > y = min{rApr(a- (y- z)),Ar(z)}. 

Therefore, A is a neutrosophic shift UP-filter of X. 


Definition 4.5. Let A be a NS in X. For a, 6,7¥ € [0, 1], the sets 


ULUy(a,8,7) ={v@€ X | Ap > 0,1 < B.A >}, 


LUL (a, 8,7) = {x Ex | Ap S a,Ar > By Ars 7}, 
Ex(a, 8,7) a 1 Ex | AT a, AT B, AR 7} 


are called a ULU-(a, 6, y)-level subset, a LUL-(a, 8, y)-level subset, and an E-(a, 6, y)-level 


subset of A, respectively. 


The following corollary is straightforward by Theorems and [4.4] 


Corollary 4.6. A NS A in X is a neutrosophic implicative UP-filter (resp., neutrosophic 
comparative UP-filter, neutrosophic shift UP-filter) of X if and only if for all a, 8,7 € [0,1], 
ULU,(a, 2,7) is a implicative UP-filter (resp., comparative UP-filter, shift UP-filter) of X 
where ULU,(a, 8,7) is nonempty. 


5. Conclusions 


In this paper, we have introduced the notions of neutrosophic implicative UP-filters, neu- 
trosophic comparative UP-filters, and neutrosophic shift UP-filters of UP-algebras and inves- 
tigated some of their important properties. Then, we get the diagram of generalization of NSs 


in UP-algebras as shown in Figure 
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Neutrosophic UP-subalgebra 
a 


Neutrosophic near UP-filter 


a 


Neutrosophic UP-filter 
a 


Neutrosophic UP-ideal 


a 


Neutrosophic comparative UP-filter | Neutrosophic implicative UP-filter | Neutrosophic shift UP-filter 
a 


Se, Neutrosophic strong UP-ideal gee 
a 


v 
Constant neutrosophic set 


FIGURE 1. NSs in UP-algebras 


In our future study, we will study the soft set theory/cubic set theory of neutrosophic 


implicative UP-filters, neutrosophic comparative UP-filters, and neutrosophic shift UP-filters 
of UP-algebras. 
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